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Sheaves of modules on a ringed space

Written and edited by GPT-6.1 Sol (OpenAI), in Codex at Ultra, October 2026. Mathematically self-checked by the writing AI. Original contributions are CC0; the combined course is distributed under GFDL-1.2-or-later. Full authorship and source attribution appear in the course notice.

The first task in derived sheaf theory is to decide what an exact sequence means. A map can lift every germ and still fail to lift a global section. A cokernel must therefore be constructed locally, whereas a kernel can be constructed directly on sections. Once this distinction is clear, the basic operations on sheaves acquire precise exactness properties. These properties will determine which operations need resolutions in later lessons.

The prerequisites are the elementary definitions of a topological space, a ring, a left module, a functor, a limit and an adjunction. Section 1 recalls presheaves and proves the filtered-colimit, module-category, sheafification and stalk facts used below. In particular, Lemma 1.3 supplies the germ construction, its universal property and the isomorphism test without assuming an abelian category of sheaves. Definitions and the germ construction are also freely readable in the Stacks project authors’ Sheaves on Spaces, in the AI Integrated Stacks Project edition.

After this lesson, Injective modules and bounded-below derived functors will construct resolutions using skyscrapers. Flat modules and K-flat resolutions will use extensions by zero to construct flat resolutions. The distinction between inverse image and module pullback is the starting point for Derived pullback and pushforward.

The main construction source is the Stacks project authors’ Sheaves of Modules, in the AI Integrated Stacks Project edition. The kernels, cokernels, colimits and sheaf operations developed below supply the foundations for the resolution lessons. Every proof prerequisite for this lesson is supplied below. Source attribution and the licence for adapted passages appear in the course notice.


1. Coefficients, germs and finite relations

Let XX be any topological space and let 𝒪\mathcal O be a sheaf of associative rings with identity. Commutativity is not assumed. A sheaf of left 𝒪\mathcal O-modules assigns to each open VV an 𝒪(V)\mathcal O(V)-module, with restriction maps compatible with restriction of scalars. Write Mod⁡(𝒪)\operatorname{Mod}(\mathcal O) for their category. The zero ring and the empty space are allowed. All indexing sets and diagrams lie in one fixed universe.

A stalk FxF_x consists of germs of sections near xx. To define its action by 𝒪x\mathcal O_x, represent the scalar and section on a common neighbourhood and multiply there. Changing representatives does not change the resulting germ. The ring identities and module identities follow on such a common neighbourhood. In particular the action is meaningful for noncommutative rings, with the order of multiplication preserved.

Lemma 1.1 (filtered colimits of modules). For a fixed ring AA, filtered colimits in Mod⁡(A)\operatorname{Mod}(A) preserve short exact sequences.

Proof. A category is filtered if every finite collection of objects and arrows has a compatible map to a common object. Equivalently, it is nonempty, any pair of objects maps to a common object, and any two parallel arrows become equal after a further arrow. Elements of a filtered colimit can be represented at one object. A finite list of elements can be moved to one common object. Equality of two representatives can be checked after maps to one further object: the relations defining a colimit involve finitely many arrows, and filteredness moves all of them to a common object and equalizes parallel arrows. Thus a representative is zero precisely when it becomes zero after some further arrow.

Given a filtered diagram of exact sequences 0→Ai→Bi→Ci→00\to A_i\to B_i\to C_i\to0, suppose an element of 
  
    
      lim
      →
    
  
  ⁡
  
    A
    i
  
\varinjlim A_i maps to zero in 
  
    
      lim
      →
    
  
  ⁡
  
    B
    i
  
\varinjlim B_i. Represent it at ii, and move to an object where its image in BB is zero. Injectivity of A→BA\to B at that object makes the representative zero there. This proves injectivity on colimits. If a representative in BiB_i maps to zero in the colimit of CiC_i, move to an object where its image in CC is zero and use exactness there to lift it from AA. Finally every representative in CiC_i lifts from BiB_i. These give exactness at the middle and surjectivity at the right. The constructions respect addition and the AA-action. ▫\square

In a neighbourhood diagram used to construct a stalk, the rings 𝒪(V)\mathcal O(V) vary. We apply Lemma 1.1 to the underlying abelian groups, which all have the fixed coefficient ring ℤ\mathbb Z. The induced equalities of kernels and cokernels respect the 𝒪x\mathcal O_x-action, since every scalar germ and each finite list of section germs can be represented on a common neighbourhood. Thus there is no assumption that the neighbourhood diagram has one fixed section ring.

The word filtered cannot be removed. For a pushout diagram written L←M→RL\leftarrow M\to R, consider the following componentwise short exact sequence of diagrams:

(ℤ←0→0)→(ℤ←1ℤ→0)→(0←ℤ→0).(\mathbb Z\leftarrow0\to0)
\longrightarrow(\mathbb Z\xleftarrow{1}\mathbb Z\to0)
\longrightarrow(0\leftarrow\mathbb Z\to0).
The first map is the identity on the left object and the zero inclusion on the other objects; the second is the identity on the middle object and the quotient elsewhere. The maps commute with both arrows. The three pushouts are respectively ℤ,0,0\mathbb Z,0,0. The first resulting map is not injective. This example already occurs on a one-point space.

Lemma 1.2 (the elementary module category). Left modules over any ring form an abelian category. Kernels are submodules, cokernels are quotient modules, and a sequence is exact if its ordinary image equals its ordinary kernel. Small limits exist as compatible tuples in products; small colimits exist as a direct sum modulo the relations from the arrows.

Proof. The kernel of u:M→Nu:M\to N is {m:u(m)=0}\{m:u(m)=0\}; its universal property follows because a map killed by uu lands there. The cokernel is N/u(M)N/u(M); a map vanishing on u(M)u(M) factors uniquely through that quotient. The map M/ker⁡u→u(M)M/\ker u\to u(M), [m]↦u(m)[m]\mapsto u(m), is linear, onto and one-to-one. Thus the canonical coimage-to-image map is an isomorphism. Morphisms add, composition is bilinear, and finite direct sums are simultaneously products and coproducts. These facts establish the abelian-category axioms and the stated exactness criterion. For a diagram, compatible tuples in the product have the universal property of its limit. Quotienting the direct sum by all elements mi−u(mi)m_i-u(m_i) associated with arrows i→ji\to j gives the colimit's universal property. These constructions are sets in the chosen universe. ▫\square

Sheafification will be denoted P+P^+.


Sheafification and the stalk test

Lemma 1.3 (sheafification and the stalk test). Let XX be any topological space.


	Every presheaf of sets PP has a sheaf P+P^+ and a map η:P→P+\eta:P\to P^+ that induces a bijection on every stalk. Every section of P+P^+ is locally the image of a section of PP. For each sheaf HH, composition with η\eta gives a bijection Hom⁡(P+,H)≅Hom⁡(P,H)\operatorname{Hom}(P^+,H)\cong\operatorname{Hom}(P,H).

	If PP is separated, ηU\eta_U is injective for each open UU.

	For a presheaf of rings, the same construction preserves addition, multiplication and the identity. For a presheaf of left modules over a sheaf of associative unital rings 𝒪\mathcal O, it produces a sheaf of left 𝒪\mathcal O-modules with the same universal property for linear maps. Commutativity is unnecessary.

	A map of sheaves of sets whose stalk maps are all bijective is an isomorphism. This also holds for sheaves of rings and of modules.



Proof. Recall the elementary definitions. A presheaf gives sections on opens and restriction maps compatible with composition. A sheaf glues every family of sections agreeing on overlaps to a unique section on the union. A separated presheaf has the uniqueness part of this condition. Empty covers are included, so a sheaf of sets has exactly one section on the empty open.

For an open UU, define P+(U)P^+(U) to be the families (ax)x∈U(a_x)_{x\in U}, with ax∈Pxa_x\in P_x, having the following property: each xx has a neighbourhood V⊂UV\subset U and p∈P(V)p\in P(V) such that ay=pya_y=p_y for every y∈Vy\in V. Restrictions discard coordinates, and ηU(p)=(px)x∈U\eta_U(p)=(p_x)_{x\in U}. Compatible families on a cover glue coordinate by coordinate. At a point, any local representative from a covering member represents the glued family on that same neighbourhood. This proves existence and uniqueness of gluing in P+P^+, including its one empty family on the empty open.

A germ of a section of P+P^+ at xx has a local representative η(p)\eta(p); hence ηx\eta_x is surjective. If two germs from PxP_x have the same image, their images as families agree on a neighbourhood of xx. Their coordinates at xx are therefore equal in PxP_x, proving injectivity. If PP is separated and ηU(p)=ηU(q)\eta_U(p)=\eta_U(q), equality of germs gives a cover of UU on which pp and qq agree. Separatedness then gives p=qp=q, proving (2).

Sections of any sheaf HH with the same germs agree: germ equality gives equality on a neighbourhood of each point, and the uniqueness part of the sheaf condition gives equality on the union. Given b:P→Hb:P\to H, choose local representatives pip_i of a family in P+(U)P^+(U). On an overlap, b(pi)b(p_i) and b(pj)b(p_j) have the same germs, so they agree. Glue them in HH. Changing representatives produces sections with the same germs and hence the same glued section. The construction commutes with restrictions and extends bb. Any extension must agree with it locally on all representatives, hence globally by uniqueness of gluing. This proves the universal property in (1).

For (3), form the algebraic operations coordinatewise on germs. To check local representability of a sum or product, restrict the finitely many representatives to one common neighbourhood and perform the corresponding operation there. Zero and the identity are locally represented by their section values. All ring identities therefore hold on germs and on their families, with the given order of multiplication. The extension of a ring map preserves these operations, as is checked on those local representatives. For a module presheaf, define (c⋅a)x=cxax(c\cdot a)_x=c_xa_x for c∈𝒪(U)c\in\mathcal O(U). Near a point, represent aa by pp and use c|Vpc|_V p; thus the action preserves local representability. The module identities and restriction compatibility follow from the section identities. The universal extension of a linear map is linear because that identity can be checked on local representatives and then glued. On the empty open the ring and module have their unique zero element. None of these arguments uses an abelian category of sheaves.

Finally let u:F→Gu:F\to G have bijective stalk maps. Injectivity on stalks implies injectivity on sections, by the germ-equality argument above. Given g∈G(U)g\in G(U), lift its germ at each point, represent the lift on a neighbourhood, and shrink until its image equals the restriction of gg. The local lifts agree on overlaps by sectionwise injectivity. They glue to an f∈F(U)f\in F(U) with u(f)=gu(f)=g. Thus every uUu_U is bijective. Its inverse commutes with restrictions, since restricting a lift is the unique lift on the smaller open. For rings and modules the inverses preserve the operations because the original bijections do. This proves (4). ▫\square

The germ construction follows the Stacks project authors’ Sheaves on Spaces, sheafification, in the AI Integrated Stacks Project edition. The proof above includes the stalk-isomorphism argument and the associative-ring module operations in full. Adapted material retains GFDL-1.2-or-later; the expansion and checks are by GPT-6.1 Sol (OpenAI), at Ultra.




2. The abelian category of module sheaves

Theorem 2.1. Let 𝒪\mathcal O be any sheaf of rings on XX.


	Mod⁡(𝒪)\operatorname{Mod}(\mathcal O) is additive. A morphism φ:F→G\varphi:F\to G has a kernel, computed on sections: (Ker⁡φ)(U)=ker⁡φU(\operatorname{Ker}\varphi)(U)=\ker\varphi_U. It has a cokernel: the sheafification of U↦coker⁡φUU\mapsto\operatorname{coker}\varphi_U.

	For each xx, the stalk functor F↦FxF\mapsto F_x, from Mod⁡(𝒪)\operatorname{Mod}(\mathcal O) to Mod⁡(𝒪x)\operatorname{Mod}(\mathcal O_x), is additive, and (Ker⁡φ)x=ker⁡φx(\operatorname{Ker}\varphi)_x=\ker\varphi_x, (Coker⁡φ)x=coker⁡φx(\operatorname{Coker}\varphi)_x=\operatorname{coker}\varphi_x.

	Mod⁡(𝒪)\operatorname{Mod}(\mathcal O) is abelian, and each stalk functor is exact.

	A sequence F→G→HF\to G\to H with zero composite is exact at GG if and only if Fx→Gx→HxF_x\to G_x\to H_x is exact at GxG_x for every xx. A morphism φ\varphi is a monomorphism (epimorphism, isomorphism) if and only if every φx\varphi_x is one.



Proof. (1) Morphisms add on sections, and composition is bilinear. The zero sheaf is a zero object. Finite direct sums are formed on sections: U↦F(U)⊕G(U)U\mapsto F(U)\oplus G(U) is a sheaf, because sections glue coordinatewise. Let φ:F→G\varphi:F\to G. The presheaf U↦ker⁡φUU\mapsto\ker\varphi_U is a sheaf. Indeed, let a section ss of FF lie in the kernel on each set of an open cover. Then φ(s)\varphi(s) vanishes on that cover, so φ(s)=0\varphi(s)=0, since GG is a sheaf. Sections of the kernel that agree on overlaps glue in FF, and by this remark the glued section lies in the kernel. Each φU\varphi_U is 𝒪(U)\mathcal O(U)-linear, so the kernel is a subpresheaf of left modules. A morphism E→FE\to F whose composite with φ\varphi is zero lands in it on every open set. So it is the kernel. For the cokernel, let P(U)=coker⁡φUP(U)=\operatorname{coker}\varphi_U, a presheaf of left 𝒪\mathcal O-modules. By Lemma 1.3, morphisms P+→HP^+\to H into a sheaf HH correspond to morphisms of presheaves P→HP\to H. These are the morphisms G→HG\to H that vanish after φ\varphi. So P+P^+ is the cokernel.

(2) The stalk 
  
    F
    x
  
  =
  
    
      
        lim
        →
      
    
    
      U
      ∋
      x
    
  
  ⁡
  F
  (
  U
  )
F_x=\varinjlim_{U\ni x}F(U) is a left module over 
  
    
      𝒪
    
    x
  
  =
  
    
      
        lim
        →
      
    
    
      U
      ∋
      x
    
  
  ⁡
  
    𝒪
  
  (
  U
  )
\mathcal O_x=\varinjlim_{U\ni x}\mathcal O(U), and the functor is additive. The open neighbourhoods of xx form a filtered system, and filtered colimits are exact (Lemma 1.1). Hence 
  (
  Ker
  φ
  
    )
    x
  
  =
  
    
      
        lim
        →
      
    
    U
  
  ⁡
  ker
  ⁡
  
    φ
    U
  
  =
  ker
  ⁡
  
    φ
    x
  
(\operatorname{Ker}\varphi)_x=\varinjlim_U\ker\varphi_U=\ker\varphi_x. By Lemma 1.3, η\eta is bijective on stalks, so (P+)x=Px(P^+)_x=P_x; and by (Lemma 1.1) again, 
  
    P
    x
  
  =
  
    
      
        lim
        →
      
    
    U
  
  ⁡
  coker
  
    φ
    U
  
  =
  coker
  
    φ
    x
  
P_x=\varinjlim_U\operatorname{coker}\varphi_U=\operatorname{coker}\varphi_x.

(3) The coimage of φ\varphi is the cokernel of Ker⁡φ→F\operatorname{Ker}\varphi\to F. The image is the kernel of G→Coker⁡φG\to\operatorname{Coker}\varphi. By (2), at each xx the canonical map Coim⁡φ→Im⁡φ\operatorname{Coim}\varphi\to\operatorname{Im}\varphi becomes the canonical map Coim⁡φx→Im⁡φx\operatorname{Coim}\varphi_x\to\operatorname{Im}\varphi_x of 𝒪x\mathcal O_x-modules. That map is an isomorphism, because modules over a ring form an abelian category. By Lemma 1.3(4) the map of sheaves is an isomorphism. Its inverse is 𝒪\mathcal O-linear, as the map is. So Mod⁡(𝒪)\operatorname{Mod}(\mathcal O) is abelian. The stalk functor preserves kernels and cokernels by (2), so it is exact.

(4) Exactness at GG means that Im⁡(F→G)→Ker⁡(G→H)\operatorname{Im}(F\to G)\to\operatorname{Ker}(G\to H) is an isomorphism. Both sides are built from kernels and cokernels. By (2), the map at xx is the same map for the stalk sequence. If every stalk sequence is exact, Lemma 1.3(4) gives exactness. Conversely, exact functors preserve exactness. A sheaf whose stalks all vanish is zero, since each section then vanishes on an open cover. Hence φ\varphi is a monomorphism iff Ker⁡φ=0\operatorname{Ker}\varphi=0 iff every ker⁡φx=0\ker\varphi_x=0. The same holds with cokernels. An isomorphism is a morphism that is both. ▫\square

The proof never uses commutativity of 𝒪\mathcal O. In particular, Theorem 2.1 holds for the constant sheaf kXk_X of any unital ring kk, commutative or not.



3. Limits, colimits, stalks, and sections of sums

Theorem 3.1. Let 𝒪\mathcal O be any sheaf of rings on XX.


	Every small diagram (Fi)(F_i) in Mod⁡(𝒪)\operatorname{Mod}(\mathcal O) has a limit, computed on sections. So Γ(U,−)\Gamma(U,-) commutes with limits.

	Every small diagram has a colimit: the sheafification of the presheaf colimit. Stalks commute with colimits: 
  (
  
    
      
        lim
        →
      
    
    i
  
  ⁡
  
    F
    i
  
  
    )
    x
  
  =
  
    
      
        lim
        →
      
    
    i
  
  ⁡
  (
  
    F
    i
  
  
    )
    x
  
(\varinjlim_iF_i)_x=\varinjlim_i(F_i)_x.

	Filtered colimits are exact.

	Finite direct sums are computed on sections.

	If UU is a quasi-compact open set, the canonical map ⨁iΓ(U,Fi)→Γ(U,⨁iFi)\bigoplus_i\Gamma(U,F_i)\to\Gamma(U,\bigoplus_iF_i) is bijective for every family. Without quasi-compactness it can fail to be onto (Exercise 5).

	Products exist and are computed on sections, but they need not be exact (Exercise 6).



Proof. (1) Let 
  L
  (
  U
  )
  =
  
    
      
        lim
        ←
      
    
    i
  
  ⁡
  
    F
    i
  
  (
  U
  )
L(U)=\varprojlim_iF_i(U), with coordinatewise restriction and module structure. It is a sheaf. A local section on a cover is a compatible family on each piece. Glue each coordinate in FiF_i. The glued coordinates again form a compatible family, because the transition maps are morphisms of sheaves and sections of a sheaf are determined locally. A morphism E→LE\to L is the same as a compatible family of morphisms E→FiE\to F_i, open set by open set. So LL is the limit, and 
  Γ
  (
  U
  ,
  L
  )
  =
  
    
      
        lim
        ←
      
    
    i
  
  ⁡
  Γ
  (
  U
  ,
  
    F
    i
  
  )
\Gamma(U,L)=\varprojlim_i\Gamma(U,F_i).

(2) Let 
  P
  (
  U
  )
  =
  
    
      
        lim
        →
      
    
    i
  
  ⁡
  
    F
    i
  
  (
  U
  )
P(U)=\varinjlim_iF_i(U). By Lemma 1.3, morphisms P+→HP^+\to H into a sheaf correspond to compatible families of morphisms Fi→HF_i\to H. So P+P^+ is the colimit. At xx, 
  (
  
    P
    +
  
  
    )
    x
  
  =
  
    P
    x
  
  =
  
    
      
        lim
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      U
      ∋
      x
    
  
  ⁡
  
    
      
        lim
        →
      
    
    i
  
  ⁡
  
    F
    i
  
  (
  U
  )
  =
  
    
      
        lim
        →
      
    
    i
  
  ⁡
  
    
      
        lim
        →
      
    
    
      U
      ∋
      x
    
  
  ⁡
  
    F
    i
  
  (
  U
  )
  =
  
    
      
        lim
        →
      
    
    i
  
  ⁡
  (
  
    F
    i
  
  
    )
    x
  
  ,
(P^+)_x=P_x=\varinjlim_{U\ni x}\varinjlim_iF_i(U)=\varinjlim_i\varinjlim_{U\ni x}F_i(U)=\varinjlim_i(F_i)_x , since colimits commute with colimits.

(3) Let 0→Ai→Bi→Ci→00\to A_i\to B_i\to C_i\to0 be exact, naturally in ii over a filtered category. At each xx, by (2), the stalk sequence of the colimits is the filtered colimit of the exact sequences 0→(Ai)x→(Bi)x→(Ci)x→00\to(A_i)_x\to(B_i)_x\to(C_i)_x\to0. It is exact by (Lemma 1.1). Since exactness is checked on stalks (Theorem 2.1(4)), the colimit sequence is exact.

(4) This was shown in the proof of Theorem 2.1(1).

(5) Let S=⨁iFiS=\bigoplus_iF_i, the sheafification of P(V)=⨁iFi(V)P(V)=\bigoplus_iF_i(V). The germ at xx of p=(pi)∈P(V)p=(p_i)\in P(V) is (pi,x)i∈⨁i(Fi)x(p_{i,x})_i\in\bigoplus_i(F_i)_x. If all germs of pp vanish, each pip_i has zero germs and is zero. So PP is separated, and θ:P(V)→S(V)\theta:P(V)\to S(V) is injective for every VV. For V=UV=U this is the injectivity of the canonical map. For surjectivity, let t∈S(U)t\in S(U). By Lemma 1.3, every point of UU has an open neighbourhood V⊂UV\subset U and some p∈P(V)p\in P(V) with θ(p)=t|V\theta(p)=t|_V. As UU is quasi-compact, finitely many such pairs (V1,p1),…,(Vm,pm)(V_1,p_1),\ldots,(V_m,p_m) cover UU. Each pkp_k has finitely many nonzero coordinates. Let JJ be the finite set of indices that occur, and SJ=⨁i∈JFiS_J=\bigoplus_{i\in J}F_i. By (4), SJS_J is a sheaf. It is also a subpresheaf of PP that contains all pkp_k. On Vk∩VlV_k\cap V_l, the restrictions of pkp_k and plp_l have the same image under the injective map θ\theta, so they are equal. Glue them to s∈SJ(U)=⨁i∈JFi(U)s\in S_J(U)=\bigoplus_{i\in J}F_i(U). Then θ(s)\theta(s) and tt agree on each VkV_k, so θ(s)=t\theta(s)=t.

(6) Products are limits, so (1) applies. Exercise 6 proves that a product of epimorphisms need not be an epimorphism. ▫\square



4. Exact inverse image

Theorem 4.1. Let f:X→Yf:X\to Y be continuous and 𝒪Y\mathcal O_Y a sheaf of rings on YY.


	On XX, f−1𝒪Yf^{-1}\mathcal O_Y is a sheaf of rings, with stalks (f−1𝒪Y)x=𝒪Y,f(x)(f^{-1}\mathcal O_Y)_x=\mathcal O_{Y,f(x)}. For G∈Mod⁡(𝒪Y)G\in\operatorname{Mod}(\mathcal O_Y), f−1Gf^{-1}G is a sheaf of left f−1𝒪Yf^{-1}\mathcal O_Y-modules, and the canonical map Gf(x)→(f−1G)xG_{f(x)}\to(f^{-1}G)_x is an isomorphism of 𝒪Y,f(x)\mathcal O_{Y,f(x)}-modules.

	f−1:Mod⁡(𝒪Y)→Mod⁡(f−1𝒪Y)f^{-1}:\operatorname{Mod}(\mathcal O_Y)\to\operatorname{Mod}(f^{-1}\mathcal O_Y) is exact and commutes with colimits.

	For a unital ring kk, f−1kY=kXf^{-1}k_Y=k_X as sheaves of rings. So f−1:Mod⁡(kY)→Mod⁡(kX)f^{-1}:\operatorname{Mod}(k_Y)\to\operatorname{Mod}(k_X) is exact, and (f−1G)x=Gf(x)(f^{-1}G)_x=G_{f(x)} as kk-modules. This holds for every unital ring kk, commutative or not.

	f−1f^{-1} is left adjoint to f*:Mod⁡(f−1𝒪Y)→Mod⁡(𝒪Y)f_*:\operatorname{Mod}(f^{-1}\mathcal O_Y)\to\operatorname{Mod}(\mathcal O_Y).



All four assertions are proved below. References: [Kashiwara–Schapira 1990, Chapter II]; [Stacks, Tag 01AJ] for exactness on sheaves of abelian groups.

Proof of (1)–(3). Recall that f−1Gf^{-1}G is the sheafification of the presheaf 
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V\mapsto\varinjlim_{W\supset f(V)}G(W), where WW runs over the open sets containing f(V)f(V). We use its description by germs. For V⊂XV\subset X open, f−1G(V)f^{-1}G(V) is the set of maps ss that give each x∈Vx\in V an element s(x)∈Gf(x)s(x)\in G_{f(x)}, such that each point of VV has an open neighbourhood V′⊂VV'\subset V, an open W⊃f(V′)W\supset f(V') and a section g∈G(W)g\in G(W) with s(x′)=gf(x′)s(x')=g_{f(x')} for all x′∈V′x'\in V'. The condition is local, so this is a sheaf of sets. Take G=𝒪YG=\mathcal O_Y to get f−1𝒪Yf^{-1}\mathcal O_Y. Sum, product and the action are defined pointwise, through the ring 𝒪Y,f(x)\mathcal O_{Y,f(x)} and its module Gf(x)G_{f(x)}. They preserve the local condition: if near a point ss is represented by g∈G(W)g\in G(W) and aa by h∈𝒪Y(W′)h\in\mathcal O_Y(W'), then near that point asas is represented by h|W∩W′g|W∩W′h|_{W\cap W'}\,g|_{W\cap W'}. This gives the ring and module structures. Evaluation at xx is a ring map, and a module map over it.

Evaluation (f−1G)x→Gf(x)(f^{-1}G)_x\to G_{f(x)} is onto: g∈G(W)g\in G(W) with W∋f(x)W\ni f(x) defines a section over f−1(W)f^{-1}(W). It is one-to-one: if s(x)=0s(x)=0, represent ss near xx by g∈G(W)g\in G(W). Then gf(x)=0g_{f(x)}=0, so gg vanishes on an open W0∋f(x)W_0\ni f(x), and ss vanishes on V′∩f−1(W0)V'\cap f^{-1}(W_0). The canonical map Gf(x)→(f−1G)xG_{f(x)}\to(f^{-1}G)_x sends the germ of gg to the germ of the section defined by gg. It is inverse to evaluation. This proves (1).

(2) Exactness can be checked on stalks (Theorem 2.1(4)). By (1), the stalk of f−1Gf^{-1}G at xx is Gf(x)G_{f(x)}, so on stalks f−1f^{-1} acts as the identity, and f−1f^{-1} is exact. For a colimit, the canonical map 
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\varinjlim_if^{-1}G_i\to f^{-1}\varinjlim_iG_i is, at xx, the map 
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\varinjlim_i(G_i)_{f(x)}\to(\varinjlim_iG_i)_{f(x)}. This map is bijective, because stalks commute with colimits (Theorem 3.1(2)). So the canonical map is an isomorphism by Lemma 1.3(4).

(3) A germ of a section of kYk_Y is the germ of a locally constant function. So the sections of f−1kYf^{-1}k_Y over VV are the maps V→kV\to k that are constant near each point, that is, the sections of kXk_X. The ring operations agree pointwise. The argument never uses commutativity of kk. ▫\square

Proof of (4). Let GG be an 𝒪Y\mathcal O_Y-module and FF an f−1𝒪Yf^{-1}\mathcal O_Y-module. A map α:f−1G→F\alpha:f^{-1}G\to F sends a section g∈G(W)g\in G(W) to the image under α\alpha of its pullback section on f−1(W)f^{-1}(W). This defines βW:G(W)→F(f−1(W))=(f*F)(W).\beta_W:G(W)\longrightarrow F(f^{-1}(W))=(f_*F)(W). The maps commute with restriction and are 𝒪Y(W)\mathcal O_Y(W)-linear through the canonical map 𝒪Y(W)→(f−1𝒪Y)(f−1(W))\mathcal O_Y(W)\to(f^{-1}\mathcal O_Y)(f^{-1}(W)).

Conversely, suppose β:G→f*F\beta:G\to f_*F is 𝒪Y\mathcal O_Y-linear. Locally a section ss of f−1Gf^{-1}G on VV is represented by a section g∈G(W)g\in G(W), with f(V)⊂Wf(V)\subset W. Send it to βW(g)|V\beta_W(g)|_V. If two representatives have the same germ at xx, their germs in Gf(x)G_{f(x)} agree, so they agree on some smaller neighbourhood W′W' of f(x)f(x). Their proposed images therefore agree near xx. This proves independence of representatives; the proposed local images glue uniquely. Multiplication is checked after locally representing the scalar by a section of 𝒪Y\mathcal O_Y, so the glued map is f−1𝒪Yf^{-1}\mathcal O_Y-linear. The two constructions undo one another on local representatives, and hence everywhere. They commute with maps of GG and FF; this is the adjunction. ▫\square


Module pullback and extension of scalars

The inverse image changes the space. A morphism of ringed spaces also changes the coefficient ring. Let

f:(X,𝒪X)→(Y,𝒪Y)f:(X,\mathcal O_X)\longrightarrow(Y,\mathcal O_Y)
consist of a continuous map and a specified homomorphism f−1𝒪Y→𝒪Xf^{-1}\mathcal O_Y\to\mathcal O_X. Write A=f−1𝒪YA=f^{-1}\mathcal O_Y and B=𝒪XB=\mathcal O_X. Then BB is a (B,A)(B,A)-bimodule: its right AA-action is multiplication by the image of AA. For an AA-module NN, the sheaf B⊗ANB\otimes_A N is the sheafification of V↦B(V)⊗A(V)N(V)V\mapsto B(V)\otimes_{A(V)}N(V). It is a sheaf of left BB-modules.

Lemma 4.3 (tensor and stalks). There is a natural isomorphism

(B⊗AN)x≅Bx⊗AxNx.(B\otimes_A N)_x\cong B_x\otimes_{A_x}N_x.
Proof. A tensor on either side is a finite sum of elementary tensors. Choose representatives for its finitely many factors on one neighbourhood of xx; this constructs the inverse of the canonical map from the left side to the right. The tensor relations are finite sums of additivity and balancing relations ba⊗n=b⊗anba\otimes n=b\otimes an. Any finite collection of germs witnessing those relations can again be represented on a common neighbourhood. Thus two representing expressions give the same germ exactly when the corresponding tensors agree on the right. Sheafification preserves stalks, so this verifies both injectivity and surjectivity for the displayed sheaf tensor product. ▫\square

Theorem 4.4 (pullback adjunction and exactness). Define

f*G=𝒪X⊗f−1𝒪Yf−1G.f^*G=\mathcal O_X\otimes_{f^{-1}\mathcal O_Y}f^{-1}G.
For sheaves of left modules over arbitrary unital coefficient rings, f*f^* is left adjoint to f*f_*. It is right exact; f*f_* is left exact. At a point,

(f*G)x=𝒪X,x⊗𝒪Y,f(x)Gf(x).(f^*G)_x=\mathcal O_{X,x}\otimes_{\mathcal O_{Y,f(x)}}G_{f(x)}.
Proof. First, extension of scalars is left adjoint to forgetting the BB-action. Given a BB-linear map t:B⊗AN→Ft:B\otimes_A N\to F, define a:N→Fa:N\to F by n↦t(1⊗n)n\mapsto t(1\otimes n). It is AA-linear by the balancing relation. Conversely an AA-linear map aa defines b⊗n↦ba(n)b\otimes n\mapsto ba(n) on elementary tensors. This is balanced, hence gives a map on the presheaf tensor product and uniquely on its sheafification. The two formulas undo one another, commute with restriction, and are natural in both modules. Combining them with Theorem 4.1(4) gives

Hom⁡𝒪X(f*G,F)≅Hom⁡f−1𝒪Y(f−1G,F)≅Hom⁡𝒪Y(G,f*F).\operatorname{Hom}_{\mathcal O_X}(f^*G,F)
\cong\operatorname{Hom}_{f^{-1}\mathcal O_Y}(f^{-1}G,F)
\cong\operatorname{Hom}_{\mathcal O_Y}(G,f_*F).
Here the middle term regards FF as an f−1𝒪Yf^{-1}\mathcal O_Y-module through the specified ring map. Thus the adjunction has the required coefficient structures. The stalk formula follows from Lemma 4.3 and Theorem 4.1(1).

For completeness, tensor over a ring is right exact. If N→N′→N″→0N\to N'\to N''\to0 is exact, present N″N'' as the quotient of N′N' by the image of NN. A balanced map on B×N″B\times N'' is exactly a balanced map on B×N′B\times N' vanishing on B×im⁡NB\times\operatorname{im}N. The defining universal property of tensor therefore identifies B⊗N″B\otimes N'' with the cokernel of B⊗N→B⊗N′B\otimes N\to B\otimes N'. This also proves surjectivity of the map to that cokernel. Apply this fact to the stalk formula and use Theorem 2.1 to obtain right exactness of f*f^*.

Finally (f*F)(V)=F(f−1V)(f_*F)(V)=F(f^{-1}V). Kernels of module-sheaf maps are computed on sections, so f*f_* preserves kernels. It preserves finite products as well, again by their sectionwise description. These are the left-exactness assertions. No commutativity was used. ▫\square

The tensor of two left 𝒪\mathcal O-modules used in later lessons requires commutative 𝒪\mathcal O. The tensor in Theorem 4.4 has a specified right action on its first factor and therefore does not need that hypothesis.

Example 4.5 (an exact inverse image with a nonexact pullback). Take both spaces to be a point and use the coefficient map ℤ→ℤ/2\mathbb Z\to\mathbb Z/2. Inverse image on abelian groups is the identity. Module pullback is ℤ/2⊗ℤ−\mathbb Z/2\otimes_{\mathbb Z}-. The injection ℤ→2ℤ\mathbb Z\xrightarrow{2}\mathbb Z becomes the zero map ℤ/2→ℤ/2\mathbb Z/2\to\mathbb Z/2, so pullback is not left exact. If the specified structure map f−1𝒪Y→𝒪Xf^{-1}\mathcal O_Y\to\mathcal O_X is an isomorphism, the formula instead identifies f*f^* with f−1f^{-1}, and pullback is exact.




5. Extension by zero and skyscrapers

Lemma 5.1 (extension by zero from an open set). Let j:U↪Xj:U\hookrightarrow X be open and BB a sheaf of left 𝒪|U\mathcal O|_U-modules. For V⊂XV\subset X open put j!B(V)={s∈B(U∩V):supp⁡s is closed in V}.j_!B(V)=\{\,s\in B(U\cap V):\ \operatorname{supp}s\text{ is closed in }V\,\}.


	j!Bj_!B is a sheaf of left 𝒪\mathcal O-modules, with (j!B)x=Bx(j_!B)_x=B_x for x∈Ux\in U and (j!B)x=0(j_!B)_x=0 for x∉Ux\notin U. So j!j_! is exact.

	Hom⁡𝒪(j!B,G)≅Hom⁡𝒪|U(B,G|U)\operatorname{Hom}_{\mathcal O}(j_!B,G)\cong\operatorname{Hom}_{\mathcal O|_U}(B,G|_U), naturally in BB and GG.

	Hom⁡𝒪(j!𝒪U,G)≅G(U)\operatorname{Hom}_{\mathcal O}(j_!\mathcal O_U,G)\cong G(U) by φ↦φ(1)\varphi\mapsto\varphi(1). For opens V⊂WV\subset W, the morphism jV!𝒪V→jW!𝒪Wj_{V!}\mathcal O_V\to j_{W!}\mathcal O_W that corresponds to 1∈𝒪(V)=(jW!𝒪W)(V)1\in\mathcal O(V)=(j_{W!}\mathcal O_W)(V) is a monomorphism, and under these identifications it induces restriction G(W)→G(V)G(W)\to G(V).



Proof. (1) Supports of sections are closed in their domains. Closedness of a support in VV is a local condition on VV, so sections of BB glue within j!Bj_!B, and j!Bj_!B is a sheaf. Module operations do not enlarge supports. If x∈Ux\in U, the opens inside UU are cofinal among neighbourhoods of xx, and there j!B=Bj_!B=B; so (j!B)x=Bx(j_!B)_x=B_x. If x∉Ux\notin U and s∈j!B(V)s\in j_!B(V) with x∈Vx\in V, then x∉supp⁡sx\notin\operatorname{supp}s, and this support is closed in VV; so ss vanishes near xx and the stalk is 00. Exactness is checked on stalks (Theorem 2.1(4)), and on each stalk j!j_! acts as the identity or as zero; so j!j_! is exact.

(2) A morphism j!B→Gj_!B\to G restricts over UU to a morphism B→G|UB\to G|_U. Conversely, let α:B→G|U\alpha:B\to G|_U and s∈j!B(V)s\in j_!B(V). The section α(s)\alpha(s) on U∩VU\cap V and the section 00 on V\supp⁡sV\setminus\operatorname{supp}s agree on the overlap. The two open sets cover VV, because supp⁡s⊂U∩V\operatorname{supp}s\subset U\cap V. Glue them to a section of GG over VV. This defines the inverse bijection; linearity and naturality are checked on the two pieces.

(3) By (2), a morphism j!𝒪U→Gj_!\mathcal O_U\to G is a left-linear map 𝒪U→G|U\mathcal O_U\to G|_U, and such a map is a↦asa\mapsto as with ss the image of 1∈𝒪(U)1\in\mathcal O(U). For V⊂WV\subset W, (jW!𝒪W)(V)=𝒪(V)(j_{W!}\mathcal O_W)(V)=\mathcal O(V). At x∈Vx\in V the morphism is the identity of 𝒪x\mathcal O_x; at other points its source stalk is 00. So it is injective on every stalk, hence a monomorphism by Theorem 2.1(4). Composing with it sends the morphism with φ(1)=s∈G(W)\varphi(1)=s\in G(W) to the one with value s|Vs|_V at 11. ▫\square

Lemma 5.2 (skyscrapers). Let x∈Xx\in X and let JJ be a left 𝒪x\mathcal O_x-module. Put x*J(V)=Jx_*J(V)=J if x∈Vx\in V and 00 otherwise, with identity restrictions between opens containing xx, and let 𝒪(V)\mathcal O(V) act through 𝒪(V)→𝒪x\mathcal O(V)\to\mathcal O_x. Then x*Jx_*J is a sheaf of left 𝒪\mathcal O-modules, and Hom⁡𝒪(F,x*J)≅Hom⁡𝒪x(Fx,J),\operatorname{Hom}_{\mathcal O}(F,x_*J)\cong\operatorname{Hom}_{\mathcal O_x}(F_x,J),
\tag{5.2} naturally in FF and JJ.

Proof. Let x∈Vx\in V and let (Vi)(V_i) cover VV. Some ViV_i contains xx. Compatible sections agree on all ViV_i that contain xx, since their pairwise overlaps contain xx; this common value is the glued section, and it is unique. If x∉Vx\notin V, all sections are 00. A morphism φ:F→x*J\varphi:F\to x_*J has components φV\varphi_V, for x∈Vx\in V, that are compatible with restriction. So they define an 𝒪x\mathcal O_x-linear map Fx→JF_x\to J. Conversely, given g:Fx→Jg:F_x\to J, put φV(s)=g(sx)\varphi_V(s)=g(s_x) if x∈Vx\in V and 00 otherwise. These constructions are inverse. ▫\square



6. Three local and global computations

Example 6.1 (the two-point space). Let S={o,c}S=\{o,c\}, with opens ⌀,{o},S\varnothing,\{o\},S. Fix any ring AA, and give SS the constant coefficient sheaf ASA_S. A module sheaf is exactly a homomorphism r:M→Nr:M\to N of left AA-modules: its sections on SS are MM, on {o}\{o\} are NN, and the only nontrivial restriction is rr. Every covering of SS contains SS, and the sheaf condition imposes no further restriction. The stalk at cc is MM, since its only neighbourhood is SS; the stalk at oo is NN. Kernels, cokernels and exactness are therefore computed componentwise.

For j:{o}→Sj:\{o\}\to S, restriction sends (M→N)(M\to N) to NN, extension by zero sends QQ to (0→Q)(0\to Q), and direct image sends QQ to (Q→1Q)(Q\xrightarrow{1}Q). A section of j!Qj_!Q on SS has support contained in {o}\{o\}; that subset is not closed in SS, so only the zero section is allowed. For the closed point, c*Q=(Q→0)c_*Q=(Q\to0). For the open point, the skyscraper is o*Q=(Q→1Q)o_*Q=(Q\xrightarrow{1}Q). Thus a skyscraper at a point need not have zero stalks at all other points. No closed-point assumption appeared in Lemma 5.2.

As a concrete cokernel, map (A→1A)(A\xrightarrow{1}A) to (A→0)(A\to0) by the identity at cc and zero at oo. Its kernel is (0→A)(0\to A), which is precisely j!Aj_!A. This gives the short exact sequence

0→j!A→o*A→c*A→0.0\to j_!A\to o_*A\to c_*A\to0.
It records the open and closed pieces of this space without any separation hypothesis. In the lesson on supports the same space will make a localization triangle completely explicit.

Example 6.2 (a surjection with no global lift). On X=ℂ×X=\mathbb C^{\times}, let 𝒞\mathcal C be the sheaf of continuous complex-valued functions, written additively, and let 𝒞×\mathcal C^{\times} be the sheaf of continuous nowhere-zero functions, written multiplicatively. They are sheaves of abelian groups, hence left ℤX\mathbb Z_X-modules. They are not being regarded as modules over the sheaf of complex-valued functions. Exponentiation gives

0→(2πiℤ)X→𝒞→exp𝒞×→0.0\longrightarrow(2\pi i\mathbb Z)_X
\longrightarrow\mathcal C\xrightarrow{\exp}\mathcal C^{\times}
\longrightarrow0.
The kernel consists of continuous functions with values in the discrete set 2πiℤ2\pi i\mathbb Z, so it is the indicated locally constant sheaf. Every nonzero complex number has a neighbourhood on which a continuous logarithm is defined: choose a sufficiently small disk avoiding zero and a continuous branch of the argument there. For a nowhere-zero function, continuity places a neighbourhood of each point in such a disk. Composition gives a local logarithm, proving stalkwise surjectivity.

The global section z↦zz\mapsto z has no continuous logarithm on XX. Suppose one existed, and restrict it to z=e2πitz=e^{2\pi it}, 0≤t≤10\le t\le1. The function

t↦g(e2πit)−2πit2πit\longmapsto\frac{g(e^{2\pi it})-2\pi it}{2\pi i}
takes values in ℤ\mathbb Z and is continuous, so it is constant. This forces g(e2πi)−g(1)=2πig(e^{2\pi i})-g(1)=2\pi i, although the two arguments are the same point. The contradiction proves failure of global surjectivity. The cokernel sheaf is zero even though the cokernel on global sections is nonzero.

Example 6.3 (extension by zero at an endpoint). Let X=[0,1]X=[0,1], U=(0,1)U=(0,1), and let 𝒪X\mathcal O_X be the sheaf of continuous real-valued functions. A global section of j!𝒪Uj_!\mathcal O_U is a continuous function on UU whose support is closed in XX and contained in UU. Its support is compact and misses both endpoints. Consequently the section vanishes on a neighbourhood of each endpoint. Conversely any such function has the required support and extends by zero to a continuous function on XX. The constant function one on UU is a section of j*𝒪Uj_*\mathcal O_U, but not of j!𝒪Uj_!\mathcal O_U on XX. At either endpoint j!𝒪Uj_!\mathcal O_U has zero stalk; at an interior point it has stalk 𝒪x\mathcal O_x. These stalks, rather than the global section module, give the later flatness calculation.



7. Exercises with complete solutions

The first two exercises test the exactness criteria. The next two compare constructions. The last two concern finiteness and topology.

Exercise 1 (easy: an isomorphism criterion). Show directly that a morphism of module sheaves with isomorphisms on all stalks has an inverse sheaf morphism. Explain why the inverse is module-linear.

Solution. If two sections have the same image, their germs have the same image at every point. Stalkwise injectivity makes their germs equal, hence the sections equal. Given a section tt in the target, lift each of its germs, choose local representatives, and shrink until the image of each representative is tt on that neighbourhood. On overlaps the representatives have the same image, so the just-proved injectivity makes them agree. They glue to a unique section in the source. These inverses commute with restriction by uniqueness. The inverse sends ata t to asa s, because the forward map sends asa s to ata t, again with a unique preimage. It preserves sums for the same reason. Thus it is a linear inverse sheaf morphism.

Exercise 2 (medium: filtered and unfiltered colimits). Prove exactness of filtered colimits of module sheaves. Then verify every arrow in the pushout counterexample in Section 1 and compute its three pushouts.

Solution. Stalks of a colimit are the colimits of the stalks by Theorem 3.1(2). For a diagram of short exact sequences, the stalk diagrams are exact by Theorem 2.1. Lemma 1.1 gives exactness after taking their filtered colimits. Theorem 2.1 then gives exactness of the sheaf sequence. In the counterexample, at the left object the sequence is 0→ℤ→1ℤ→0→00\to\mathbb Z\xrightarrow{1}\mathbb Z\to0\to0, at the middle object it is 0→0→ℤ→1ℤ→00\to0\to\mathbb Z\xrightarrow{1}\mathbb Z\to0, and at the right all terms vanish. The square for the arrow middle-to-left in the first morphism is 0→ℤ0\to\mathbb Z followed by the identity on the left, and on the other side the zero inclusion followed by the identity middle-to-left; both composites from the zero group are zero. In the second morphism, both composites from the middle ℤ\mathbb Z to the last left object zero are zero. The middle-to-right squares are zero throughout. A module pushout of L←M→RL\leftarrow M\to R is (L⊕R)/{(a(m),−b(m)):m∈M}(L\oplus R)/\{(a(m),-b(m)):m\in M\}, as its universal property shows. This gives ℤ\mathbb Z, 00 and 00. Thus the pushout functor does not preserve the displayed injection of diagrams.

Exercise 3 (medium: extension by zero). Given a map B→G|UB\to G|_U, construct its adjoint j!B→Gj_!B\to G on every open set. Show this construction gives the identity in both adjunction compositions, and deduce exactness of j!j_!.

Solution. For s∈j!B(V)s\in j_!B(V), glue its image on V∩UV\cap U with zero on V\supp⁡sV\setminus\operatorname{supp}s. These sets cover VV, and the images agree on the intersection because ss is zero there. Restriction commutes with gluing, as do sums and scalar multiplication. Restricting the resulting map to UU recovers the original map, since j!B|U=Bj_!B|_U=B. Starting with a map j!B→Gj_!B\to G, the reconstructed section has the same restriction on V∩UV\cap U and is zero off the support; these are also the restrictions of the original image. Uniqueness of gluing recovers it. At a point of UU, the stalk functor of j!j_! is the identity; elsewhere it is zero. Both preserve exact sequences, so stalkwise exactness proves exactness of j!j_!.

Exercise 4 (medium: scalar extension). For a homomorphism of possibly noncommutative rings A→BA\to B, write the unit and counit of B⊗A−⊣Res⁡ABB\otimes_A-\dashv\operatorname{Res}_A^B. Check both triangle identities. Apply the formulas to the pullback adjunction in Theorem 4.4.

Solution. The unit is M→Res⁡(B⊗AM)M\to\operatorname{Res}(B\otimes_A M), m↦1⊗mm\mapsto1\otimes m. It is AA-linear because 1⊗am=a⊗m1\otimes am=a\otimes m, with aa acting through A→BA\to B. The counit is B⊗ARes⁡N→NB\otimes_A\operatorname{Res}N\to N, b⊗n↦bnb\otimes n\mapsto bn, which is balanced and BB-linear. The first composite sends b⊗mb\otimes m to b⊗(1⊗m)b\otimes(1\otimes m) and then to b⊗mb\otimes m. The second sends nn to 1⊗n1\otimes n and then to nn. These verify the triangle identities. For sheaves the formulas hold on local tensor representatives and pass through sheafification. Compose with the inverse-image/direct-image adjunction: the pullback unit sends a section gg over V⊂YV\subset Y to 1⊗f−1g1\otimes f^{-1}g over f−1Vf^{-1}V. The pullback counit sends a local tensor b⊗sb\otimes s, where ss is locally represented by a section of f*Ff_*F, to bb times its restriction to the relevant open subset of XX. These are precisely the formulas in the proof of Theorem 4.4.

Exercise 5 (hard: sections of an infinite direct sum). Let X=ℕX=\mathbb N be discrete, let A≠0A\ne0 be a ring, and let FnF_n be the skyscraper AA at nn. Compute Γ(X,⨁nFn)\Gamma(X,\bigoplus_nF_n) and compare it with ⨁nΓ(X,Fn)\bigoplus_n\Gamma(X,F_n).

Solution. A sheaf on a discrete space has sections on an open subset VV equal to the product of its stalks at the points of VV. Indeed, the singleton opens cover VV, their intersections are empty, and the sheaf condition says that all choices of singleton sections glue uniquely. The direct sum sheaf has stalk AA at each nn, since at that stalk only FnF_n is nonzero. Its sections on XX are therefore ∏nA\prod_nA. In contrast Γ(X,Fn)=A\Gamma(X,F_n)=A, so the sum of the global sections is ⨁nA\bigoplus_nA. The canonical map is the inclusion of finitely supported sequences into all sequences, and is not onto: the sequence with every entry one is absent. The open XX is not quasi-compact, as the singleton cover has no finite subcover. This does not contradict Theorem 3.1(5).

Exercise 6 (hard: products need not preserve epimorphisms). Let X=ℝX=\mathbb R, let kk be a field, and put Un=(−1/n,1/n)U_n=(-1/n,1/n). For each nn, extend the identity germ at zero to a morphism jn!kUn→0*kj_{n!}k_{U_n}\to0_*k. Prove it is an epimorphism and show that the product of these maps is not an epimorphism.

Solution. By Lemma 5.2 a map to 0*k0_*k is determined by the map of stalks at zero. Choose the identity k→kk\to k. At zero it is onto; at every other point the target stalk is zero because zero is closed in ℝ\mathbb R. Thus Theorem 2.1 makes it an epimorphism. Products are computed on sections. A germ at zero of a section of ∏njn!kUn\prod_nj_{n!}k_{U_n} is represented on one common neighbourhood VV of zero. Choose a connected interval WW containing zero inside VV. Each factor restricts to a locally constant function on W∩UnW\cap U_n, whose support is closed in WW. For every sufficiently large nn, the interval UnU_n is contained in WW. A nonzero constant on UnU_n would have support UnU_n, which is not closed in WW; hence that factor is zero. The images of the germ at zero thus have only finitely many nonzero coordinates. The target product sheaf has stalk ∏nk\prod_nk at zero: on every neighbourhood of zero its sections are that product and all restrictions are identities. The germ with every coordinate one is not in the image. The product map is not onto on the stalk, hence is not an epimorphism. This argument uses one common neighbourhood for all factors; commuting a stalk with an infinite product would lose exactly that condition.
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Complexes, cones and localization

Written and edited by GPT-6.1 Sol (OpenAI), in Codex at Ultra, October 2026. Mathematically self-checked by the writing AI. Original contributions are CC0; the combined course is distributed under GFDL-1.2-or-later. Full authorship and source attribution appear in the course notice.

An exact sequence contains more information than its three objects: it specifies how a quotient attaches to a subobject. A complex contains still more attachment information, in each degree. Mapping cones retain that information when a map is replaced by a triangle. Localization then lets us compare complexes that have the same cohomology without requiring a chain homotopy equivalence between them.

This common reading precedes the resolution lessons. Its algebra prerequisite is Wen-Wei Li’s Methods of Algebra, Volume 2: “Definition of an Abelian Category”, and “Some Diagram Lemmas”, especially the exactness criterion by epimorphic lifting, the Snake Lemma and the Five Lemma. “Complexes on an Abelian Category” proves the long exact cohomology sequence using that Snake Lemma. We recall its construction here and supply the cone and localization arguments in full.

The cone and triangulation arguments follow the Stacks project authors’ Derived Categories, in the AI Integrated Stacks Project edition. We develop localization by roofs and common refinements, then prove that cone triangles descend to the derived category. Source attribution and the licence for adapted passages appear in the course notice.


1. Maps of complexes and homotopies

Let 𝒜\mathcal A be an abelian category. A cochain complex KK consists of objects KnK^n and differentials dKn:Kn→Kn+1d_K^n:K^n\to K^{n+1} satisfying dKn+1dKn=0d_K^{n+1}d_K^n=0. A chain map f:K→Lf:K\to L satisfies dLf=fdKd_Lf=fd_K. Its cohomology is

Hn(K)=ker⁡(dKn)/im⁡(dKn−1).H^n(K)=\ker(d_K^n)/\operatorname{im}(d_K^{n-1}).
We set K[r]n=Kn+rK[r]^n=K^{n+r}, with differential (−1)rdK(-1)^r d_K. A homotopy from gg to ff is a family sn:Kn→Ln−1s^n:K^n\to L^{n-1} with f−g=dLs+sdKf-g=d_Ls+sd_K. These homotopies form an equivalence relation: zero, negation and addition give reflexivity, symmetry and transitivity. Precomposing or postcomposing a homotopy with a chain map gives a homotopy of composites. Thus homotopy classes form an additive category K(𝒜)K(\mathcal A), with the same objects as the category of complexes. Its finite sums and zero object are those of complexes. A homotopy equivalence is an isomorphism in this category. A complex is contractible when its identity is null-homotopic.

The group-valued Hom complex, as distinct from an internal sheaf Hom, is

Hom⁡r(K,L)=∏n∈ℤHom⁡𝒜(Kn,Ln+r),D(h)=dLh−(−1)rhdK.\operatorname{Hom}^{r}(K,L)=\prod_{n\in\mathbb Z}
\operatorname{Hom}_{\mathcal A}(K^n,L^{n+r}),\qquad
D(h)=d_Lh-(-1)^rhd_K.
\tag{1.1}
Lemma 1.1. Formula (1.1) defines a complex of abelian groups, and

HrHom⁡•(K,L)=Hom⁡K(𝒜)(K,L[r]).H^r\operatorname{Hom}^{\bullet}(K,L)
=\operatorname{Hom}_{K(\mathcal A)}(K,L[r]).
\tag{1.2}
Proof. Applying the differential twice cancels the two terms involving dLhdKd_Lhd_K; the other terms vanish because dL2=dK2=0d_L^2=d_K^2=0. A degree-rr family is a cocycle precisely when dLh=(−1)rhdKd_Lh=(-1)^rhd_K, which is the chain-map equation into L[r]L[r]. If h=D(v)h=D(v) with vv of degree r−1r-1, then

h=dLv+(−1)rvdK=dL[r]((−1)rv)+((−1)rv)dK.h=d_Lv+(-1)^rvd_K
=d_{L[r]}\bigl((-1)^rv\bigr)+\bigl((-1)^rv\bigr)d_K.
So boundaries are exactly the null-homotopic maps into L[r]L[r]. Conversely a homotopy ss gives the boundary of (−1)rs(-1)^rs. This proves (1.2). Composition of homogeneous families obeys

D(gh)=D(g)h+(−1)deg⁡ggD(h):D(gh)=D(g)h+(-1)^{\deg g}gD(h):
expanding the right side cancels its two middle terms and leaves dMgh−(−1)deg⁡g+deg⁡hghdKd_Mgh-(-1)^{\deg g+\deg h}ghd_K. In particular composition descends to cohomology and hence to the homotopy category. ▫\square

Lemma 1.2 (cohomology of a short exact sequence). A degreewise short exact sequence 0→A→aB→bC→00\to A\xrightarrow{a}B\xrightarrow{b}C\to0 has a natural long exact cohomology sequence. Homotopic maps induce the same cohomology map.

Proof. For the second assertion, on ker⁡dKn\ker d_K^n the summand sdKsd_K vanishes and dLsd_Ls has image in im⁡dLn−1\operatorname{im}d_L^{n-1}. It therefore induces zero on cohomology.

For the first assertion, apply the Snake Lemma to the exact rows

coker⁡dAn−2→coker⁡dBn−2→coker⁡dCn−2→0,\operatorname{coker}d_A^{n-2}\longrightarrow
\operatorname{coker}d_B^{n-2}\longrightarrow
\operatorname{coker}d_C^{n-2}\longrightarrow0, 0→ker⁡dAn→ker⁡dBn→ker⁡dCn,0\longrightarrow\ker d_A^n\longrightarrow
\ker d_B^n\longrightarrow\ker d_C^n,
whose vertical maps are induced by dn−1d^{n-1}. The kernels of these vertical maps are Hn−1H^{n-1}; their cokernels are HnH^n. The first row is right exact by the cokernel part of the Snake Lemma applied to the degreewise exact diagram with vertical maps dn−2d^{n-2}; the second is left exact by its kernel part for dnd^n. Thus the new Snake Lemma sequence joins Hn−1(C)H^{n-1}(C) to Hn(A)H^n(A) and gives exactly the six consecutive terms of the cohomology sequence. Varying nn joins the sequences. Naturality follows from the naturality of the Snake Lemma construction by kernels, cokernels and pullbacks.

In modules, its boundary has the familiar precise description: lift a cocycle cc to bb, write dBb=a(a′)d_Bb=a(a'), and send [c][c] to [a′][a']. A changed lift adds a boundary, and a changed cocycle by a boundary also changes a′a' by a boundary. In an arbitrary abelian category these lifts are performed after pullback along an epimorphism, as in the exactness criterion in the prerequisite; the kernel and cokernel description just given supplies the resulting canonical morphism. ▫\square

A quasi-isomorphism is a map inducing an isomorphism on every cohomology object. A complex is acyclic when all its cohomology objects vanish. A homotopy equivalence is a quasi-isomorphism by Lemma 1.2, but an acyclic complex need not be contractible.



2. Cones and triangles from split sequences

For f:K→Lf:K\to L, define

C(f)n=Ln⊕Kn+1,d(l,k)=(dLl+fk,−dKk).C(f)^n=L^n\oplus K^{n+1},\qquad
d(l,k)=(d_Ll+fk,-d_Kk).
\tag{2.1}
Squaring this differential gives zero because ff is a chain map. Let i:L→C(f)i:L\to C(f) be inclusion and p:C(f)→K[1]p:C(f)\to K[1] projection. Our cone triangle is

K→fL→iC(f)→−pK[1].K\xrightarrow fL\xrightarrow iC(f)\xrightarrow{-p}K[1].
\tag{2.2}
The minus sign is intentional. With this convention, a triangle attached to a short exact sequence has the Snake Lemma's positive boundary.

Lemma 2.1 (comparison of cones). If bf−f′a=dh+hdbf-f'a=d h+h d, the maps

cn=(bnhn+10an+1):C(f)n→C(f′)nc^n=\begin{pmatrix}b^n&h^{n+1}\\0&a^{n+1}\end{pmatrix}:
C(f)^n\longrightarrow C(f')^n
give a morphism of cone triangles in K(𝒜)K(\mathcal A).

Proof. The diagonal entries of dc=cdd c=c d are the chain-map equations for a,ba,b. Equality of the upper-right entries is dh+f′a=bf−hdd h+f'a=bf-hd, exactly the assumed homotopy equation. The lower-left entries are zero. Also ci=i′bc i=i'b and p′c=a[1]pp'c=a[1]p hold already as chain maps. This proves all triangle squares, including the one with negative projections. The choice of hh need not be unique; the third triangle map is not canonically determined by a square in the homotopy category. ▫\square

Lemma 2.2 (split sequences). Suppose 0→A→B→C→00\to A\to B\to C\to0 is split in each degree. Write

Bn=An⊕Cn,dB=(dAδ0dC).B^n=A^n\oplus C^n,\qquad
d_B=\begin{pmatrix}d_A&\delta\\0&d_C\end{pmatrix}.
\tag{2.3}
Then δ:C→A[1]\delta:C\to A[1] is a chain map, and the triangle A→B→C→δA[1]A\to B\to C\xrightarrow\delta A[1] is isomorphic to the cone triangle of A→BA\to B.

Proof. The upper-right entry of dB2=0d_B^2=0 is dAδ+δdC=0d_A\delta+\delta d_C=0, the asserted chain-map equation. In degree nn, the cone of inclusion is An⊕Cn⊕An+1A^n\oplus C^n\oplus A^{n+1}. Define

r(a,c,a′)=c,t(c)=(0,c,−δc).r(a,c,a')=c,\qquad t(c)=(0,c,-\delta c).
Both are chain maps by (2.3), and rt=1rt=1. The homotopy H(a,c,a′)=(0,0,a)H(a,c,a')=(0,0,a), landing in degree n−1n-1, satisfies

(dH+Hd)(a,c,a′)=(a,0,a′+δc)=(1−tr)(a,c,a′).(dH+Hd)(a,c,a')=(a,0,a'+\delta c)=(1-tr)(a,c,a').
Thus r,tr,t are inverse in KK. Inclusion of BB is carried to its quotient map into CC, and (−p)t=δ(-p)t=\delta. These give the claimed triangle isomorphism. Formula (2.3) also shows that Hn(δ)H^n(\delta) is exactly the boundary constructed in Lemma 1.2. ▫\square

Lemma 2.3 (replacement by a split injection). Every map f:K→Lf:K\to L factors as a degreewise split injection K→L̃K\to\widetilde L followed by a homotopy equivalence L̃→L\widetilde L\to L. A finite string of maps can be replaced by degreewise split injections, with a commuting diagram of homotopy equivalences to the original string.

Proof. Put L̃=L⊕C(1K)\widetilde L=L\oplus C(1_K), with degree-nn coordinates (l,k,k′)(l,k,k'), differential (dLl,dKk+k′,−dKk′)(d_Ll,d_Kk+k',-d_Kk'), and injection k↦(fk,k,0)k\mapsto(fk,k,0). Projection π\pi to LL has chain-map section s(l)=(l,0,0)s(l)=(l,0,0). The homotopy H(l,k,k′)=(0,0,k)H(l,k,k')=(0,0,k) gives

(dH+Hd)(l,k,k′)=(0,k,−dKk)+(0,0,dKk+k′)=(0,k,k′)=1−sπ.(dH+Hd)(l,k,k')=(0,k,-d_Kk)+(0,0,d_Kk+k')=(0,k,k')=1-s\pi.
The injection is split by projection onto KnK^n. For a string, start with its first object, perform this construction on the first map, then on the composite from the new second object to the original third object, and continue. Every resulting square commutes as a square of chain maps. Shifts and these replacements preserve boundedness above, below, or in both directions. ▫\square

Lemma 2.4 (representable exactness and cone uniqueness). For a cone triangle, applying Hom⁡K(T,−)\operatorname{Hom}_K(T,-) or Hom⁡K(−,T)\operatorname{Hom}_K(-,T) gives a long exact sequence after shifts. A morphism of cone triangles which is an isomorphism on two objects is an isomorphism on the third.

Proof. There is a chain isomorphism

Hom⁡•(T,C(f))=C(Hom⁡•(T,f)).\operatorname{Hom}^{\bullet}(T,C(f))
=C\bigl(\operatorname{Hom}^{\bullet}(T,f)\bigr).
It follows by distributing products over the two summands in (2.1); its differential has exactly the matrix (2.1). For the contravariant version put U=Hom⁡•(L,T)U=\operatorname{Hom}^{\bullet}(L,T), V=Hom⁡•(K,T)V=\operatorname{Hom}^{\bullet}(K,T), and u=f*:U→Vu=f^*:U\to V. A degree-rr map from the cone has coordinates (a,b)∈Ur⊕Vr−1(a,b)\in U^r\oplus V^{r-1} and differential

(a,b)↦(Da,Db+(−1)r+1u(a)).(a,b)\longmapsto\bigl(Da,Db+(-1)^{r+1}u(a)\bigr).
The map (a,b)↦((−1)r−1b,a)(a,b)\mapsto((-1)^{r-1}b,a) identifies this complex with C(u)[−1]C(u)[-1], whose differential is (v,a)↦(−Dv−u(a),Da)(v,a)\mapsto(-Dv-u(a),Da). Lemma 1.2 for these group complexes and Lemma 1.1 give both exact sequences. Signs of individual arrows do not change exactness.

For a morphism of triangles, apply either representable functor and take five consecutive terms with the possibly unknown map in the middle. The four surrounding maps are isomorphisms when the other two object maps are isomorphisms. The Five Lemma makes the middle map an isomorphism for every TT. If c:Z→Z′c:Z\to Z' induces bijections Hom⁡(T,Z)→Hom⁡(T,Z′)\operatorname{Hom}(T,Z)\to\operatorname{Hom}(T,Z') for every TT, surjectivity for T=Z′T=Z' gives a right inverse vv, and injectivity for T=ZT=Z gives vc=1vc=1. Thus cc is an isomorphism. Rotating the exact sequences proves the assertion for any two object maps. In particular cones of a fixed morphism are unique up to an isomorphism fixing its first two objects. Lemma 2.1 gives existence of that comparison, and this argument gives invertibility. ▫\square



3. The triangulated structure of the homotopy category

A triangle means X→fY→gZ→hX[1]X\xrightarrow fY\xrightarrow gZ\xrightarrow hX[1]. It is distinguished in K(𝒜)K(\mathcal A) when it is isomorphic to (2.2). A triangulated category is an additive category with an additive shift equivalence and distinguished triangles satisfying four requirements: identity and completion triangles exist and are closed under isomorphism; rotation (f,g,h)↦(g,h,−f[1])(f,g,h)\mapsto(g,h,-f[1]) preserves distinguished triangles in both directions; a commuting square between their first maps extends to a morphism of triangles; and composable maps have compatible cone triangles forming an octahedron. We give the exact octahedron maps in the proof, rather than using a picture as an axiom.

Theorem 3.1. These definitions make K(𝒜)K(\mathcal A) a triangulated category. The full subcategories of bounded-below, bounded-above and bounded complexes are triangulated.

Proof. The isomorphism and completion requirements follow from the definition. The cone C(1X)C(1_X) is contractible by Lemma 2.3, so its cone triangle is isomorphic to X→1X→0→X[1]X\xrightarrow1X\to0\to X[1].

For rotation, 0→L→C(f)→K[1]→00\to L\to C(f)\to K[1]\to0 is split in each degree, with off-diagonal map f[1]f[1]. By Lemma 2.2 its triangle (i,p,f[1])(i,p,f[1]) is distinguished. Changing the sign on its third object identifies it with (i,−p,−f[1])(i,-p,-f[1]), the rotation of (2.2). Conversely, suppose a rotated triangle is represented by a split sequence 0→A→B→C→00\to A\to B\to C\to0 with boundary δ\delta. The inverse rotation is C[−1]→−δ[−1]A→B→CC[-1]\xrightarrow{-\delta[-1]}A\to B\to C. Formula (2.3) identifies BB with C(−δ[−1])C(-\delta[-1]) by the map (a,c)↦(a,−c)(a,c)\mapsto(a,-c); its projection into CC becomes the negative cone projection. Hence this inverse rotation is distinguished. Every cone triangle has a split-sequence representative: use Lemma 2.3 on its first map, Lemma 2.1 and Lemma 2.4 to compare cones, and Lemma 2.2 on the new split injection. Thus the converse applies to all distinguished triangles.

The square-extension requirement is precisely Lemma 2.1 after replacing the rows by cone triangles.

For the octahedron take composable maps A→αB→βCA\xrightarrow\alpha B\xrightarrow\beta C. Lemma 2.3 replaces this string by degreewise split injections. Lemmas 2.1, 2.2 and 2.4 identify their three cone triangles with the triangles of the three quotient sequences. Choose degreewise decompositions B=A⊕Q1B=A\oplus Q_1 and C=A⊕Q1⊕Q3C=A\oplus Q_1\oplus Q_3. Their differentials have the forms

dB=(dAu0d1),dC=(dAuv0d1w00d3).d_B=\begin{pmatrix}d_A&u\\0&d_1\end{pmatrix},\qquad
d_C=\begin{pmatrix}d_A&u&v\\0&d_1&w\\0&0&d_3\end{pmatrix}.
\tag{3.1}
Set Q2=C/A=Q1⊕Q3Q_2=C/A=Q_1\oplus Q_3, with differential (d1w0d3)\left(\begin{smallmatrix}d_1&w\\0&d_3\end{smallmatrix}\right). The three boundary maps are uu, (u,v)(u,v), and (v,w)(v,w). The split sequence 0→Q1→Q2→Q3→00\to Q_1\to Q_2\to Q_3\to0 has boundary ww, so its triangle is distinguished. Its first two maps are inclusion a:Q1→Q2a:Q_1\to Q_2 and projection b:Q2→Q3b:Q_2\to Q_3. The triples (1A,β,a)(1_A,\beta,a) and (α,1C,b)(\alpha,1_C,b) are morphisms of the three original triangles. All their squares commute strictly except possibly the second boundary square. The difference

(v,w)b−α[1](u,v)=(−u00w)(v,w)b-\alpha[1](u,v)=\begin{pmatrix}-u&0\\0&w\end{pmatrix}
is the homotopy boundary for H:Q2n→B[1]n−1=BnH:Q_2^n\to B[1]^{n-1}=B^n, H(q1,q3)=(0,q1)H(q_1,q_3)=(0,q_1): substituting (3.1) into dB[1]H+HdQ2d_{B[1]}H+Hd_{Q_2} gives (−uq1,wq3)(-u q_1,w q_3). Finally w=p1[1](v,w)w=p_1[1](v,w), where p1:B→Q1p_1:B\to Q_1. Thus

Q1→aQ2→bQ3→p1[1]δ3Q1[1]Q_1\xrightarrow aQ_2\xrightarrow bQ_3
\xrightarrow{p_1[1]\delta_3}Q_1[1]
is the required fourth triangle, with exactly the required comparison maps. Transport this diagram through the homotopy equivalences of the string. For any initially chosen distinguished triangles of the three maps, Lemma 2.4 compares them by isomorphisms fixing their first two objects. Transport through those too. This proves the full octahedron requirement, not only a special choice of cones.

All complexes, shifts, cones and replacements used here preserve each stated boundedness condition. The same proof therefore works in the three bounded homotopy categories. ▫\square

Corollary 3.2. An additive functor Φ:𝒜→ℬ\Phi:\mathcal A\to\mathcal B induces a triangulated functor on homotopy categories. A quasi-isomorphism ff is characterized by acyclicity of C(f)C(f).

Proof. Applying Φ\Phi degreewise preserves differentials, homotopies, shifts, finite sums and every entry of (2.1), hence cone triangles. For the second assertion apply Lemma 1.2 to 0→L→C(f)→K[1]→00\to L\to C(f)\to K[1]\to0; its connecting map is H(f[1])H(f[1]). Exactness proves that the middle complex is acyclic exactly when each Hn(f)H^n(f) is invertible. ▫\square



4. Fractions at quasi-isomorphisms

We work in a larger universe if necessary: objects and arrows from the chosen small-module universe form sets in that larger universe. This makes the following constructions legitimate before proving that the derived Hom sets are small in the original universe. The resolution lessons will establish that stronger smallness conclusion for module sheaves.

Let SS be the quasi-isomorphisms in K(𝒜)K(\mathcal A). It contains identities, is closed under composition, and has the two-out-of-three property, because these assertions hold for isomorphisms after every HnH^n.

Lemma 4.1 (fraction squares and cancellation). Given f:M→Yf:M\to Y and t:N→Yt:N\to Y with t∈St\in S, there are r:P→Mr:P\to M in SS and a:P→Na:P\to N with fr=tafr=ta in KK. If tf=tgtf=tg for t:Y→Zt:Y\to Z in SS, there is r:P→Xr:P\to X in SS with fr=grfr=gr. The dual assertions, with all arrows reversed, also hold.

Proof. For the square take P=C((f,−t):M⊕N→Y)[−1]P=C((f,-t):M\oplus N\to Y)[-1]. Its coordinates in degree nn are (y,m,n′)(y,m,n'), with differential (−dYy−fm+tn′,dMm,dNn′)(-d_Yy-fm+tn',d_Mm,d_Nn'). Let r,ar,a be projections to m,n′m,n'. Their required equality holds up to the homotopy (y,m,n′)↦−y(y,m,n')\mapsto-y. The kernel of rr is C(−t)[−1]C(-t)[-1], which is acyclic by Corollary 3.2. Since rr is degreewise split onto, Lemma 1.2 makes rr a quasi-isomorphism. This proves the square assertion.

For cancellation put v=f−gv=f-g. Choose a homotopy tv=dZh+hdXtv=d_Zh+hd_X. The map (−h,v):X→C(t)[−1](-h,v):X\to C(t)[-1] is a chain map: its first component's chain-map equation is dZh−tv=−hdXd_Zh-tv=-hd_X, exactly the chosen homotopy equation. Its second component projects to vv. Write this map as e:X→Ee:X\to E, where E=C(t)[−1]E=C(t)[-1] is acyclic. Projection r:C(e)[−1]→Xr:C(e)[-1]\to X is a quasi-isomorphism, since its kernel E[−1]E[-1] is acyclic. Moreover erer is null-homotopic by projection onto the first cone coordinate with a minus sign, exactly as in the square computation. Therefore vr=0vr=0.

For the dual square take the cone of (t,−f):M→N⊕Y(t,-f):M\to N\oplus Y; the inclusion of YY has acyclic quotient C(t)C(t), and the two composites agree up to the cone's homotopy. For the dual cancellation, representable exactness in Lemma 2.4 factors a map vv satisfying vt=0vt=0 through the acyclic cone C(t)C(t). If this factor is e:C(t)→Ze:C(t)\to Z, the inclusion Z→C(e)Z\to C(e) is a quasi-isomorphism and kills ee up to homotopy. It consequently kills vv. These are the asserted reversed constructions. ▫\square

A roof from XX to YY is X←sM→fYX\xleftarrow{s}M\xrightarrow{f}Y, with s∈Ss\in S. Declare two roofs equivalent if they have a common refinement: maps u:P→Mu:P\to M, v:P→M′v:P\to M' such that su=s′v∈Ssu=s'v\in S and fu=f′vfu=f'v. Two-out-of-three then implies u,v∈Su,v\in S.

Theorem 4.2 (localization). Roof classes form a category D(𝒜)D(\mathcal A). The map Q:K(𝒜)→D(𝒜)Q:K(\mathcal A)\to D(\mathcal A), f↦(1,f)f\mapsto(1,f), inverts quasi-isomorphisms and is their localization. Its morphism sets are abelian groups, and QQ is additive. Moreover Qf=QgQf=Qg if and only if fr=grfr=gr for some quasi-isomorphism rr into their common source.

Proof. Equivalence is reflexive and symmetric. For transitivity, two refinements through a middle roof give two quasi-isomorphisms into its middle object. Lemma 4.1 gives a common square; two-out-of-three makes both new arrows quasi-isomorphisms. Composing the refinements gives the third required refinement. Thus the relation is transitive.

Compose roofs (s,f):X→Y(s,f):X\to Y and (t,g):Y→Z(t,g):Y\to Z by using Lemma 4.1 to choose r:P→Mr:P\to M in SS and a:P→Na:P\to N with fr=tafr=ta, and set the composite to (sr,ga)(sr,ga). Two choices (r,a)(r,a), (r′,a′)(r',a') have a common refinement of r,r′r,r'. On it, ta=ta′ta=ta'; cancellation in Lemma 4.1 refines once more to make a=a′a=a'. Their resulting roofs are therefore equivalent. Replacing the first roof by a refinement is handled by a common square between its refinement arrow and rr; replacing the second by a refinement is handled by a square between aa and that refinement arrow. Each produces precisely a refinement of the original composite. Since any two equivalent roofs admit such refinements, composition is well defined.

For associativity take three roofs (s,f),(t,g),(u,h)(s,f),(t,g),(u,h). First form a square gr=ubg r=u b, with r:P→Nr:P\to N in SS. Next form fr′=trcf r'=t r c, with r′:P′→Mr':P'\to M in SS. For the other order of composition, choose (r′,rc)(r',rc) as the square for the first two roofs. Their numerator is grc=ubcgrc=ubc, so choose the identity on P′P' for the last square. Both parenthesizations give (sr′,hbc)(sr',hbc). Independence of choices, already proved, gives associativity for every choice. The roof (1,1)(1,1) is an identity by choosing identity squares.

For s:M→Xs:M\to X in SS, the roof (s,1M)(s,1_M) is inverse to Q(s)Q(s); either composite refines the identity roof. A functor FF inverting SS must send (s,f)(s,f) to F(f)F(s)−1F(f)F(s)^{-1}. Common refinements leave this expression unchanged, and the composition square proves that it preserves composition. It defines the unique factorization through QQ. Natural transformations also descend: a naturality square for ss remains natural after inverting F(s)F(s) and G(s)G(s), and every roof is a composite of such an inverse and an ordinary arrow.

For Qf=QgQf=Qg, a common refinement of their identity roofs is exactly an r∈Sr\in S with fr=grfr=gr; the converse is the same refinement. This is the stated equality criterion.

To add roofs, first give them a common denominator ss by Lemma 4.1 and set (s,f)+(s,g)=(s,f+g)(s,f)+(s,g)=(s,f+g). If two choices or representatives are made, refine their denominators to a common one and use cancellation to equalize each pair of numerators. Adding the equal numerators proves independence. Negation and zero are (s,−f)(s,-f) and (s,0)(s,0); the group laws follow after common refinement. Composition is bilinear. For example, for a fixed second denominator tt, construct squares for two numerators f,gf,g, then refine their source arrows together. The equalities fr=tafr=ta, gr=tbgr=tb imply (f+g)r=t(a+b)(f+g)r=t(a+b), so the composite distributes over their sum. Distributivity in the other variable follows directly after giving its two roofs a common denominator. Thus QQ is additive. Its original finite-sum inclusions and projections retain their equations, including i1p1+i2p2=1i_1p_1+i_2p_2=1, and so remain biproducts. The zero object's identity remains zero, making it a zero object. This proves additivity of the localized category. ▫\square



5. Triangles after localization

Theorem 5.1. A triangle in D(𝒜)D(\mathcal A) is distinguished when it is isomorphic to the image of a cone triangle. With this definition D(𝒜)D(\mathcal A) is triangulated, QQ is triangulated, and each HnH^n descends to a functor that takes distinguished triangles to long exact cohomology sequences.

Proof. Shift acts on roofs by shifting both arrows; its inverse is the negative shift. Identity triangles descend. A roof (s,f):X→Y(s,f):X\to Y is, through the isomorphism Q(s):M→XQ(s):M\to X, the first map of the image of the cone triangle of ff. Thus every localized map has a completion. Rotation in both directions follows from Theorem 3.1.

We give the full square-lifting argument. Suppose bf=f′abf=f'a in DD, for chain-homotopy classes f:X→Yf:X\to Y, f′:X′→Y′f':X'\to Y', and localized maps a:X→X′a:X\to X', b:Y→Y′b:Y\to Y'. Write aa as X←sU→a0X′X\xleftarrow{s}U\xrightarrow{a_0}X' and bb as Y←tV→b0Y′Y\xleftarrow{t}V\xrightarrow{b_0}Y'. Form a square tv=fsutv=fsu, with u:W→Uu:W\to U a quasi-isomorphism. In DD, the maps b0vb_0v and f′a0uf'a_0u are equal. The equality criterion of Theorem 4.2 gives a quasi-isomorphism k:W′→Wk:W'\to W equalizing them in KK. We now have a map of first arrows W′→vkVW'\xrightarrow{vk}V to X→fYX\xrightarrow fY, whose vertical maps suk,tsuk,t are quasi-isomorphisms, and a map to X′→f′Y′X'\xrightarrow{f'}Y', whose vertical maps are a0uk,b0a_0uk,b_0. Lemma 2.1 extends each square to cone triangles. The first cone comparison is a quasi-isomorphism by their cohomology sequences and the Five Lemma. Invert it in DD and compose with the second comparison. This gives precisely the missing third map for the original localized square. It proves the square-extension axiom.

We also need cone uniqueness to handle initially chosen octahedra. For fixed TT, the roofs construction writes Hom⁡D(T,−)\operatorname{Hom}_D(T,-) as the filtered colimit of Hom⁡K(M,−)\operatorname{Hom}_K(M,-) over denominators M→TM\to T, ordered by refinements. This index category is filtered: common squares give common refinements, and cancellation equalizes parallel refinements. Filtered colimits of abelian groups are exact by Lemma 1.1 of Sheaves of modules on a ringed space. Apply that result in the larger universe when required. Lemma 2.4 therefore gives long exact representable sequences in DD. The dual fraction description, furnished by the dual statements in Lemma 4.1 and the same proof as Theorem 4.2, gives the contravariant sequences as well. The Five Lemma and the inverse construction in Lemma 2.4 show that two isomorphisms in a morphism of localized triangles imply the third. Combined with square extension, this gives uniqueness of completion triangles up to an isomorphism fixing their first two objects.

Finally take two composable localized maps represented by X←sU→aYX\xleftarrow{s}U\xrightarrow aY and Y←tV→bZY\xleftarrow{t}V\xrightarrow bZ. Form th=arth=ar, with r:P→Ur:P\to U a quasi-isomorphism. The string P→hV→bZP\xrightarrow hV\xrightarrow bZ maps to the original string through the isomorphisms Q(sr),Q(t),1ZQ(sr),Q(t),1_Z. Theorem 3.1 supplies its octahedron, whose image supplies an octahedron for the original maps. Cone uniqueness just proved compares its three chosen triangles with any three initially specified triangles, fixing their first two objects. Transport gives the full localized octahedron axiom.

Every HnH^n inverts quasi-isomorphisms and therefore descends by Theorem 4.2. Its long exact sequence on an image triangle is Lemma 1.2 applied to the cone, with the signs in (2.2); an isomorphic triangle has the transported sequence. This finishes the proof. ▫\square

Proposition 5.2 (short exact sequences and boundedness). Every short exact sequence of complexes gives a distinguished triangle in D(𝒜)D(\mathcal A). A complex whose cohomology vanishes below aa is quasi-isomorphic to a complex whose terms vanish below aa.

Proof. For 0→A→fB→gC→00\to A\xrightarrow fB\xrightarrow gC\to0, the map r:C(f)→Cr:C(f)\to C, (b,a′)↦g(b)(b,a')\mapsto g(b), is a chain map. Its kernel is C(1A)C(1_A), under the identification ker⁡g=A\ker g=A, and is contractible. Lemma 1.2 makes rr a quasi-isomorphism. Thus the cone triangle identifies with A→B→C→A[1]A\to B\to C\to A[1] in DD, with boundary (−p)r−1(-p)r^{-1}. When the original sequence splits degreewise, Lemma 2.2 identifies this boundary with its positive Snake Lemma boundary. In general the same agreement follows from the lift formula in Lemma 1.2, or from its naturality applied to 0→A→B→C→00\to A\to B\to C\to0 and the cone construction.

For the last assertion use the good truncation τ≥aK\tau_{\ge a}K: it is zero below aa, equals Ka/im⁡dKa−1K^a/\operatorname{im}d_K^{a-1} in degree aa, and equals KnK^n above aa. The outgoing differential factors through this quotient because d2=0d^2=0. The natural map from KK is an isomorphism on cohomology at and above aa, by kernels and images, and both cohomologies vanish below aa. It is the required quasi-isomorphism. The dual good truncation uses ker⁡dKb\ker d_K^b at the top degree bb. ▫\square

We write D+(𝒜)D^+(\mathcal A) for the full subcategory whose cohomology vanishes sufficiently far below zero, and similarly D−D^- and DbD^b. They are triangulated: shifts preserve the relevant bounds, and the long exact sequence bounds the cohomology of a cone whenever its first two objects have those bounds. Proposition 5.2 provides bounded representatives where needed. It is cohomological boundedness, rather than the terms of a particular representative, that defines these subcategories.



6. Exercises with complete solutions

Exercise 1 (easy). For a module MM, show that the complex M→1MM\xrightarrow1M in degrees n,n+1n,n+1 is contractible. Explain why this proves that adding it to any complex does not change its object in KK.

Solution. Take the only nonzero homotopy component to be the identity from degree n+1n+1 to degree nn. Then dH+HddH+Hd is the identity in both nonzero degrees. Projection from the direct sum to the original complex has its inclusion as inverse up to the homotopy that is zero on the original summand and the indicated contraction on the new summand. Thus it is an isomorphism in KK.

Exercise 2 (medium). The complex ℤ→2ℤ→ℤ/2\mathbb Z\xrightarrow2\mathbb Z\to\mathbb Z/2 in degrees −1,0,1-1,0,1, with the quotient as second differential, is acyclic. Prove that it is not contractible.

Solution. Multiplication by two is injective, its image is the quotient map's kernel, and that quotient map is onto. Thus all cohomology groups vanish. A contraction at degree 11 would give a homomorphism s:ℤ/2→ℤs:\mathbb Z/2\to\mathbb Z such that the quotient composed with ss is the identity. Every such homomorphism is zero, since ℤ\mathbb Z has no element of order two. No contraction exists. Localization makes this complex zero, because its map from the zero complex is a quasi-isomorphism, whereas the homotopy category retains it as a nonzero object.

Exercise 3 (medium). A map f:M[0]→N[0]f:M[0]\to N[0] of modules has a cone supported in degrees −1,0-1,0. Compute its cohomology and the signs in its cone triangle.

Solution. The cone is M→fNM\xrightarrow fN, in those degrees. Its cohomology is ker⁡f\ker f in degree −1-1, coker⁡f\operatorname{coker}f in degree 00, and zero otherwise. The triangle is M[0]→fN[0]→C(f)→−pM[1]M[0]\xrightarrow fN[0]\to C(f)\xrightarrow{-p}M[1], so the degree-−1-1 component of the last map is −1M-1_M. This sign is consistent with the split-sequence calculation of Lemma 2.2; replacing it silently by a positive projection would change the adopted triangle convention.

Exercise 4 (hard). Let II be a complex such that Hom⁡•(A,I)\operatorname{Hom}^{\bullet}(A,I) is acyclic for every acyclic AA. Without using roofs, prove that Hom⁡K(L,I)→Hom⁡D(L,I)\operatorname{Hom}_K(L,I)\to\operatorname{Hom}_D(L,I) is bijective.

Solution. If s:M→Ns:M\to N is a quasi-isomorphism, its cone is acyclic. The contravariant Hom-cone identity in Lemma 2.4 implies that s*:Hom⁡•(N,I)→Hom⁡•(M,I)s^*:\operatorname{Hom}^{\bullet}(N,I)\to\operatorname{Hom}^{\bullet}(M,I) is a quasi-isomorphism. The induced degree-zero cohomology map is therefore a bijection. By Lemma 1.1 it is the map on homotopy classes into the target complex. Thus H(L)=Hom⁡K(L,I)H(L)=\operatorname{Hom}_K(L,I) descends to a contravariant functor on DD. For v:L→Iv:L\to I in DD, send vv to H(v)(1I)H(v)(1_I). On homotopy classes this is plainly inverse to the canonical map in one direction. The other composite is a natural endomorphism of Hom⁡D(−,I)\operatorname{Hom}_D(-,I) which fixes 1I1_I. Naturality holds on ordinary arrows, on their inverted quasi-isomorphisms by inverting the naturality squares, and hence on every localized arrow. Applied to vv, it forces that composite to fix vv. The two maps are inverse. This will be the comparison mechanism for injective resolutions.





Injective modules, flasque sheaves and bounded-below derived functors
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A global lifting problem can be replaced by an exact complex of sheaves for which global lifting is easy. Injective modules make extensions of maps possible; flasque sheaves make extensions of sections possible. This lesson relates the two ideas and constructs the bounded-below resolutions used to define right derived functors.

The prerequisite is Sheaves of modules on a ringed space, especially Theorem 2.1, Theorem 3.1 and Lemmas 5.1–5.2, together with Complexes, cones and localization, Lemmas 1.1–1.2, 2.4, Theorems 3.1, 4.2, 5.1 and Proposition 5.2. We work with left modules over an arbitrary sheaf 𝒪\mathcal O of associative unital rings. No separation condition is imposed on the space. Commutativity is unnecessary throughout this lesson.

The construction sources are the Stacks project authors’ Injectives, Derived Categories and Cohomology of Sheaves, in the AI Integrated Stacks Project edition. The flasque extension argument corresponds to Tag 09SY. Spaltenstein’s Resolutions of unbounded complexes provides historical background. Source attribution and the licence for adapted passages appear in the course notice.


1. Extending maps and extending sections

An object II of an abelian category is injective if each map from a subobject M⊂NM\subset N into II extends to NN. Equivalently, the contravariant functor Hom⁡(−,I)\operatorname{Hom}(-,I) is exact: surjectivity at Hom⁡(M,I)\operatorname{Hom}(M,I) is precisely the extension condition, while exactness at the earlier two terms follows from kernels and cokernels. A sheaf FF is flasque, or flabby, if every restriction F(V)→F(U)F(V)\to F(U), for opens U⊂VU\subset V, is onto. It suffices that every F(X)→F(U)F(X)\to F(U) be onto, since this map factors through F(V)F(V).

Lemma 1.1 (injectives are flasque and restrict to injectives). An injective module sheaf is flasque. Its restriction to any open subset is injective in the module category of that open subset.

Proof. For opens U⊂VU\subset V, Lemma 5.1 of the preceding lesson constructs a monomorphism jU!𝒪U→jV!𝒪Vj_{U!}\mathcal O_U\to j_{V!}\mathcal O_V. Under the isomorphisms Hom⁡(jW!𝒪W,I)=I(W)\operatorname{Hom}(j_{W!}\mathcal O_W,I)=I(W), precomposition is restriction I(V)→I(U)I(V)\to I(U). Injectivity therefore makes this restriction onto. For the second claim, extension by zero is exact and left adjoint to restriction. Consequently

Hom⁡𝒪U(−,I|U)≅Hom⁡𝒪(jU!(−),I)\operatorname{Hom}_{\mathcal O_U}(-,I|_U)
\cong\operatorname{Hom}_{\mathcal O}(j_{U!}(-),I)
is a composite of exact functors. This is the required injectivity. ▫\square

Lemma 1.2 (sections lift across a flasque kernel). Suppose

0→F→G→H→00\longrightarrow F\longrightarrow G\longrightarrow H\longrightarrow0
is an exact sequence of module sheaves and FF is flasque. For every open UU, the sequence 0→F(U)→G(U)→H(U)→00\to F(U)\to G(U)\to H(U)\to0 is exact. If GG is also flasque, then HH is flasque.

Proof. Kernels are computed on sections, so only surjectivity on sections requires proof. Fix s∈H(U)s\in H(U). Consider pairs (V,t)(V,t) where V⊂UV\subset U is open and t∈G(V)t\in G(V) maps to s|Vs|_V. Order the pairs by extension: (V,t)≤(V′,t′)(V,t)\le(V',t') if V⊂V′V\subset V' and t′|V=tt'|_V=t. This is a set, because opens and sections are sets. It is nonempty, containing the zero section on the empty open. A chain of pairs has an upper bound. Take the union of its opens and glue its compatible sections there. Any two chain members are comparable, which gives compatibility on their intersection. The sheaf condition gives the glued section and its uniqueness. Zorn's lemma gives a maximal pair (V,t)(V,t).

Choose x∈Ux\in U. The epimorphism of sheaves G→HG\to H is onto on stalks. Lift the germ of ss at xx, represent the lift on an open neighbourhood, and shrink until its image equals ss there. We obtain an open W⊂UW\subset U containing xx and a section t′∈G(W)t'\in G(W) mapping to s|Ws|_W. On W∩VW\cap V, the difference t′−tt'-t has zero image in HH. Since FF is the kernel sheaf, it is the image of a unique section r′∈F(W∩V)r'\in F(W\cap V). Flasqueness extends r′r' to r∈F(W)r\in F(W). Replace t′t' by t′−rt'-r, where rr is mapped into G(W)G(W). Its image in HH is unchanged, and it now agrees with tt on W∩VW\cap V. Glue the two sections to a lift of ss on W∪VW\cup V. Maximality forces W∪V=VW\cup V=V; thus x∈Vx\in V. Since xx was arbitrary, V=UV=U. This proves surjectivity.

If GG is flasque, take opens U⊂VU\subset V and s∈H(U)s\in H(U). Lift it to G(U)G(U) by the first part. Extend that lift to G(V)G(V), then map it to H(V)H(V). The result restricts to ss. Thus HH is flasque. The proof uses neither commutativity of 𝒪\mathcal O nor separation of XX. ▫\square

The first assertion needs only the kernel to be flasque. This is useful even when the middle sheaf is not flasque. In particular, an exact sequence beginning with a flasque sheaf has an exact section sequence on every open; an arbitrary exact sheaf sequence need not, as the exponential example of the preceding lesson shows.

Proposition 1.3 (flasque resolutions compute zero higher cohomology of a flasque sheaf). Suppose module sheaves have enough injectives. Resolve a flasque sheaf FF by injectives,

0→F→I0→I1→⋯.0\longrightarrow F\longrightarrow I^0\longrightarrow I^1\longrightarrow\cdots.
For every open UU, the augmented complex of sections is exact. For every continuous map with a compatible coefficient-ring morphism f:X→Yf:X\to Y, the augmented complex 0→f*F→f*I0→f*I1→⋯0\to f_*F\to f_*I^0\to f_*I^1\to\cdots is exact. Consequently FF is acyclic for Γ(U,−)\Gamma(U,-) and f*f_*, once these right derived functors are constructed below.

Proof. Set F0=FF^0=F and Fn+1=coker⁡(Fn→In)F^{n+1}=\operatorname{coker}(F^n\to I^n). The resolution gives short exact sequences 0→Fn→In→Fn+1→00\to F^n\to I^n\to F^{n+1}\to0. By Lemma 1.1, InI^n is flasque. Starting from F0F^0, Lemma 1.2 inductively makes each Fn+1F^{n+1} flasque and makes each of these short exact sequences exact on UU. The image of In−1(U)→In(U)I^{n-1}(U)\to I^n(U) is therefore Fn(U)F^n(U), which is also the kernel of the next map. This proves exactness of the section complex.

For an open V⊂YV\subset Y, apply the same argument to U=f−1VU=f^{-1}V. These section modules are exactly (f*In)(V)(f_*I^n)(V). Thus the augmented pushforward complex is exact even on every open's sections, and in particular is exact as a complex of sheaves. Applying the later definition RqΦ(F)=Hq(Φ(I•))R^q\Phi(F)=H^q(\Phi(I^\bullet)) gives zero for q>0q>0 for either functor Φ\Phi. There is no need for a description of higher direct images to prove this consequence, so it does not depend on a later local-description theorem. ▫\square

The existence assumption in Proposition 1.3 will be discharged by the explicit functorial embedding construction in the next section. Its statement separates an elementary lifting argument from the choice of a resolution. It is not an appeal to an unproved acyclicity theorem.



2. Functorial injective embeddings

We now discharge the existence assumption of Proposition 1.3. First we prove an extension test for modules over a ring. Then we construct a functorial embedding using character modules. Choosing injective hulls independently would not supply this functoriality.

Lemma 2.1 (Baer's criterion). A left module EE over a ring AA is injective if every AA-linear map from a left ideal of AA to EE extends to AA. Proof. Injectivity immediately gives the stated extension property. Conversely, suppose that property holds. Let N⊂MN\subset M be left AA-modules and f:N→Ef:N\to E linear. Order its extensions (N′,f′)(N',f'), with N⊂N′⊂MN\subset N'\subset M, by restriction. A chain has an upper bound: take the union of its submodules and the compatible union of its maps. Zorn's lemma gives a maximal extension (N′,f′)(N',f'). If x∈M\N′x\in M\setminus N', put J={a∈A:ax∈N′}J=\{a\in A:ax\in N'\}. This is a left ideal, and a↦f′(ax)a\mapsto f'(ax) is a linear map J→EJ\to E. By assumption it extends to b:A→Eb:A\to E. Define f″(n+ax)=f′(n)+b(a)(n∈N′,a∈A).f''(n+ax)=f'(n)+b(a)\quad(n\in N',\ a\in A). If n+ax=n′+a′xn+ax=n'+a'x, then (a−a′)x=n′−n(a-a')x=n'-n, so a−a′∈Ja-a'\in J and b(a−a′)=f′(n′−n)b(a-a')=f'(n'-n). Thus the formula is well defined. It is linear and extends f′f' to the strictly larger submodule N′+AxN'+Ax, contradicting maximality. Hence N′=MN'=M, and every map from a submodule extends. This is injectivity. Only the usual axiom of choice, in its Zorn form, is used; no existence theorem for injectives is assumed. ▫\square

Lemma 2.2 (functorial injective embeddings of modules). Let AA be a ring. Put EA=Hom⁡ℤ(A,ℚ/ℤ)E_A=\operatorname{Hom}_{\mathbb Z}(A,\mathbb Q/\mathbb Z), a left AA-module by (aφ)(b)=φ(ba)(a\varphi)(b)=\varphi(ba). For a left AA-module MM put IA(M)=∏φ∈Hom⁡A(M,EA)EA,ιM(m)=(φ(m))φ.I_A(M)=\prod_{\varphi\in\operatorname{Hom}_A(M,E_A)}E_A,\qquad \iota_M(m)=(\varphi(m))_\varphi .
\tag{2.1} Then IA(M)I_A(M) is injective and ιM\iota_M is injective. For u:M→Nu:M\to N, the formula IA(u)((yφ)φ)=(yχ∘u)χI_A(u)\bigl((y_\varphi)_\varphi\bigr)=(y_{\chi\circ u})_{\chi}, with χ\chi running over Hom⁡A(N,EA)\operatorname{Hom}_A(N,E_A), makes IAI_A a functor and ι\iota a natural transformation.

Proof. EAE_A is a left module: ((aa′)φ)(b)=φ(baa′)=(a(a′φ))(b)((aa')\varphi)(b)=\varphi(baa')=(a(a'\varphi))(b). The maps Φ(φ)=(m↦φ(m)(1)),Ψ(ψ)=(m↦(b↦ψ(bm)))\Phi(\varphi)=\bigl(m\mapsto\varphi(m)(1)\bigr),\qquad \Psi(\psi)=\bigl(m\mapsto(b\mapsto\psi(bm))\bigr) are inverse bijections between Hom⁡A(M,EA)\operatorname{Hom}_A(M,E_A) and Hom⁡ℤ(M,ℚ/ℤ)\operatorname{Hom}_{\mathbb Z}(M,\mathbb Q/\mathbb Z), natural in MM. Here Ψ(ψ)\Psi(\psi) is AA-linear, since Ψ(ψ)(am)(b)=ψ(bam)=(aΨ(ψ)(m))(b)\Psi(\psi)(am)(b)=\psi(bam)=(a\,\Psi(\psi)(m))(b). The group ℚ/ℤ\mathbb Q/\mathbb Z is an injective ℤ\mathbb Z-module. To see this, use Baer's criterion (Lemma 2.1): the ideals of ℤ\mathbb Z are the nℤn\mathbb Z. For n=0n=0 there is nothing to extend. For n≥1n\geq1, a map nℤ→ℚ/ℤn\mathbb Z\to\mathbb Q/\mathbb Z sending nn to qq extends to ℤ\mathbb Z by sending 11 to any q′q' with nq′=qnq'=q, which exists since ℚ/ℤ\mathbb Q/\mathbb Z is divisible. Exact sequences of AA-modules are exact as groups. So Hom⁡A(−,EA)≅Hom⁡ℤ(−,ℚ/ℤ)\operatorname{Hom}_A(-,E_A)\cong\operatorname{Hom}_{\mathbb Z}(-,\mathbb Q/\mathbb Z) is exact, and EAE_A is injective. A product of injectives is injective, because Hom⁡(−,∏E)=∏Hom⁡(−,E)\operatorname{Hom}(-,\prod E)=\prod\operatorname{Hom}(-,E) and products of exact sequences of groups are exact: injectivity and kernels are coordinatewise, and a preimage of each coordinate of a target element can be chosen independently. This last assertion uses choice for a set-indexed family, and concerns groups, not exactness of products of sheaves. So IA(M)I_A(M) is injective. If m≠0m\neq0, define ψ\psi on the subgroup ℤm\mathbb Zm by ψ(m)=1/n+ℤ\psi(m)=1/n+\mathbb Z if mm has finite order n≥2n\geq2, and ψ(m)=1/2+ℤ\psi(m)=1/2+\mathbb Z if mm has infinite order. Extend ψ\psi to MM, as ℚ/ℤ\mathbb Q/\mathbb Z is injective. Then φ=Ψ(ψ)\varphi=\Psi(\psi) has φ(m)(1)=ψ(m)≠0\varphi(m)(1)=\psi(m)\neq0, so ιM(m)≠0\iota_M(m)\neq0. Finally IA(u)(ιM(m))=(χ(u(m)))χ=ιN(u(m))I_A(u)(\iota_M(m))=(\chi(u(m)))_\chi=\iota_N(u(m)), and the displayed formula gives IA(vu)=IA(v)IA(u)I_A(vu)=I_A(v)I_A(u) and IA(id)=idI_A(\mathrm{id})=\mathrm{id}. ▫\square

Theorem 2.3 (functorial injective embeddings). Let 𝒪\mathcal O be any sheaf of rings on XX. Put E(F)=∏x∈Xx*(I𝒪x(Fx)),E(F)=\prod_{x\in X}x_*\bigl(I_{\mathcal O_x}(F_x)\bigr), where I𝒪xI_{\mathcal O_x} is the functor (2.1) for the ring 𝒪x\mathcal O_x, and let ιF:F→E(F)\iota_F:F\to E(F) have xx-component the morphism that corresponds under (5.2) of the preceding lesson to ιFx:Fx→I𝒪x(Fx)\iota_{F_x}:F_x\to I_{\mathcal O_x}(F_x). Then E(F)E(F) is injective, ιF\iota_F is a monomorphism, and EE is a functor with ι\iota natural. So Mod⁡(𝒪)\operatorname{Mod}(\mathcal O) has enough injectives, with functorial injective embeddings.

Source: the Stacks project, Tag 01DI in its AI Integrated Stacks Project edition, gives the commutative-ring construction. The full character-module proof here also checks the associative unital-ring generality; proof contributions by GPT-6 Astra at Ultra are edited by GPT-6.1 Sol at Ultra.

Proof. Products exist and are computed on sections (Theorem 3.1 of the preceding lesson(1)), and a product of injectives is injective, as in the proof of Lemma 2.2. Each factor is injective: for an injective stalk module J, the adjunction of Lemma 5.2 of the preceding lesson identifies Hom(-, x_*J) with Hom over the stalk ring from the exact stalk functor into J. This is an exact contravariant functor. A product of injective sheaves is injective because its Hom functor is the product of their exact group-valued Hom functors; coordinatewise preimages prove surjectivity. Thus no assertion that products of sheaves are exact is needed. Explicitly, ιF\iota_F sends s∈F(V)s\in F(V) to (ιFx(sx))x∈V(\iota_{F_x}(s_x))_{x\in V}. If this is zero, each sx=0s_x=0, as ιFx\iota_{F_x} is injective, so s=0s=0. Kernels are computed on sections (Theorem 2.1 of the preceding lesson(1)), so ιF\iota_F is a monomorphism. For u:F→Gu:F\to G put E(u)=∏xx*(I𝒪x(ux))E(u)=\prod_xx_*(I_{\mathcal O_x}(u_x)). Naturality of ι\iota holds factor by factor, by Lemma 2.2. ▫\square

The construction gives an injective embedding, not an injective hull. For example, over the field with two elements, the character module of the ring has two elements. For the one-dimensional module, there are two linear maps into that character module, including the zero map. The indicated product is two-dimensional, and evaluation embeds the original one-dimensional module into it. A different one-dimensional subspace has zero intersection with the embedded image. Thus the embedding is not essential, while a hull would require essentiality. The functorial construction is useful precisely without a claim of minimality.

The embedding functor need not be additive in the morphism variable. Its product coordinates are indexed by all maps into a fixed injective cogenerator, and a module map changes coordinates by precomposition. Identities, composition and naturality of the embedding hold by the explicit formula. The later passage to derived functors uses comparison maps unique up to chain homotopy, not additivity of this embedding functor.



3. Complexes that admit comparison maps

A complex II is K-injective if every chain map A→IA\to I from an acyclic complex is null-homotopic. Equivalently, Hom⁡•(A,I)\operatorname{Hom}^{\bullet}(A,I) is acyclic for every acyclic AA: by Lemma 1.1 of the common reading, its degree-rr cohomology is Hom⁡K(A,I[r])\operatorname{Hom}_K(A,I[r]), and shifting the acyclic source gives the equivalence. This definition concerns a complex, not just its individual terms.

Lemma 3.1 (closure properties). Shifts, cones of maps between K-injectives, homotopy-equivalent complexes and degreewise products of K-injective complexes are K-injective, whenever the indicated products exist.

Proof. Shifting the source in (1.2) of the common reading proves the shift assertion. For a map I→JI\to J, the covariant Hom-cone identity of its Lemma 2.4 identifies Hom⁡•(A,C(I→J))\operatorname{Hom}^{\bullet}(A,C(I\to J)) with the cone of a map between two acyclic group complexes. It is therefore acyclic. A homotopy equivalence induces inverse maps up to homotopy after applying Hom, so it preserves the condition. Finally,

Hom⁡•(A,∏λIλ)≅∏λHom⁡•(A,Iλ).\operatorname{Hom}^{\bullet}\left(A,\prod_\lambda I_\lambda\right)
\cong\prod_\lambda\operatorname{Hom}^{\bullet}(A,I_\lambda).
Products of exact sequences of groups are exact by coordinatewise lifting and choice, as proved in Lemma 2.2. The product on the right is consequently acyclic. This uses exactness of products of groups, and does not presume that products of module sheaves are exact. ▫\square

Lemma 3.2 (bounded-below complexes of injectives are K-injective). Let II be a complex of injectives with In=0I^n=0 for n<an<a, and let AA be acyclic. Then every chain map f:A→If:A\to I is null-homotopic.

Proof. We build maps sn:An→In−1s^n:A^n\to I^{n-1} with fn=dsn+sn+1dfor all n.f^n=d\,s^n+s^{n+1}d\qquad\text{for all }n .
\tag{3.1} Put sn=0s^n=0 for n≤an\leq a. Then (3.1) holds for n<an<a, where both sides are 00. Suppose sks^k is built for k≤nk\leq n and (3.1) holds for all indices below nn. Put g=fn−dsn:An→Ing=f^n-d\,s^n:A^n\to I^n. Using (3.1) at n−1n-1, and d2=0d^2=0, gd=fnd−dsnd=dfn−1−d(fn−1−dsn−1)=0.g\,d=f^nd-d\,s^nd=d\,f^{n-1}-d\bigl(f^{n-1}-d\,s^{n-1}\bigr)=0 . So gg vanishes on the image of d:An−1→And:A^{n-1}\to A^n. As AA is acyclic, that image is the kernel of d:An→An+1d:A^n\to A^{n+1}. Thus gg factors uniquely through the epimorphism from AnA^n onto im⁡d\operatorname{im}d, giving a map from that subobject of An+1A^{n+1} to InI^n. Since InI^n is injective, the factored map extends to sn+1:An+1→Ins^{n+1}:A^{n+1}\to I^n. Then sn+1d=gs^{n+1}d=g, which is (3.1) at nn. ▫\square

The induction needs a lower bound. An acyclic K-injective complex is contractible, since its own identity is one of the maps to which the defining vanishing condition applies. A termwise injective complex without a lower bound need not have this property; the singular-ring example below gives a counterexample.

Theorem 3.3 (maps into a K-injective complex). For a K-injective II, a quasi-isomorphism s:M→Ns:M\to N induces a bijection s*:Hom⁡K(𝒜)(N,I)→Hom⁡K(𝒜)(M,I).s^*:\operatorname{Hom}_{K(\mathcal A)}(N,I)
\longrightarrow\operatorname{Hom}_{K(\mathcal A)}(M,I). Consequently the natural map from either homotopy-category Hom group to the corresponding derived-category Hom group with target II is bijective.

Proof. The complex Hom⁡•(A,I)\operatorname{Hom}^\bullet(A,I) is acyclic when AA is acyclic: its degree-rr cohomology is Hom⁡K(𝒜)(A,I[r])\operatorname{Hom}_{K(\mathcal A)}(A,I[r]), which vanishes because a shift of AA is again acyclic. Put U=Hom⁡•(N,I)U=\operatorname{Hom}^\bullet(N,I), V=Hom⁡•(M,I)V=\operatorname{Hom}^\bullet(M,I), and u=s*:U→Vu=s^*:U\to V. In degree rr, write a map out of Cone⁡(s)\operatorname{Cone}(s) as (a,b)∈Ur⊕Vr−1(a,b)\in U^r\oplus V^{r-1}. Its differential is (a,b)↦(dUa,dVb+(−1)r+1u(a)).(a,b)\longmapsto (d_Ua,\ d_Vb+(-1)^{r+1}u(a)). Thus (a,b)↦((−1)r−1b,a)(a,b)\mapsto((-1)^{r-1}b,a) is a chain isomorphism onto Cone⁡(u)[−1]\operatorname{Cone}(u)[-1]: its differential is (v,a)↦(−dVv−u(a),dUa)(v,a)\mapsto(-d_Vv-u(a),d_Ua). This explicitly identifies the Hom complex out of Cone⁡(s)\operatorname{Cone}(s) with the shifted cone of Hom⁡•(N,I)→Hom⁡•(M,I).\operatorname{Hom}^\bullet(N,I)\longrightarrow
\operatorname{Hom}^\bullet(M,I). The cone of ss is acyclic. Thus this map of Hom complexes is a quasi-isomorphism; its degree-zero cohomology gives the displayed bijection.

Here is a direct use of the localization universal property that avoids assuming a choice of roofs. The contravariant functor H(L)=Hom⁡K(L,I)H(L)=\operatorname{Hom}_K(L,I) sends every quasi-isomorphism to an isomorphism by the first paragraph, so it factors through D(𝒜)opD(\mathcal A)^{\mathrm{op}}. For v:L→Iv:L\to I in DD, apply this factored functor to vv and to the element 1I1_I; this gives an element of Hom⁡K(L,I)\operatorname{Hom}_K(L,I). The resulting map is inverse to the natural map into Hom⁡D(L,I)\operatorname{Hom}_D(L,I): one composite fixes every chain-homotopy class, and the other is a natural endomorphism of the representable functor Hom⁡D(−,I)\operatorname{Hom}_D(-,I) fixing 1I1_I. Naturality for inverted quasi-isomorphisms follows by inverting their naturality squares. Every derived morphism is generated by ordinary morphisms and these inverses, so the second composite fixes all morphisms too. ▫\square

Corollary 3.4 (the full characterization). For a complex II, the following are equivalent: it is K-injective; Hom⁡K(A,I)=0\operatorname{Hom}_K(A,I)=0 for every acyclic AA; every quasi-isomorphism into the source induces a bijection on homotopy classes of maps to II; the natural map Hom⁡K(L,I)→Hom⁡D(L,I)\operatorname{Hom}_K(L,I)\to\operatorname{Hom}_D(L,I) is bijective for every LL.

Proof. The first two conditions are the definition. Theorem 3.3 proves the third and fourth from them. Conversely, the third condition applied to 0→A0\to A makes Hom⁡K(A,I)=0\operatorname{Hom}_K(A,I)=0. The fourth does too, since any acyclic AA becomes a zero object in DD by the quasi-isomorphism 0→A0\to A. Thus all conditions are equivalent. A quasi-isomorphism between K-injectives is a homotopy equivalence: the third condition supplies an inverse on one side, and its injectivity forces the other composite to be the identity. ▫\square



4. Right derived functors on bounded-below complexes

For an additive functor Φ\Phi, applying it degreewise gives a functor on homotopy categories, but it need not preserve quasi-isomorphisms. We seek RΦ:D+(𝒜)→D+(ℬ)R\Phi:D^+(\mathcal A)\to D^+(\mathcal B) with a comparison on K+(𝒜)K^+(\mathcal A). Its right-derived universal property is this: every natural comparison Φ→T∘Q\Phi\to T\circ Q, with TT a functor on D+(𝒜)D^+(\mathcal A), factors uniquely as Φ→RΦ∘Q→T∘Q\Phi\to R\Phi\circ Q\to T\circ Q. This makes RΦR\Phi the initial comparison out of Φ\Phi.

Theorem 4.1. Let 𝒜\mathcal A and ℬ\mathcal B be abelian, and assume that every object of 𝒜\mathcal A embeds in an injective object. Let Φ:𝒜→ℬ\Phi:\mathcal A\to\mathcal B be additive.


	Every bounded-below complex KK has a qis K→IK\to I into a bounded-below complex of injectives. If Kn=0K^n=0 for n<an<a, it can be chosen injective in each degree, with In=0I^n=0 for n<an<a.

	Such an II is K-injective (Lemma 3.2). Hence Hom⁡K(𝒜)(L,I)=Hom⁡D(𝒜)(L,I)\operatorname{Hom}_{K(\mathcal A)}(L,I)=\operatorname{Hom}_{D(\mathcal A)}(L,I) for every LL. A morphism into II extends along a qis, uniquely up to homotopy.

	The rule RΦ(K)=Φ(I)R\Phi(K)=\Phi(I) gives a triangulated functor D+(𝒜)→D+(ℬ)D^+(\mathcal A)\to D^+(\mathcal B), and this functor is the right derived functor RΦR\Phi. If Φ\Phi is left exact, R0Φ=ΦR^0\Phi=\Phi and (RiΦ)i(R^i\Phi)_i is a universal δ\delta-functor.

	(Leray) If Φ\Phi is left exact and JJ is a bounded-below complex with RiΦ(Jn)=0R^i\Phi(J^n)=0 for all i>0i>0 and all nn, then Φ(J)→RΦ(J)\Phi(J)\to R\Phi(J) is an isomorphism. Left exactness cannot be dropped. For a general additive Φ\Phi, the terms must also satisfy Φ(Jn)≅R0Φ(Jn)\Phi(J^n)\cong R^0\Phi(J^n), which holds by (3) when Φ\Phi is left exact. For Φ=−⊗ℤℤ/2\Phi=-\otimes_{\mathbb Z}\mathbb Z/2 on Mod⁡(ℤ)\operatorname{Mod}(\mathbb Z) and J=ℤJ=\mathbb Z in degree 00, the injective resolution ℚ→ℚ/ℤ\mathbb Q\to\mathbb Q/\mathbb Z gives RΦ(ℤ)=0R\Phi(\mathbb Z)=0, because ℚ\mathbb Q and ℚ/ℤ\mathbb Q/\mathbb Z are divisible, while Φ(ℤ)=ℤ/2\Phi(\mathbb Z)=\mathbb Z/2.

	For 𝒜=Mod⁡(𝒪)\mathcal A=\operatorname{Mod}(\mathcal O), with 𝒪\mathcal O any sheaf of rings, (1)–(4) hold by Theorem 2.3. This gives Rf*Rf_*, RΓ(U,−)R\Gamma(U,-), and RHom⁡𝒪(G,−)R\operatorname{Hom}_{\mathcal O}(G,-) on D+D^+. The support functor is treated in Sections with support and the localization triangle.



We have proved the comparison assertion in Section 3. We now construct resolutions and establish the derived-functor properties. The localization, triangulated structure and cohomology exact sequences used in these proofs are Theorems 3.1, 4.2, 5.1 and Lemma 1.2 of Complexes, cones and localization. The full proofs of injective resolutions, K-injective comparison and acyclic terms in AI Integrated Stacks Project are proof sources. The explicit construction and expanded checks are by GPT-6 Astra at Ultra, checked and edited by GPT-6.1 Sol at Ultra, under GFDL-1.2-or-later.


Constructing the resolution one degree at a time

Proof of Theorem 4.1(1). The elementary operation is to replace one term of a complex by an injective object. Suppose CC is a complex and choose a monomorphism u:Cn→Eu:C^n\to E, with EE injective. Form the pushout P=(E⊕Cn+1)/im⁡(u,−dCn).P=(E\oplus C^{n+1})/\operatorname{im}(u,-d_C^n). Replace CnC^n by EE and Cn+1C^{n+1} by PP. The incoming differential is udCn−1u d_C^{n-1}, the new differential E→PE\to P sends ee to [e,0][e,0], and the outgoing differential sends [e,c][e,c] to dCn+1cd_C^{n+1}c. These maps square to zero: [u(c),0]=[0,dCc][u(c),0]=[0,d_Cc], and dC2=0d_C^2=0. This gives a complex C′C' and a chain map C→C′C\to C'.

The map Cn+1→PC^{n+1}\to P is a monomorphism. Indeed, the pullback of the monomorphism (u,−dC):Cn→E⊕Cn+1(u,-d_C):C^n\to E\oplus C^{n+1} along the second-summand inclusion is zero, because its projection to EE has kernel ker⁡u=0\ker u=0. Thus that summand has zero intersection with the subobject being quotiented. This is an argument by kernels and pullbacks in an arbitrary abelian category. The map of complexes is termwise monic. Quotienting in degree n+1n+1 also by the image of Cn+1C^{n+1} leaves E/u(Cn)E/u(C^n). The induced differential from degree nn is the identity of that quotient. Consequently the quotient complex is E/u(Cn)→1E/u(Cn)E/u(C^n)\ \xrightarrow{\ 1\ }\ E/u(C^n) in degrees n,n+1n,n+1, and zero in other degrees. It is contractible, so the cohomology exact sequence proves that C→C′C\to C' is a quasi-isomorphism.

Start at n=an=a, then perform the operation at a+1,a+2,…a+1,a+2,\ldots. Once degree nn has been replaced, later operations leave that object unchanged; once degree n+1n+1 has been replaced, the differential out of degree nn is unchanged as well. Define II using these eventual objects and differentials. This uses no infinite colimit in 𝒜\mathcal A: each degree is defined at a finite stage. All its terms are injective, it is zero below aa, and the map K→IK\to I is termwise monic. For fixed rr, the three terms and two differentials computing HrH^r have stabilized after finitely many steps. Every step was a quasi-isomorphism, so Hr(K)→Hr(I)H^r(K)\to H^r(I) is an isomorphism. This proves (1). ▫\square



Comparison, triangulation and universality

Proof of Theorem 4.1(2)–(3). Choose a resolution qK:K→IKq_K:K\to I_K. Use part (1). A chain map f:K→Lf:K\to L has a unique homotopy-class extension f‾:IK→IL\bar f:I_K\to I_L satisfying f‾qK=qLf\bar f q_K=q_L f in K(𝒜)K(\mathcal A), by Theorem 3.3. Uniqueness proves compatibility with composition and identities. If ff is a quasi-isomorphism, f‾\bar f is one too. A quasi-isomorphism between K-injectives is a homotopy equivalence: apply Theorem 3.3 first to obtain a left inverse and again to show the other composite is the identity.

An additive Φ\Phi preserves chain homotopies, shifts and mapping cones, since these involve only finite direct sums, differentials and sums of maps. Therefore Φ(f‾)\Phi(\bar f) is invertible in K(ℬ)K(\mathcal B) whenever f‾\bar f is a homotopy equivalence. The assignment consequently factors through the localization of K+(𝒜)K^+(\mathcal A). This localization identifies with the full D+(𝒜)D^+(\mathcal A): Proposition 5.2 of the common reading gives its bounded-below representatives, while Theorem 3.3 applied both in K+K^+ and in KK computes all maps between such representatives by the same maps into their bounded-below injective resolutions. Thus inclusion is fully faithful as well as essentially surjective. All images lie in D+(ℬ)D^+(\mathcal B). Different choices of IKI_K give a unique natural comparison isomorphism: extend the identity between resolutions and apply the preceding argument. These comparisons satisfy the cocycle identity by uniqueness.

The functor is additive because the unique extension of f+gf+g is the sum of the unique extensions of ff and gg. It is triangulated as follows. A triangle in D+D^+ is an image of a cone triangle up to isomorphism, by Theorem 5.1 of the common reading. Replace its first two objects by bounded-below injective resolutions. Theorem 3.3 extends its first map, and Lemma 2.1 of the common reading compares its cone with the cone of the extended map. The comparison is a quasi-isomorphism by the cohomology exact sequences. Shifts and cones of K-injectives are K-injective by Lemma 3.1, and those resolutions' cones remain bounded below with injective terms, since finite sums of injectives are injective. Thus the triangle can be computed by this triangle of resolutions. Applying Φ\Phi preserves its cone and shift, proving the claim.

We verify the stated universal property. Applying Φ\Phi to qKq_K gives a natural comparison ηK:Φ(K)→RΦ(K)\eta_K:\Phi(K)\to R\Phi(K) in D(ℬ)D(\mathcal B). If T:D+(𝒜)→D+(ℬ)T:D^+(\mathcal A)\to D^+(\mathcal B) is another functor with a natural map θK:Φ(K)→T(K)\theta_K:\Phi(K)\to T(K) on K+(𝒜)K^+(\mathcal A), the only possible induced map RΦ(K)→T(K)R\Phi(K)\to T(K) is Φ(IK)→θIKT(IK)→T(qK)−1T(K).\Phi(I_K)\xrightarrow{\theta_{I_K}}T(I_K)
\xrightarrow{T(q_K)^{-1}}T(K). It is natural by the comparison equation for f‾\bar f, it composes with η\eta to θ\theta, and it is forced by that equation at qKq_K. To see uniqueness explicitly, at a K-injective resolution we may use the identity as its resolution, so the comparison there is the identity. Naturality at qKq_K then forces the displayed formula. The result is independent of that choice by the unique resolution comparison. This is the right-derived-functor property.

Define RiΦ(M)=Hi(RΦ(M[0]))R^i\Phi(M)=H^i(R\Phi(M[0])). If Φ\Phi is left exact, the initial exact sequence 0→M→I0→I10\to M\to I^0\to I^1 gives R0Φ(M)=Φ(M)R^0\Phi(M)=\Phi(M). The resolution has no negative terms, so RiΦ=0R^i\Phi=0 for i<0i<0. Short exact sequences give distinguished triangles by Proposition 5.2 of the common reading. Their images under RΦR\Phi give natural long exact cohomology sequences. Thus the nonnegative functors RiΦR^i\Phi, with these connecting maps, form a cohomological δ\delta-functor. Universality means that a natural transformation in degree zero into any other such δ\delta-functor extends uniquely to every degree, commuting with all connecting maps.

Here are the details of universality of that δ\delta-functor. Each monomorphism M→EM\to E into an injective kills RiΦ(M)R^i\Phi(M) after mapping to RiΦ(E)R^i\Phi(E) for i>0i>0, because E[0]E[0] is already a resolution. Let TiT^i be any other cohomological δ\delta-functor and choose a natural map R0Φ→T0R^0\Phi\to T^0. In 0→M→E→C→00\to M\to E\to C\to0, exactness says that R0Φ(C)→R1Φ(M)is onto,Ri−1Φ(C)→∼RiΦ(M)(i>1).R^0\Phi(C)\longrightarrow R^1\Phi(M)
\quad\text{is onto},\qquad
R^{i-1}\Phi(C)\xrightarrow{\ \sim\ }R^i\Phi(M)\quad(i>1). For i=1i=1, compose the chosen degree-zero map at CC with the boundary into T1(M)T^1(M). This vanishes on the image of R0Φ(E)R^0\Phi(E), by naturality and exactness of TT, so it descends uniquely. Inductively, compose the degree-(i−1)(i-1) map at CC with the boundary into Ti(M)T^i(M) and the inverse of the displayed isomorphism. Given a map M→M′M\to M', extend its composite into an injective containing M′M' across M→EM\to E; this gives a morphism of the two short exact sequences. Induction and naturality of boundary maps prove naturality of the constructed degree-ii map. Two embeddings of the same MM are compared with their diagonal embedding into the finite sum of the two injectives. The same argument proves independence of the embedding. Compatibility with arbitrary connecting maps follows by embedding the middle term of a short exact sequence into an injective and using the induced diagram of cokernels; the defining construction is precisely the connecting-map square in that diagram. Finally the displayed surjection and isomorphisms force every degree of any extension. Thus the extension exists uniquely as a morphism of δ\delta-functors. This proves universality. ▫\square



Why acyclic terms suffice in the bounded-below case

In the universality argument above, compatibility with an arbitrary boundary can be checked without any further resolution theorem. For 0→M→N→P→00\to M\to N\to P\to0, embed NN in an injective EE and put C=E/MC=E/M. The identity on MM, the embedding N→EN\to E, and the induced map P→CP\to C give a morphism to 0→M→E→C→00\to M\to E\to C\to0. Naturality of each δ\delta-functor gives δM,N,Pi=δM,E,Ci∘RiΦ(P→C),\delta_{M,N,P}^i=\delta_{M,E,C}^i\circ R^i\Phi(P\to C), and the same formula for TT. The constructed maps commute with the second boundary by their definition and with P→CP\to C by their established naturality. They therefore commute with the first boundary as well.

Proof of Theorem 4.1(4)–(5). Call an object AA right Φ\Phi-acyclic when the comparison Φ(A)[0]→RΦ(A[0])\Phi(A)[0]\to R\Phi(A[0]) is an isomorphism. For left exact Φ\Phi, part (3) shows that this is equivalent to RiΦ(A)=0R^i\Phi(A)=0 for i>0i>0. For a general additive functor the degree-zero comparison must additionally be an isomorphism, as the statement requires.

First let JJ have only finitely many nonzero terms, all right Φ\Phi-acyclic. Remove its bottom term using the degreewise split sequence 0→σ≥a+1J→J→Ja[−a]→0,0\longrightarrow \sigma_{\ge a+1}J\longrightarrow J
\longrightarrow J^a[-a]\longrightarrow0, where σ\sigma denotes brutal truncation, with the indicated boundary differential set to zero. Applying Φ\Phi still gives a degreewise split exact sequence. The associated cone triangles and the natural comparison with RΦR\Phi show, by induction on the number of terms and the cohomology exact sequences, that Φ(J)→RΦ(J)\Phi(J)\to R\Phi(J) is an isomorphism.

For a bounded-below JJ, fix an integer rr and use 0→σ≥r+2J→J→σ≤r+1J→0.0\longrightarrow \sigma_{\ge r+2}J\longrightarrow J
\longrightarrow \sigma_{\le r+1}J\longrightarrow0. The last complex is bounded. The first, and also its image under Φ\Phi, vanish in degrees below r+2r+2. By (1) it has an injective resolution vanishing below r+2r+2, so its derived image also has no cohomology below r+2r+2. The two long exact sequences therefore identify degree-rr cohomology of both middle terms with that of the bounded last terms. The already proved bounded case gives the desired isomorphism in degree rr. This holds for every rr, proving (4). Part (5) now follows by applying the construction with the injective embeddings of Theorem 2.3. No countability, commutativity, spectral sequence, or exactness of infinite products of sheaves was used. ▫\square




5. Examples: ordinary, flasque and unbounded resolutions

On a one-point space with coefficient ring RR, sheaves are simply RR-modules. Theorem 2.3 reduces to the character-module product of Lemma 2.2. It is a functorial injective embedding. It is not generally a hull, as the example over the field with two elements in Section 2 demonstrates. For R=ℤR=\mathbb Z, an ordinary injective resolution of ℤ\mathbb Z is

0→ℤ→ℚ→ℚ/ℤ→0.0\longrightarrow\mathbb Z\longrightarrow\mathbb Q
\longrightarrow\mathbb Q/\mathbb Z\longrightarrow0.
Both nonzero resolution terms are divisible, and Baer's criterion makes them injective. Thus, for Φ=Hom⁡ℤ(ℤ/n,−)\Phi=\operatorname{Hom}_{\mathbb Z}(\mathbb Z/n,-), the degree-zero term after applying Φ\Phi is zero and the degree-one term is the subgroup of ℚ/ℤ\mathbb Q/\mathbb Z killed by nn. It is cyclic of order nn, by the map 1↦1/n+ℤ1\mapsto 1/n+\mathbb Z. Hence R1Φ(ℤ)=ℤ/nR^1\Phi(\mathbb Z)=\mathbb Z/n and all other nonnegative derived values vanish. The right derived functor detects the extension information absent from the original Hom group.

For a different additive functor, Φ=−⊗ℤℤ/2\Phi=-\otimes_{\mathbb Z}\mathbb Z/2, the same resolution has zero image: a divisible group has zero quotient by twice itself. Thus its right derived value at ℤ[0]\mathbb Z[0] is zero, although Φ(ℤ)=ℤ/2\Phi(\mathbb Z)=\mathbb Z/2. This is precisely why higher vanishing alone does not define right acyclicity for a general additive functor. Later, left resolutions will give the derived tensor functor appropriate to tensor's right exactness.

The constant sheaf ℤ_\underline{\mathbb Z} on [0,1][0,1] is not flasque. On the disconnected open (0,1/3)∪(2/3,1)(0,1/3)\cup(2/3,1), the section with value zero on the first component and one on the second cannot extend to a locally constant function on the connected interval. There is nevertheless a direct flasque resolution. Put

C0(F)=∏x∈Xx*Fx.C^0(F)=\prod_{x\in X}x_*F_x.
Its sections on UU are ∏x∈UFx\prod_{x\in U}F_x. Restriction forgets coordinates, so it is onto: fill missing coordinates with zero. These sections form a sheaf because compatible families glue coordinate by coordinate. The germ map F→C0(F)F\to C^0(F) is monic by the stalk criterion. Let F1F^1 be its cokernel, form C0(F1)C^0(F^1), and continue with successive cokernels. The resulting augmented complex

0→F→C0(F)→C0(F1)→C0(F2)→⋯0\to F\to C^0(F)\to C^0(F^1)\to C^0(F^2)\to\cdots
is exact by its construction, and all its resolution terms are flasque. It is the Godement flasque resolution. Proposition 1.3 and Theorem 4.1(4) show that its section or pushforward complex computes the corresponding derived functor. Its terms need not be injective; acyclicity suffices because the resolution is bounded below.

An unbounded K-injective example goes in the other direction. On a point, put

I=∏m≥0(ℚ/ℤ)[m].I=\prod_{m\ge0}(\mathbb Q/\mathbb Z)[m].
Each factor is bounded below and injective, hence K-injective by Lemma 3.2. Lemma 3.1 makes the product K-injective. In degree n≤0n\le0, exactly the factor with m=−nm=-n is nonzero, so In=ℚ/ℤI^n=\mathbb Q/\mathbb Z; in positive degrees it is zero. Its differentials are zero. Thus it is not bounded below. In fact this product represents the product in the derived category too: Theorem 3.3 and the Hom-product identity of Lemma 3.1 give

Hom⁡D(K,I)≅∏m≥0Hom⁡D(K,(ℚ/ℤ)[m])\operatorname{Hom}_D(K,I)
\cong\prod_{m\ge0}\operatorname{Hom}_D(K,(\mathbb Q/\mathbb Z)[m])
for every KK.

Termwise injectivity alone does not give such a conclusion. Let R=k[ϵ]/(ϵ2)R=k[\epsilon]/(\epsilon^2) for a field kk. Its only proper nonzero ideal is (ϵ)(\epsilon): an element with nonzero constant term is a unit, while a nonzero scalar multiple of ϵ\epsilon generates that ideal. An RR-linear map (ϵ)→R(\epsilon)\to R sends ϵ\epsilon to cϵc\epsilon, because its image is killed by ϵ\epsilon. Multiplication by cc extends it to RR. Baer's criterion therefore proves that RR is injective over itself. The bi-infinite complex

⋯→ϵR→ϵR→ϵR→ϵ⋯\cdots\xrightarrow\epsilon R\xrightarrow\epsilon R
\xrightarrow\epsilon R\xrightarrow\epsilon\cdots
is termwise injective and acyclic, since ker⁡(ϵ)=ϵR=im⁡(ϵ)\ker(\epsilon)=\epsilon R=\operatorname{im}(\epsilon). A contraction would require 1=ϵsn+sn+1ϵ1=\epsilon s^n+s^{n+1}\epsilon in every degree. Each RR-endomorphism is multiplication by an element of RR, so the right side has image in ϵR\epsilon R and cannot be the identity. Its identity is a non-null-homotopic map from an acyclic complex into itself. It is not K-injective. The failure comes from the missing starting degree in Lemma 3.2's induction.



6. Exercises with complete solutions

Exercise 1 (easy). At an arbitrary point xx, prove directly that a skyscraper x*Jx_*J of an injective 𝒪x\mathcal O_x-module is injective. Do not assume that xx is a closed point.

Solution. For a monomorphism F→GF\to G, exactness of stalks gives Fx→GxF_x\to G_x monic. A map F→x*JF\to x_*J corresponds, under the stalk-skyscraper adjunction in Lemma 5.2 of the preceding lesson, to Fx→JF_x\to J. Extend it to Gx→JG_x\to J by injectivity and transport back through that adjunction. This extends the original sheaf map. No assertion about the closure of xx occurs in the proof; the sheaf's values and the adjunction already apply to every point.

Exercise 2 (medium). Give a second proof that injective module sheaves are flasque, using their embedding in Theorem 2.3 and a splitting, instead of extension by zero.

Solution. An injective II embeds into E(I)E(I). Extend 1I1_I across this monomorphism to a retraction r:E(I)→Ir:E(I)\to I. Each E(I)(U)E(I)(U) is a product of stalk injectives indexed by x∈Ux\in U; its restrictions are onto by filling missing coordinates with zero. For U⊂VU\subset V, include a section s∈I(U)s\in I(U) in E(I)(U)E(I)(U), extend it to E(I)(V)E(I)(V), and apply r(V)r(V). Naturality of the retraction makes its restriction equal ss. This proves flasqueness.

Exercise 3 (medium). Use dimension shifting to prove that a flasque FF has Hq(U,F)=0H^q(U,F)=0 for q>0q>0, where Hq(U,F)=RqΓ(U,F)H^q(U,F)=R^q\Gamma(U,F).

Solution. Embed FF into an injective II and put C=I/FC=I/F. By Lemmas 1.1 and 1.2, CC is flasque and I(U)→C(U)I(U)\to C(U) is onto. Since II is already its own injective resolution, all its positive derived section functors vanish. The long exact sequence therefore makes H1(U,F)H^1(U,F) the cokernel of I(U)→C(U)I(U)\to C(U), hence zero, and gives Hq(U,F)≅Hq−1(U,C)H^q(U,F)\cong H^{q-1}(U,C) for q>1q>1. Induct on qq, applying the same first-step proof to each flasque quotient. This proves vanishing on every open, without an assumption of compactness or separation.

Exercise 4 (hard). Prove all implications in Corollary 3.4, including injectivity and surjectivity of the map to derived Hom, using the roofs of the common reading.

Solution. Assume every map from an acyclic complex to II is null-homotopic. Shifts have the same property, so both outer groups in the contravariant cone exact sequence for a quasi-isomorphism s:M→Ns:M\to N vanish. Thus s*:Hom⁡K(N,I)→Hom⁡K(M,I)s^*:\operatorname{Hom}_K(N,I)\to\operatorname{Hom}_K(M,I) is bijective. A derived map L→IL\to I has a roof L←sM→fIL\xleftarrow{s}M\xrightarrow{f}I. The unique homotopy class g:L→Ig:L\to I with gs=fgs=f maps to this roof, proving surjectivity. If two homotopy classes have the same derived image, the equality criterion in Theorem 4.2 of the common reading equalizes them after some quasi-isomorphism into LL. Injectivity of its induced s*s^* equalizes the two classes before localization, proving injectivity. Conversely, bijectivity to derived Hom implies vanishing from acyclic sources because those sources are zero in DD. The source-comparison condition implies the same vanishing by applying it to 0→A0\to A for acyclic AA. Vanishing is exactly K-injectivity, completing the equivalences.

Exercise 5 (hard). Suppose Φ\Phi is left exact, JJ is bounded below, and every term JnJ^n is Φ\Phi-acyclic. Explain precisely why one cannot prove the comparison in degree rr by truncating only at degree rr. Give the correct truncation and prove the comparison.

Solution. A quotient brutal truncation ending at degree rr deletes drd^r, which is needed to determine ker⁡dr\ker d^r and hence HrH^r. Moreover the removed tail starts at degree r+1r+1, whose derived cohomology in degree r+1r+1 can occur as the next term of the long exact sequence. Instead use the split sequence with tail σ≥r+2J\sigma_{\ge r+2}J and quotient σ≤r+1J\sigma_{\le r+1}J. Both the tail's ordinary image and its derived image have zero cohomology in degrees r,r+1r,r+1, because the bounded-below resolution preserves its lower term bound. The long exact sequences identify the degree-rr middle cohomologies with those of the bounded quotient. Induction on the quotient's finitely many terms, using the split bottom-term sequence, proves its comparison. Thus the degree-rr comparison for JJ is an isomorphism. The two-degree buffer is the reason this argument works without a spectral sequence.

The next lesson proves the existence of resolutions for all complexes in a Grothendieck abelian category. The unbounded existence proof supplies a replacement for the lower-bound induction; the comparison theorem already established here continues to apply unchanged.





K-injective resolutions in Grothendieck abelian categories

Written and edited by GPT-6.1 Sol (OpenAI), in Codex at Ultra, October 2026. Mathematically self-checked by the writing AI. Original contributions are CC0; the combined course is distributed under GFDL-1.2-or-later. Full authorship and source attribution appear in the course notice.

A bounded-below resolution has a first degree. For an unbounded complex, starting farther and farther to the left does not by itself produce a compatible resolution. The solution developed here is to enforce the desired extension and homotopy properties on a set of small tests, then take a sufficiently long increasing union. The size estimates ensure that every test into the union appeared at an earlier stage where the construction dealt with it.

Read Sheaves of modules on a ringed space, Theorems 2.1 and 3.1 and Lemmas 5.1–5.2; Injective modules and bounded-below derived functors, Section 3 and Theorem 4.1; and Complexes, cones and localization, Theorems 3.1, 4.2 and 5.1. Those readings supply abelian categories, exact filtered colimits of module sheaves, Hom complexes, cones, localization, and the comparison theorem for K-injectives. We use sets and choice in a fixed universe. A larger universe temporarily accommodates localization; this lesson proves that its Hom sets lie in the original universe.

The construction follows the Stacks project authors’ Injectives, sections on Grothendieck categories and K-injective complexes, and Derived Categories, in the AI Integrated Stacks Project edition. The chapter credits Christian Serpé and the relation to Nicolas Spaltenstein’s Resolutions of unbounded complexes. The size bounds and transfinite construction are developed below before their derived-functor applications. Source attribution and the licence for adapted passages appear in the course notice.


1. The Grothendieck hypotheses

An abelian category has AB3 if it has all small coproducts, AB4 if those coproducts are exact, and AB5 if it has coproducts and exact filtered colimits. The starred conditions refer respectively to products, exact products, and exact cofiltered limits. A generator UU means that Hom⁡(U,−)\operatorname{Hom}(U,-) is faithful: distinct morphisms become distinct after precomposition with some map from UU. A locally small abelian category satisfying AB5 and having a generator is a Grothendieck abelian category. “Locally small” means that each Hom collection is a set in the chosen universe.

AB3 gives every small colimit. For a diagram (Ai)(A_i), take the cokernel of the map from the sum over its arrows to the sum over its objects, whose component for i→ji\to j is the inclusion at ii minus the diagram map followed by the inclusion at jj. Maps out of this cokernel are exactly compatible families of maps out of the diagram, which proves its universal property. AB5 implies AB4: a coproduct of short exact sequences is the filtered colimit of the exact finite subsums. Exact filtered colimits also commute with cohomology, since they preserve the kernels and cokernels defining it. These facts will be used at successor and limit stages.

In an abelian category with coproducts the generator condition has two useful equivalent forms. Every proper subobject N⊊MN\subsetneq M is escaped by some map U→MU\to M; and every object is a quotient of a coproduct of copies of UU. Faithfulness implies the first form by applying it to the nonzero quotient map M→M/NM\to M/N. That form implies the second: sum all maps from UU into MM; their image cannot be proper. The second implies faithfulness: if a morphism is nonzero, an epimorphism from a coproduct of copies of UU cannot kill it on every summand. We use all three forms without assuming that UU is projective.

Proposition 1.1 (a generator). Let 𝒪\mathcal O be any sheaf of rings on XX, and G=⨁UjU!𝒪UG=\bigoplus_{U}j_{U!}\mathcal O_U, the sum over all open sets UU. Then:


	(a) for every subsheaf N⊊MN\subsetneq M there is a morphism G→MG\to M that does not factor through NN;

	(b) Hom⁡𝒪(G,−)\operatorname{Hom}_{\mathcal O}(G,-) is faithful: a nonzero morphism M→M′M\to M' stays nonzero after composing with some G→MG\to M;

	(c) every MM receives an epimorphism from a direct sum of copies of GG.



Together with Theorem 3.1 of the first lesson, which gives all colimits and exact filtered colimits, this makes Mod⁡(𝒪)\operatorname{Mod}(\mathcal O) a Grothendieck abelian category as defined above.

Reference: AI Integrated Stacks Project, unbounded complexes states this generator for commutative 𝒪\mathcal O.

Proof. A section s∈M(U)s\in M(U) gives es:jU!𝒪U→Me_s:j_{U!}\mathcal O_U\to M with es(1)=se_s(1)=s (Lemma 5.1 of the first lesson). Composing with the projection G→jU!𝒪UG\to j_{U!}\mathcal O_U gives ẽs:G→M\tilde e_s:G\to M. (a) A subobject of MM in Mod⁡(𝒪)\operatorname{Mod}(\mathcal O) is a subsheaf, since kernels are computed on sections. If N≠MN\neq M, there are UU and s∈M(U)\N(U)s\in M(U)\setminus N(U). If ẽs\tilde e_s factored through NN, then s=es(1)s=e_s(1) would lie in N(U)N(U). (b) If φ:M→M′\varphi:M\to M' is nonzero, then φ(s)≠0\varphi(s)\neq0 for some section s∈M(U)s\in M(U). So φ∘ẽs≠0\varphi\circ\tilde e_s\neq0: on the summand jU!𝒪Uj_{U!}\mathcal O_U it sends 11 to φ(s)\varphi(s). (c) The sum of all ẽs\tilde e_s, over all pairs (U,s)(U,s), is a morphism ⨁(U,s)G→M\bigoplus_{(U,s)}G\to M whose image contains every section. So it is onto on stalks, hence an epimorphism. ▫\square

The three forms of generator are equivalent by the argument preceding the proposition.



2. Sizes and functorial injective embeddings

In the bounded-below case there was a first degree from which to construct a homotopy. An unbounded complex has no such starting point. Instead we will arrange that every map from an acyclic complex is null-homotopic. There are too many acyclic complexes to attach them all at once. The first part of the proof reduces the tests to a set of small complexes; the second kills those tests and makes the final terms injective.

For the construction let 𝒜\mathcal A be any locally small Grothendieck abelian category: it has small coproducts, exact filtered colimits, and a generator UU. Here “generator” means that Hom⁡(U,−)\operatorname{Hom}(U,-) detects distinct morphisms. Proposition 1.1 and Theorem 3.1 of the first lesson give these properties for our module sheaves. Sets, well-orderings and the axiom of choice are understood in the fixed universe. The argument uses elementary abelian-category kernels, images, quotients and pushouts, but not the construction of the derived category.

We use two consequences of the filtered-colimit axiom. Coproducts are exact: a coproduct is the filtered colimit of its finite subsums, and finite direct sums are exact. Also filtered colimits commute with cohomology of complexes: exactness preserves kernels and cokernels in the formula for cohomology. Thus a filtered union of acyclic complexes is acyclic, and a filtered composite of monic quasi-isomorphisms is a monic quasi-isomorphism.


Size bounds and maps into increasing unions

Lemma 2.1 (a set of subobjects and bounded representatives). For every object BB, its subobjects form a set. Write s(B)s(B) for the cardinality of this set. A subobject or quotient of BB has size at most s(B)s(B). For each infinite cardinal μ\mu, there is a set of representatives of the isomorphism classes of objects with s(B)≤μs(B)\leq\mu.

Proof. Associate to a subobject V⊂BV\subset B the subset of Hom⁡(U,B)\operatorname{Hom}(U,B) consisting of maps that factor through VV. This subset determines VV: the images of all maps U→VU\to V fill VV. Indeed, if their sum had a proper image W⊊VW\subsetneq V, the nonzero quotient map V→V/WV\to V/W would, by the generator property, have nonzero composite with some map U→VU\to V, a contradiction. Hence subobjects inject into a power set of a Hom set.

Subobjects of a subobject remain subobjects of BB. Subobjects of a quotient correspond, by inverse image, to subobjects of BB containing its kernel. This proves the size inequalities.

For each proper subobject V⊊BV\subsetneq B, choose a map aV:U→Ba_V:U\to B not factoring through VV. Such a map exists by applying the generator property to B→B/VB\to B/V. The sum of these maps is onto: a proper image would be one of the subobjects the chosen maps were required to escape. There are at most s(B)s(B) summands. Therefore, if s(B)≤μs(B)\leq\mu, BB is a quotient of U(μ)U^{(\mu)}, after adding zero summands if necessary. Its isomorphism class is represented by the quotient by one of the set of subobjects of U(μ)U^{(\mu)}. This proves the last assertion. ▫\square

Lemma 2.2 (smallness for monic systems). Suppose that (Bβ)β<λ(B_\beta)_{\beta<\lambda} is an increasing ordinal-indexed system of subobjects with union BB, and cf⁡(λ)>s(A)\operatorname{cf}(\lambda)>s(A). Every map A→BA\to B factors through some BβB_\beta.

Proof. The inverse images Aβ=A×BBβA_\beta=A\times_B B_\beta form an increasing family of subobjects of AA, with union AA. To see the last equality without using elements, take filtered colimits of the kernel diagrams for A⊕Bβ→B,(a,b)↦f(a)−b.A\oplus B_\beta\longrightarrow B,\qquad (a,b)\longmapsto f(a)-b. Exactness identifies the resulting kernel with A×BB=AA\times_B B=A. At most s(A)s(A) distinct subobjects occur among the AβA_\beta. Choose an index for each distinct one. The cofinality assumption bounds all those indices by a single γ<λ\gamma<\lambda, so AγA_\gamma contains every AβA_\beta, and is AA. The pullback property gives the required factorization. ▫\square

Recall that the cofinality of a limit ordinal is the least cardinality of an unbounded subset of it. We will always choose a limit ordinal with cofinality larger than a specified infinite cardinal μ\mu; one may take the initial ordinal of μ+\mu^+. Indeed, a family of at most μ\mu ordinals below μ+\mu^+ has union of cardinality at most μ\mu, hence is bounded below μ+\mu^+. This also explains why countably many factorization stages below such an ordinal have a common upper bound.



Enough injectives, with a functorial choice

Lemma 2.3 (the generator extension test). An object EE is injective if and only if every map V→EV\to E, where V⊂UV\subset U, extends to UU.

Proof. Necessity is the definition of injectivity. Conversely, take a monomorphism A⊂BA\subset B and a map A→EA\to E. Order its extensions to subobjects of BB by restriction. This is a set by Lemma 2.1 and local smallness. The union of a chain, with the compatible map to EE, is an upper bound, so Zorn's lemma gives a maximal extension a:A′→Ea:A'\to E.

If A′≠BA'\neq B, the nonzero quotient B→B/A′B\to B/A' has nonzero composite with some ψ:U→B\psi:U\to B. Put V=ψ−1(A′)V=\psi^{-1}(A'). The map aψ:V→Ea\psi:V\to E extends to b:U→Eb:U\to E by assumption. It vanishes on ker⁡ψ\ker\psi, since its restriction there is aψ=0a\psi=0, so it descends to im⁡ψ\operatorname{im}\psi. This descended map and aa agree on A′∩im⁡ψA'\cap\operatorname{im}\psi. They therefore give a map A′+im⁡ψ→EA'+\operatorname{im}\psi\to E, strictly extending aa, a contradiction. Thus A′=BA'=B. ▫\square

Theorem 2.4 (functorial injective embeddings). Every object MM has a natural monomorphism into an injective object E(M)E(M).

Proof. For an object MM, form the pushout 
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\begin{array}{ccc}
\displaystyle\bigoplus_{(V,a)}V&\longrightarrow&M\\
\big\downarrow&&\big\downarrow\\
\displaystyle\bigoplus_{(V,a)}U&\longrightarrow&\mathcal E(M),
\end{array}
\qquad
(V,a):\ V\subset U,\quad a:V\to M .
\tag{2.1} This is a set-indexed coproduct by Lemma 2.1. The left arrow is monic because coproducts are exact; its pushout M→ℰ(M)M\to\mathcal E(M) is monic. Every selected map V→MV\to M extends to U→ℰ(M)U\to\mathcal E(M). A map M→M′M\to M' takes the summand labelled (V,a)(V,a) to the summand labelled by its composite, so ℰ\mathcal E and the embedding are functorial.

Iterate ℰ\mathcal E, taking unions at limit stages. Choose a fixed λ0\lambda_0 with cf⁡(λ0)>s(U)\operatorname{cf}(\lambda_0)>s(U), and call the union E(M)E(M). Given V⊂UV\subset U and a map V→E(M)V\to E(M), Lemma 2.2 makes it factor through a stage before λ0\lambda_0, since s(V)≤s(U)s(V)\leq s(U). At the next stage (2.1) extends it to UU. Lemma 2.3 now proves that E(M)E(M) is injective. We have constructed functorial monomorphisms M→E(M)M\to E(M). The functor EE need not be additive; no subsequent argument assumes that it is. ▫\square




3. Testing on a set of acyclic complexes

Lemma 3.1 (bounded small lifts). There is an infinite cardinal κ\kappa, depending only on 𝒜\mathcal A and UU, such that every nonzero acyclic complex contains a nonzero bounded-above acyclic subcomplex all of whose terms have size at most κ\kappa.

Proof. For an infinite cardinal μ\mu, set c(μ)=max⁡{μ,ℵ0,s(U(μ))}.c(\mu)=\max\{\mu,\aleph_0,s(U^{(\mu)})\}. This function is nondecreasing: an inclusion of index sets gives a split monomorphism between the corresponding coproducts.

First consider an epimorphism p:B→Cp:B\to C, with s(C)≤μs(C)\leq\mu. For each proper subobject C′⊂CC'\subset C, the map B→C/C′B\to C/C' is nonzero. Choose bC′:U→Bb_{C'}:U\to B whose composite is nonzero. The image B′B' of their sum maps onto CC, because its image escapes every proper C′C'. It is a quotient of at most μ\mu copies of UU, and hence s(B′)≤c(μ)s(B')\leq c(\mu). Notice that this argument does not assert that maps from UU lift through epimorphisms: UU was not assumed projective.

Put κ0=max⁡{s(U),ℵ0}\kappa_0=\max\{s(U),\aleph_0\}, κr+1=c(κr)\kappa_{r+1}=c(\kappa_r), and κ=sup⁡r<ωκr\kappa=\sup_{r<\omega}\kappa_r. Let A•A^\bullet be acyclic and let ψ:U→An\psi:U\to A^n. Set Nn=im⁡ψ,Nn+1=d(Nn),Nj=0(j>n+1).N^n=\operatorname{im}\psi,\qquad
N^{n+1}=d(N^n),\qquad N^j=0\quad(j>n+1). The resulting complex is already exact at and above degree n+1n+1. Both nonzero terms have size at most κ0\kappa_0. If NjN^j has been constructed for j≥kj\geq k, use the epimorphism (dk−1)−1(ker(Nk→Nk+1))→ker⁡(Nk→Nk+1).(d^{k-1})^{-1}\!\left(\ker(N^k\to N^{k+1})\right)
\longrightarrow \ker(N^k\to N^{k+1}). It is onto because A•A^\bullet is acyclic. The small-lift construction gives a subobject Nk−1N^{k-1} mapping onto that kernel. If s(Nk)≤κrs(N^k)\leq\kappa_r, it can be chosen with s(Nk−1)≤κr+1s(N^{k-1})\leq\kappa_{r+1}. Descending through all integers constructs a bounded-above acyclic subcomplex containing im⁡ψ\operatorname{im}\psi, with every term of size at most κ\kappa. Only finite iterates of cc are used at each degree; we do not assume c(κ)=κc(\kappa)=\kappa.

If A•≠0A^\bullet\neq0, choose a degree with An≠0A^n\neq0 and a nonzero ψ:U→An\psi:U\to A^n. The constructed subcomplex is nonzero. ▫\square

Choose a set 𝒮\mathscr S of representatives of all bounded-above acyclic complexes with term sizes at most κ\kappa. Such a set exists: Lemma 2.1 supplies a set of choices for each term, and local smallness supplies a set of differentials between each pair of choices; there are only countably many degrees. Restrict that set of complexes to the ones satisfying d2=0d^2=0, acyclicity and boundedness above.

Lemma 3.2 (testing K-injectivity on a set). Suppose that every term of I•I^\bullet is injective and every chain map S•→I•S^\bullet\to I^\bullet, for S•∈𝒮S^\bullet\in\mathscr S, is null-homotopic. Then I•I^\bullet is K-injective.

Proof. Take an acyclic A•A^\bullet. Starting with F0=0F_0=0, build an increasing continuous filtration by acyclic subcomplexes. If Fβ≠AF_\beta\neq A, the quotient A/FβA/F_\beta is nonzero and acyclic. Choose in it a nonzero small acyclic subcomplex from Lemma 3.1, and let Fβ+1F_{\beta+1} be its inverse image. At a limit stage take the union. Successor exactness follows from the short exact sequence of complexes; limit exactness follows from exact filtered colimits. The construction exhausts AA: the subcomplexes of AA form a set, since they are among the sequences of subobjects of its terms. A strictly increasing chain longer than that set is impossible. Every nonzero successor quotient Fβ+1/FβF_{\beta+1}/F_\beta is isomorphic to an element of 𝒮\mathscr S.

Let f:A→If:A\to I be a chain map. We construct null-homotopies hβh_\beta of f|Fβf|_{F_\beta} that agree on earlier stages. At a successor, extend each component hβn:Fβn→In−1h_\beta^n:F_\beta^n\to I^{n-1} to a map h̃n:Fβ+1n→In−1\widetilde h^n:F_{\beta+1}^n\to I^{n-1}, using injectivity. The map g=f|Fβ+1−dIh̃−h̃dFg=f|_{F_{\beta+1}}-d_I\widetilde h-\widetilde h\,d_F is a chain map, as dI2=dF2=0d_I^2=d_F^2=0. It vanishes on FβF_\beta, and so descends to a chain map g‾:Fβ+1/Fβ→I\bar g:F_{\beta+1}/F_\beta\to I. By the test assumption g‾=dIk+kd\bar g=d_I k+k d for a degree-minus-one map kk. With π:Fβ+1→Fβ+1/Fβ\pi:F_{\beta+1}\to F_{\beta+1}/F_\beta, put hβ+1=h̃+kπh_{\beta+1}=\widetilde h+k\pi. This extends hβh_\beta and satisfies f=dIhβ+1+hβ+1dFf=d_Ih_{\beta+1}+h_{\beta+1}d_F.

At a limit stage the compatible components define maps out of the union, and the same identity holds because it holds on every earlier stage. At exhaustion they give a null-homotopy of ff. Thus every map from every acyclic complex to II is null-homotopic, exactly the definition of K-injectivity. This proof does not pass cohomology through an inverse limit. ▫\square



4. Constructing the unbounded resolution

Theorem 4.1. In a locally small Grothendieck abelian category, every complex MM has a functorial, termwise monic quasi-isomorphism M→I(M)M\to I(M), where each term of I(M)I(M) is injective and I(M)I(M) is K-injective.

Proof.

There are two operations, with different purposes.

For S∈𝒮S\in\mathscr S, let C(S)=Cone⁡(1S)C(S)=\operatorname{Cone}(1_S), with C(S)n=Sn⊕Sn+1,d(a,b)=(da+b,−db).C(S)^n=S^n\oplus S^{n+1},\qquad
d(a,b)=(da+b,-db). The map S→C(S)S\to C(S), a↦(a,0)a\mapsto(a,0), is monic and null-homotopic: a↦(0,a)a\mapsto(0,a) is a homotopy for it. The same formula contracts C(S)C(S). Its quotient by SS is S[1]S[1], which is acyclic. Define P(M)P(M) by pushing out all these inclusions along all chain maps S→MS\to M: 
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\begin{array}{ccc}
\displaystyle\bigoplus_{(S,w)}S&\xrightarrow{\ \sum w\ }&M\\
\big\downarrow&&\big\downarrow\\
\displaystyle\bigoplus_{(S,w)}C(S)&\longrightarrow&P(M).
\end{array}
\tag{4.1} Then M→P(M)M\to P(M) is termwise monic. Its quotient is the coproduct of the acyclic complexes S[1]S[1], hence is acyclic. It is therefore a quasi-isomorphism. Every chosen ww becomes null-homotopic in P(M)P(M), using the corresponding cone. Indexing by all maps makes PP and its embedding functorial.

The second operation uses the embeddings iA:A→E(A)i_A:A\to E(A) constructed above. Set J(M)n=E(Mn)⊕E(Mn+1),dJ(a,b)=(b,0),un=(iMn,iMn+1dM).J(M)^n=E(M^n)\oplus E(M^{n+1}),\qquad
d_J(a,b)=(b,0),\qquad
u^n=(i_{M^n},\,i_{M^{n+1}}d_M).
\tag{4.2} The equation dJu=udMd_Ju=ud_M follows from dM2=0d_M^2=0, and uu is monic because its first component is monic. Let Q=J(M)/u(M)Q=J(M)/u(M), with quotient map v:J(M)→Qv:J(M)\to Q, and define N(M)=Cone⁡(v)[−1],N(M)n=Qn−1⊕J(M)n,N(M)=\operatorname{Cone}(v)[-1],\qquad
N(M)^n=Q^{n-1}\oplus J(M)^n, dN(q,j)=(−dQq−v(j),dJj),M→N(M),m↦(0,u(m)).d_N(q,j)=(-d_Qq-v(j),d_Jj),\qquad
M\longrightarrow N(M),\quad m\longmapsto(0,u(m)).
\tag{4.3} These formulas are identities of component morphisms in the abelian category; they do not require objects to have underlying sets of elements. They show directly that the last map is a monic chain map. Its degree-nn map factors through the injective subobject 0⊕J(M)n0\oplus J(M)^n of N(M)nN(M)^n. A finite direct sum of injectives is injective, since a map into it extends component by component.

The quotient N(M)/MN(M)/M has terms Qn−1⊕QnQ^{n-1}\oplus Q^n, differential D(q,a)=(−dq−a,da),D(q,a)=(-dq-a,da), and contraction h(q,a)=(0,−q)h(q,a)=(0,-q): substitution gives Dh+hD=1Dh+hD=1. Thus M→N(M)M\to N(M) is a quasi-isomorphism. Naturality of iAi_A gives functoriality of every map in (4.2)–(4.3), even though EE need not be additive.

The roles of the two operations are worth separating: Tβ→kill test mapsP(Tβ),P(Tβ)→insert injectivesTβ+1.\begin{gathered}
T_\beta\xrightarrow{\text{kill test maps}}P(T_\beta),\\
P(T_\beta)\xrightarrow{\text{insert injectives}}T_{\beta+1}.
\end{gathered}
\tag{4.4} Both arrows are monic quasi-isomorphisms. Neither intermediate complex is asserted to be K-injective.


The final union and its two checks

Choose once and for all a limit ordinal λ\lambda of cofinality greater than κ\kappa. Define 
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T_0(M)=M,\qquad
T_{\beta+1}(M)=N(P(T_\beta(M))),\qquad
T_\gamma(M)=\varinjlim_{\beta<\gamma}T_\beta(M) at limit stages, and put I(M)=Tλ(M)I(M)=T_\lambda(M). All transitions are monic quasi-isomorphisms, including at limits by exactness of filtered colimits. Hence M→I(M)M\to I(M) is monic and a quasi-isomorphism. The choices of U,𝒮,λ0,λU,\mathscr S,\lambda_0,\lambda are fixed independently of MM, so the construction is functorial in MM.

First, every term I(M)nI(M)^n is injective. Given V⊂UV\subset U and a map V→I(M)nV\to I(M)^n, smallness factors it through Tβ(M)nT_\beta(M)^n for some β<λ\beta<\lambda. Its composite into Tβ+1(M)nT_{\beta+1}(M)^n factors through the injective object J(P(Tβ(M)))nJ(P(T_\beta(M)))^n by (4.3). Extend V→J(P(Tβ(M)))nV\to J(P(T_\beta(M)))^n to UU, and compose into I(M)nI(M)^n. Lemma 2.3 proves injectivity. This is a proof about the final terms, not an assertion that filtered colimits of injectives are automatically injective.

Second, let S∈𝒮S\in\mathscr S and w:S→I(M)w:S\to I(M) be a chain map. Every component factors through a stage by Lemma 2.2, since s(Sn)≤κs(S^n)\leq\kappa. There are countably many components. As cf⁡(λ)>κ≥ℵ0\operatorname{cf}(\lambda)>\kappa\geq\aleph_0, all components factor through a single Tβ(M)T_\beta(M). They already commute with the differentials there: their commutators vanish after the monomorphism Tβ(M)n+1→I(M)n+1T_\beta(M)^{n+1}\to I(M)^{n+1}, and hence vanish before it. Thus ww factors as a chain map. Operation PP makes that map null-homotopic at the next stage, so it is null-homotopic in I(M)I(M). Lemma 3.2 proves K-injectivity.

Apply this construction to 𝒜=Mod⁡(𝒪)\mathcal A=\operatorname{Mod}(\mathcal O). It proves the resolution assertion of Theorem 4.1, including termwise injectivity, naturality and noncommutative coefficients. The unbounded derived-functor consequences are proved in Section 5 below. The derived category was constructed in the common reading; the existence proof here only uses complexes and homotopies. ▫\square




5. Derived functors, adjoints and products

Let Q:K(𝒜)→D(𝒜)Q:K(\mathcal A)\to D(\mathcal A) denote localization. By Theorem 3.3 of the preceding lesson, maps into a K-injective complex satisfy

Hom⁡K(K,I)=Hom⁡D(QK,QI).\operatorname{Hom}_{K}(K,I)=\operatorname{Hom}_{D}(QK,QI).
\tag{5.1}
That theorem also proves that a quasi-isomorphism between K-injectives is a homotopy equivalence. We now use it without boundedness restrictions. Although the construction of I(M)I(M) is functorial on chain maps, its functor need not be additive. The additive functor on the derived category is obtained from (5.1), rather than by claiming additivity of the transfinite construction.

Theorem 5.1 (right derived functors on all complexes). Suppose every complex of an abelian category 𝒜\mathcal A has a quasi-isomorphism qK:K→IKq_K:K\to I_K into a K-injective complex. For every exact functor of triangulated categories F:K(𝒜)→𝒯F:K(\mathcal A)\to\mathcal T, there is an exact right derived functor

RF:D(𝒜)→𝒯,RF(K)=F(IK).RF:D(\mathcal A)\longrightarrow\mathcal T,
\qquad RF(K)=F(I_K).
Its comparison η:F→RF∘Q\eta:F\to RF\circ Q is initial among natural comparisons from FF to a functor on D(𝒜)D(\mathcal A). In particular, for any additive Φ:𝒜→ℬ\Phi:\mathcal A\to\mathcal B, with ℬ\mathcal B abelian, RΦ:D(𝒜)→D(ℬ)R\Phi:D(\mathcal A)\to D(\mathcal B) is computed by applying Φ\Phi degreewise to a K-injective resolution.

Proof. The full subcategory Kinj⊂K(𝒜)K_{\mathrm{inj}}\subset K(\mathcal A) of K-injectives is closed under shifts and cones by Lemma 3.1 of the preceding lesson. Equation (5.1) shows that QQ restricted to this subcategory is fully faithful, and the resolution hypothesis makes it essentially surjective. Define an inverse RR explicitly: send KK to IKI_K, and a derived morphism v:QK→QLv:QK\to QL to the unique homotopy class Rv:IK→ILRv:I_K\to I_L satisfying

Q(Rv)=Q(qL)vQ(qK)−1.Q(Rv)=Q(q_L)\,v\,Q(q_K)^{-1}.
\tag{5.2}
Existence and uniqueness follow from (5.1). The same formula proves preservation of identities, composition and addition. For an ordinary homotopy class f:K→Lf:K\to L, injectivity of the map in (5.1) gives (Rf)qK=qLf(Rf)q_K=q_Lf already in K(𝒜)K(\mathcal A).

The inverse RR is exact. Its shift comparison is the unique isomorphism IK[1]≅IK[1]I_{K[1]}\cong I_K[1] inducing the corresponding isomorphism in DD. A morphism between K-injectives has a K-injective cone. For any distinguished triangle in DD, compare its first arrow with the unique arrow between the chosen K-injectives. The cone triangle of that arrow maps under QQ to a distinguished triangle with the same first arrow. The triangle morphism axiom and the long exact representable sequences, proved in the common reading, supply an isomorphism on the third objects compatible with all arrows. Full faithfulness lifts this isomorphism and its equations to KinjK_{\mathrm{inj}}. Thus RR transports distinguished triangles to distinguished triangles, with the stated shift comparison. Set RF=F∘RRF=F\circ R and ηK=F(qK)\eta_K=F(q_K); the equality just proved gives naturality.

To verify universality, take any functor T:D(𝒜)→𝒯T:D(\mathcal A)\to\mathcal T and natural θ:F→TQ\theta:F\to TQ. Define

αK=T(QqK)−1θIK:F(IK)→T(QK).\alpha_K=T(Qq_K)^{-1}\theta_{I_K}:
F(I_K)\longrightarrow T(QK).
\tag{5.3}
Naturality of θ\theta for the representative RvRv, together with (5.2), proves naturality of α\alpha for every derived morphism vv. Naturality for qKq_K gives αKηK=θK\alpha_K\eta_K=\theta_K. This factorization is unique: at a K-injective object II, its resolution map qIq_I is a homotopy equivalence, so F(qI)F(q_I) is invertible and forces αI\alpha_I. Naturality for the isomorphism QqKQq_K then forces αK\alpha_K. Consequently the displayed construction has exactly the right-derived universal property. It also proves independence of the chosen resolutions and comparisons.

Finally, an additive Φ\Phi preserves chain homotopies, shifts, and finite direct sums, and carries the defining matrix of a cone to that of the cone of the image map. Composing its functor on homotopy categories with K(ℬ)→D(ℬ)K(\mathcal B)\to D(\mathcal B) is therefore exact. Apply the result to this FF. On bounded-below cohomology it agrees with the preceding lesson: its bounded-below injective resolution is K-injective, and (5.1) uniquely compares it with any unbounded resolution. ▫\square

For a Grothendieck category, (5.1) also settles the size of derived morphisms. Hom⁡K(K,IL)\operatorname{Hom}_{K}(K,I_L) is the quotient of the set of chain maps by the set-valued homotopy relation; chain maps and homotopies are subsets of countable products of original-universe Hom sets. Thus D(𝒜)D(\mathcal A) is locally small in the original universe, including when 𝒜\mathcal A is a large category of sheaves.

Proposition 5.2 (exact left adjoints). Let u:𝒜→ℬu:\mathcal A\to\mathcal B be exact and left adjoint to an additive v:ℬ→𝒜v:\mathcal B\to\mathcal A. Then vv preserves K-injectives.

Proof. The adjunction on objects identifies chain maps and their homotopies componentwise, hence

Hom⁡K(𝒜)(A,vI)=Hom⁡K(ℬ)(uA,I).\operatorname{Hom}_{K(\mathcal A)}(A,vI)
=\operatorname{Hom}_{K(\mathcal B)}(uA,I).
If AA is acyclic, exactness of uu makes uAuA acyclic and K-injectivity makes the right side zero. This is the definition of K-injectivity of vIvI. ▫\square

In particular, restriction j−1j^{-1} to an open subset preserves K-injectives because its left adjoint j!j_! is exact. For a continuous f:X→Yf:X\to Y with 𝒪X=f−1𝒪Y\mathcal O_X=f^{-1}\mathcal O_Y, the exact left adjoint f−1f^{-1} shows that f*f_* preserves K-injectives. For an arbitrary morphism of ringed spaces, Rf*Rf_* still exists by Theorems 4.1 and 5.1 applied to module sheaves; preservation by the underived f*f_* requires an exact left adjoint, for example flat module pullback. Section 6 gives a failure when pullback is not exact.

Proposition 5.3 (existence of products in 𝒜\mathcal A). A locally small abelian category with a generator and small coproducts has all small products. In particular a Grothendieck category satisfies AB3*\mathrm{AB3}^{*}.

Proof. Fix a family (Ai)i∈J(A_i)_{i\in J}. For any cone (fi:T→Ai)(f_i:T\to A_i), let N⊂TN\subset T be the sum of all subobjects on which every fif_i vanishes. This is a set of subobjects by Lemma 2.1, so its sum exists as the image of their coproduct. Each fif_i vanishes on the sum. The induced family on B=T/NB=T/N is jointly monic, meaning that a map killed by all its components is zero. Indeed, if a subobject of BB is killed by every component, its inverse image in TT would enlarge NN; hence it is zero. Apply this to the image of a map killed by the family. This constructs a jointly monic quotient of every cone, without using products or intersections to define it.

For a jointly monic cone on BB, the map of sets

Hom⁡(U,B)→∏i∈JHom⁡(U,Ai)\operatorname{Hom}(U,B)\longrightarrow
\prod_{i\in J}\operatorname{Hom}(U,A_i)
is injective: the difference of two maps with equal images is killed by every component. Let ν\nu be the cardinality of the product on the right and set μ=max⁡(2ν,ℵ0)\mu=\max(2^\nu,\aleph_0). The subobject-to-subset argument in Lemma 2.1 gives s(B)≤μs(B)\le\mu. That lemma supplies a set of representatives of all possible BB, and local smallness supplies a set of all their cones to (Ai)(A_i). Take the coproduct CC of all these jointly monic cones, with the induced maps C→AiC\to A_i, and divide by their common vanishing subobject as in the first paragraph. Call the result PP.

Every cone on TT factors through its jointly monic quotient BB, through a representative included as a summand of CC, and then through PP. Thus a map T→PT\to P inducing the given cone exists. It is unique because the cone on PP is jointly monic. This is the universal property of ∏iAi\prod_i A_i. The empty product is zero and the construction still works: its only jointly monic cone has zero source. ▫\square

The proposition proves existence, not exactness, of products. Products of sheaves already existed in the first lesson, but their epimorphisms can fail to be onto on stalks.

Proposition 5.4 (products and coproducts in the derived category). A Grothendieck category has all small derived products and coproducts. A coproduct is represented by the termwise sum of any representatives. A product is represented by the termwise product of K-injective resolutions.

Proof. Put P=∏iIiP=\prod_i I_i for K-injectives IiI_i. Componentwise projections identify the complex of abelian groups Hom⁡•(A,P)\operatorname{Hom}^\bullet(A,P) with ∏iHom⁡•(A,Ii)\prod_i\operatorname{Hom}^\bullet(A,I_i). Products of abelian groups are exact: kernels are coordinatewise and coordinatewise lifts prove surjectivity using choice. Therefore if AA is acyclic, the product Hom complex is acyclic. Thus PP is K-injective. For any KK, exactness of those group products and (5.1) give

Hom⁡D(K,P)=∏iHom⁡D(K,Ii),\operatorname{Hom}_{D}(K,P)
=\prod_i\operatorname{Hom}_{D}(K,I_i),
which proves the product property. The proof assumes exact products in abelian groups, not in 𝒜\mathcal A.

For the sum S=⨁iKiS=\bigoplus_i K_i, and any K-injective II, the Hom complex identifies with ∏iHom⁡•(Ki,I)\prod_i\operatorname{Hom}^\bullet(K_i,I). The same exactness gives Hom⁡K(S,I)=∏iHom⁡K(Ki,I)\operatorname{Hom}_K(S,I)=\prod_i\operatorname{Hom}_K(K_i,I). Equation (5.1) and a K-injective resolution of every target prove the coproduct property in DD. AB4 ensures that changing representatives by quasi-isomorphisms changes their sum by a quasi-isomorphism. ▫\square



6. Examples that isolate the hypotheses

Unbounded termwise injectivity. Over R=k[ϵ]/(ϵ2)R=k[\epsilon]/(\epsilon^2), the complex with RR in every integer degree and differential multiplication by ϵ\epsilon is acyclic, because ker⁡(ϵ)=ϵR=im⁡(ϵ)\ker(\epsilon)=\epsilon R=\operatorname{im}(\epsilon). Its terms are injective: the only ideals are 0,ϵR,R0,\epsilon R,R, and a map ϵR→R\epsilon R\to R sends ϵ\epsilon to an element ϵa\epsilon a, so it extends by sending 11 to aa; the Baer criterion was proved in the preceding lesson. Its identity is not null-homotopic, because each expression ϵhn+hn+1ϵ\epsilon h^n+h^{n+1}\epsilon has image in ϵR\epsilon R and cannot equal 1R1_R. Taking the acyclic complex itself as a source proves that it is not K-injective. Theorem 4.1 must change this complex, although its terms are already injective.

Pushforward can lose K-injectivity. Take one-point ringed spaces with ring map ℤ→𝔽2\mathbb Z\to\mathbb F_2. The module pushforward is restriction of scalars. The complex 𝔽2[0]\mathbb F_2[0] is K-injective over 𝔽2\mathbb F_2: a linear map from a subspace extends after choosing a basis, so every vector space is injective, and the bounded-below lemma applies. Consider the acyclic complex of abelian groups

A•=(ℤ→2ℤ→mod2𝔽2),in degrees 0,1,2.A^\bullet=(\mathbb Z\xrightarrow{2}\mathbb Z
\xrightarrow{\mathrm{mod}\,2}\mathbb F_2),
\qquad\text{in degrees }0,1,2.
The map A→𝔽2[0]A\to\mathbb F_2[0] that is reduction modulo two in degree zero and zero elsewhere is a chain map. A null-homotopy would imply mod2=h1∘2\mathrm{mod}\,2=h^1\circ2, impossible for a homomorphism h1:ℤ→𝔽2h^1:\mathbb Z\to\mathbb F_2. Thus the pushed-forward complex is not K-injective. Its left adjoint 𝔽2⊗ℤ−\mathbb F_2\otimes_{\mathbb Z}- is not exact, since it sends the injection 2:ℤ→ℤ2:\mathbb Z\to\mathbb Z to zero. This matches the hypothesis of Proposition 5.2 exactly.

An unbounded derived product. The injective group ℚ/ℤ\mathbb Q/\mathbb Z placed in degree −m-m is (ℚ/ℤ)[m](\mathbb Q/\mathbb Z)[m]. The product of these complexes for m≥0m\ge0 has one copy of ℚ/ℤ\mathbb Q/\mathbb Z in every nonpositive degree, zero elsewhere, and zero differential. Proposition 5.4 makes it K-injective and the product in D(ℤ)D(\mathbb Z). It has nonzero cohomology in arbitrarily negative degrees, so it is not bounded below. This also shows why resolving only bounded-below targets would miss objects of the unbounded category.



7. Exercises with checked solutions

Exercise 1 (easy: a concrete generator). For a discrete finite space XX with constant ring RR, identify the generator GG of Proposition 1.1 and prove directly that it detects morphisms. Does the proposition require RR to be commutative?

Solution. A sheaf of modules is a tuple (Mx)x∈X(M_x)_{x\in X}, and jU!𝒪Uj_{U!}\mathcal O_U has stalk RR at points of UU and zero elsewhere. Thus Gx=⨁U∋xRG_x=\bigoplus_{U\ni x}R. If a tuple of maps has a nonzero component at xx, choose an element there with nonzero image. The summand belonging to the singleton {x}\{x\} gives a map into the source tuple detecting that element. For a left module, R→MxR\to M_x, a↦ama\mapsto am, is left linear for every associative unital RR. No commutativity is used. The empty-space module category has only its zero object, and its zero generator is faithful there.

Exercise 2 (medium: AB3*\mathrm{AB3}^{*} without AB4*\mathrm{AB4}^{*}). Give the size bound that makes the product construction in Proposition 5.3 a set-sized construction. Explain why it proves no exactness statement about products of sheaves.

Solution. With Hi=Hom⁡(U,Ai)H_i=\operatorname{Hom}(U,A_i), every jointly monic cone on BB embeds Hom⁡(U,B)\operatorname{Hom}(U,B) into the set ∏iHi\prod_i H_i. A subobject of BB is determined by the subset of maps from UU that factor through it. Hence s(B)≤2|∏iHi|s(B)\le2^{|\prod_i H_i|}, and Lemma 2.1 provides a set of representatives. For each representative, the cones form a subset of ∏iHom⁡(B,Ai)\prod_i\operatorname{Hom}(B,A_i), also a set. Their union is a set, so their coproduct is permitted by AB3. This argument concerns a universal property. It supplies no common open neighbourhood on which infinitely many stalkwise lifts exist. The product-of-epimorphisms counterexample in Section 6 of the first lesson therefore remains compatible with AB3*.

Exercise 3 (medium: the unbounded direct image). For an arbitrary morphism of ringed spaces, construct Rf*Rf_*, explain its agreement with bounded-below Rf*Rf_*, and say when f*If_*I can itself be used as a K-injective complex on the target.

Solution. The module categories are Grothendieck by Proposition 1.1 and the first lesson. Choose a K-injective resolution K→IKK\to I_K by Theorem 4.1. Define Rf*KRf_*K as f*IKf_*I_K in the target derived category, with morphisms obtained by applying f*f_* to the unique comparison homotopy classes. Additivity of f*f_* makes it preserve homotopies and cones, so Theorem 5.1 proves existence, exactness and uniqueness. A bounded-below injective resolution is K-injective and is uniquely homotopy equivalent to any chosen K-injective resolution of the same object, giving agreement. If the left adjoint f*f^* is exact, Proposition 5.2 proves that f*IKf_*I_K is K-injective on the target. The one-point example in Section 6 proves that this final claim cannot be made for arbitrary ring maps.

Exercise 4 (hard: what a transfinite step does for groups). Work in Mod⁡(ℤ)\operatorname{Mod}(\mathbb Z), with generator U=ℤU=\mathbb Z. For M=ℤ[0]M=\mathbb Z[0], describe an explicit nonzero small acyclic complex that occurs among the tests, and write the contraction that kills any map from it in P(M)P(M). Then check the contraction of N(P(M))/P(M)N(P(M))/P(M). Explain why a countable sequence of steps has not been shown sufficient.

Solution. The complex S=(ℤ→2ℤ→ℤ/2)S=(\mathbb Z\xrightarrow{2}\mathbb Z\to\mathbb Z/2) in degrees 0,1,20,1,2 is bounded above and acyclic, with terms having at most countably many subobjects. After replacing it by its representative it belongs to 𝒮\mathscr S. Every selected chain map w:S→Mw:S\to M has an attached copy of C(S)C(S). If e:C(S)→P(M)e:C(S)\to P(M) is its pushout map, then the degree-minus-one map a↦e(0,a)a\mapsto e(0,a) satisfies dh+hd=jwdh+hd=jw, because d(0,a)=(a,−da)d(0,a)=(a,-da). For this particular MM, w0:ℤ→ℤw^0:\mathbb Z\to\mathbb Z can be multiplication by any integer and the other components vanish; the same formula kills all these maps.

Put L=P(M)L=P(M), Q=J(L)/LQ=J(L)/L. In N(L)/LN(L)/L, write a term as (q,a)∈Qn−1⊕Qn(q,a)\in Q^{n-1}\oplus Q^n. Its differential is D(q,a)=(−dq−a,da)D(q,a)=(-dq-a,da) and h(q,a)=(0,−q)h(q,a)=(0,-q). Direct substitution gives Dh(q,a)=(q,−dq)Dh(q,a)=(q,-dq) and hD(q,a)=(0,dq+a)hD(q,a)=(0,dq+a), whose sum is (q,a)(q,a). Thus this quotient is contractible. Finally, a test has countably many components. Their first factorization stages could be unbounded in ω\omega; no single finite stage would then contain the chain map. The chosen cofinality greater than κ≥ℵ0\kappa\ge\aleph_0 ensures a common stage and makes the next-step killing argument valid.

Exercise 5 (hard: compatible homotopies at a limit). In Lemma 3.2, explain why choosing an unrelated null-homotopy at each filtration stage is insufficient. Derive the successor correction that makes the chosen homotopies agree.

Solution. A map out of a union is induced by compatible maps on its subobjects. Unrelated null-homotopies need not restrict to one another, so they define no homotopy on the union. Suppose hβh_\beta has been fixed. Termwise injectivity extends it to an arbitrary graded map h̃\widetilde h on Fβ+1F_{\beta+1}. The error g=f−dh̃−h̃dg=f-d\widetilde h-\widetilde h d is a chain map and restricts to zero on FβF_\beta. It factors through π:Fβ+1→Fβ+1/Fβ\pi:F_{\beta+1}\to F_{\beta+1}/F_\beta. This quotient is a small acyclic test, so its error map is dk+kddk+kd. Define hβ+1=h̃+kπh_{\beta+1}=\widetilde h+k\pi. Then dhβ+1+hβ+1d=fdh_{\beta+1}+h_{\beta+1}d=f, and its restriction is the prescribed hβh_\beta, because π\pi vanishes there. At a limit, the universal property of the colimit assembles these compatible components and their equations. This uses exact filtered colimits to keep the filtration acyclic, but no exact inverse-limit assertion.

The next lesson constructs K-flat resolutions by a different method. This theorem is not needed for their existence; the two resolution tools address different variables of derived operations.
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Flat modules and K-flat resolutions
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Tensoring a resolution should preserve the cohomology information it was meant to carry. Flat modules solve this problem for a single tensor factor in one degree. Unbounded complexes require a stronger condition, K-flatness. The two conditions are independent for unbounded complexes: a contractible complex can have nonflat terms, and an acyclic complex of free terms can fail to be K-flat.

The prerequisites are Sheaves of modules on a ringed space, Theorems 2.1, 3.1 and 4.4 and Lemmas 5.1–5.2, and Complexes, cones and localization, Lemmas 1.1–1.2, 2.4 and Proposition 5.2. We construct K-flat resolutions independently of the K-injective existence theorem. This avoids a dependency cycle when derived tensor products and Hom are developed.

Throughout this lesson 𝒪\mathcal O is a sheaf of commutative unital rings on an arbitrary topological space XX. Tensor totalizations use direct sums, including for unbounded complexes. We impose no separation, compactness, Noetherian or finite homological-dimension assumption.

The construction sources are the Stacks project authors’ Modules on Ringed Spaces, “Flat modules”, and Cohomology of Sheaves, “Flat resolutions”, in the AI Integrated Stacks Project edition. We develop flat-module calculations, cycle attachments and compatible bounded resolutions. Spaltenstein’s Resolutions of unbounded complexes provides historical background. Source attribution and the licence for adapted passages appear in the course notice.


1. Flat sheaves and exact tensor sequences

A sheaf MM is flat if −⊗𝒪M-\otimes_{\mathcal O}M is exact. The tensor sheaf is the sheafification of the presheaf U↦F(U)⊗𝒪(U)M(U)U\mapsto F(U)\otimes_{\mathcal O(U)}M(U). Its balanced universal property follows by gluing the presheaf balanced maps, using structured sheafification from the first lesson. Tensor is right exact: a balanced map on a quotient is precisely a balanced map on the original module vanishing on the relations defining that quotient. Thus flatness amounts to preservation of injections.


Flat building blocks

Lemma 1.1 (local covers). Every module sheaf is a quotient of a direct sum of sheaves BU=jU!𝒪UB_U=j_{U!}\mathcal O_U.

Proof. For an open U⊂XU\subset X, Lemma 5.1 of the first lesson gives Hom⁡𝒪(BU,M)=M(U).\operatorname{Hom}_{\mathcal O}(B_U,M)=M(U).
\tag{1.1} For every module sheaf MM, form the set-indexed sum 
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L(M)=\bigoplus_{U\subset X\ {\rm open}}\ \bigoplus_{s\in M(U)}B_U .
\tag{1.2} The map λM:L(M)→M\lambda_M:L(M)\to M sends the generator indexed by ss to ss, using (1.1). Every germ is represented by such a local section, so λM\lambda_M is an epimorphism. ▫\square

This uses local sections on all opens. A sheaf need not be generated by its global sections.

Lemma 1.2 (flatness and stalks). A module sheaf MM is flat if and only if every MxM_x is flat over 𝒪x\mathcal O_x. In particular BUB_U, L(M)L(M), and direct sums of flat module sheaves are flat.

Proof. The tensor sheaf is the sheafification of the sectionwise tensor presheaf. Its stalk is (F⊗𝒪M)x=Fx⊗𝒪xMx.(F\otimes_{\mathcal O}M)_x=F_x\otimes_{\mathcal O_x}M_x .
\tag{1.3} Here is the relevant finite-relation argument. A tensor is a finite sum of elementary tensors. Represent all its factors on one neighbourhood of xx. An equality between tensors is generated by finitely many additive and balancing relations. Represent their scalar and module entries on a common smaller neighbourhood; each equality of germs in this finite certificate holds after a further shrinking. This proves both surjectivity and injectivity of (1.3), even though the section rings vary with the neighbourhood.

If every MxM_x is flat, (1.3) and Theorem 2.1 of the first lesson show that tensoring with MM preserves exact sequences. Conversely, an injection A→BA\to B of 𝒪x\mathcal O_x-modules gives an injection x*A→x*Bx_*A\to x_*B of module sheaves: these maps are injective on sections. If MM is flat, tensoring preserves this injection, and its stalk at xx is A⊗Mx→B⊗MxA\otimes M_x\to B\otimes M_x. Tensor products are right exact, by their presentation with generators and relations, so this proves that MxM_x is flat.

The stalks of BUB_U are 𝒪x\mathcal O_x or zero (Lemma 5.1 of the first lesson); both are flat. Stalks commute with direct sums. A direct sum of flat modules is flat because its tensor functor is the direct sum of their exact tensor functors, and direct sums of exact module sequences remain exact coordinatewise. This proves the final assertions. ▫\square

Lemma 1.3 (flat quotients and flat exact sequences). If 0→M′→M→M″→00\to M'\to M\to M''\to0 is exact and M″M'' is flat, then tensoring with any sheaf NN preserves that exact sequence. Consequently flat sheaves are closed under extensions and kernels of epimorphisms between flat sheaves. Filtered colimits of flat sheaves are flat, and a direct summand of a flat sheaf is flat.

Proof. We first prove the flat-quotient assertion over a ring RR. Resolve a test module NN by a complex F•F^\bullet of free modules in degrees at most zero. Choose a free module on the elements of NN, map it onto NN, choose a free module onto that kernel, and repeat. This construction gives H0(F)=NH^0(F)=N and zero negative cohomology. Flatness of M″M'' makes F⊗RM″F\otimes_R M'' exact in negative degrees, by tensoring the short exact sequences of cycles. Free terms make

0→F⊗M′→F⊗M→F⊗M″→00\to F\otimes M'\to F\otimes M\to F\otimes M''\to0
termwise exact, because a free tensor is a direct sum of the original exact sequence. The long exact sequence of cohomology gives an injection H0(F⊗M′)→H0(F⊗M)H^0(F\otimes M')\to H^0(F\otimes M), since the preceding H−1(F⊗M″)H^{-1}(F\otimes M'') is zero. Right exactness identifies these degree-zero groups with N⊗M′N\otimes M' and N⊗MN\otimes M. This proves the assertion without presupposing a Tor theorem. Apply it at each stalk, using Lemma 1.2, to obtain the sheaf assertion.

For an injection N→N1N\to N_1, compare the two exact tensor rows supplied by this assertion. If the outside sheaves M′,M″M',M'' are flat, their vertical maps are monic and so is the middle one: an element in its kernel maps to zero in the right column and then is forced to be zero by the left column. This is the same kernel argument on every stalk. If M,M″M,M'' are flat, the injection N⊗M′→N⊗MN\otimes M'\to N\otimes M, followed by the monomorphism into N1⊗MN_1\otimes M, shows that the vertical map for M′M' is monic as well.

Tensor commutes with colimits by its balanced universal property. Exactness of filtered colimits, proved in the first lesson, therefore proves flatness of a filtered colimit of flats. Finally N⊗(M1⊕M2)=(N⊗M1)⊕(N⊗M2)N\otimes(M_1\oplus M_2)=(N\otimes M_1)\oplus(N\otimes M_2); if this map preserves each injection, so does each summand. ▫\square

The flat-quotient assertion is often phrased as vanishing of first Tor against a flat module. The proof here establishes the exact sequence needed before Tor is defined in the next lesson.




2. K-flat complexes and their closure properties

For cochain complexes define

(A⊗P)n=⨁p+q=nAp⊗Pq,d(a⊗p)=dAa⊗p+(−1)|a|a⊗dPp.(A\otimes P)^n=\bigoplus_{p+q=n}A^p\otimes P^q,
\qquad d(a\otimes p)=d_Aa\otimes p+(-1)^{|a|}a\otimes d_Pp.
\tag{2.1}
Two applications of dd have opposite mixed terms, while the remaining terms contain dA2d_A^2 and dP2d_P^2; hence d2=0d^2=0. A complex PP is K-flat if A⊗PA\otimes P is acyclic for every acyclic AA. The graded flip a⊗p↦(−1)|a||p|p⊗aa\otimes p\mapsto(-1)^{|a||p|}p\otimes a is an isomorphism of complexes: on the two differential terms the sign exponents differ by exactly the degree increased in that term. It interchanges the tensor variables.

Lemma 2.1 (tensor respects homotopies and triangles). For any fixed complex AA, tensoring with AA is an exact functor on the homotopy category. A K-flat PP therefore carries quasi-isomorphisms in the other variable to quasi-isomorphisms.

Proof. If f−g=dh+hdf-g=dh+hd, then H(a⊗p)=(−1)|a|a⊗h(p)H(a\otimes p)=(-1)^{|a|}a\otimes h(p) gives 1A⊗(f−g)=dH+Hd1_A\otimes(f-g)=dH+Hd; expanding the mixed terms cancels them. The shift comparison A⊗P[1]→(A⊗P)[1]A\otimes P[1]\to(A\otimes P)[1] multiplies a component in ApA^p by (−1)p(-1)^p. For the cone convention of the common reading, the same factor on the shifted second summand gives

A⊗Cone⁡(f)≅Cone⁡(1A⊗f).A\otimes\operatorname{Cone}(f)
\cong\operatorname{Cone}(1_A\otimes f).
\tag{2.2}
Indeed, the off-diagonal term on the left is (−1)pf(-1)^pf; the factor (−1)p(-1)^p makes it the off-diagonal term on the right. On the second diagonal block, the resulting differential is the negative of the total differential on A⊗PA\otimes P. The comparison respects the cone inclusion and the negative projection used in the distinguished triangle. Thus shifts and cone triangles are preserved. The graded flip gives the assertion in the other variable. A quasi-isomorphism has acyclic cone. If PP is K-flat, its tensor with that cone is acyclic, and (2.2) proves the last assertion. ▫\square

Lemma 2.2 (stalks and pullbacks). A complex PP of module sheaves is K-flat if and only if every stalk PxP_x is K-flat over 𝒪x\mathcal O_x. Pullback along any morphism of commutative ringed spaces preserves flat sheaves and K-flat complexes.

Proof. Stalks commute with the tensor sheaf by Lemma 1.2 and with direct sums by the first lesson. Hence (A⊗P)x=Ax⊗Px(A\otimes P)_x=A_x\otimes P_x. If the stalks of PP are K-flat, an acyclic AA has acyclic tensor on all stalks, and the tensor sheaf complex is acyclic. Conversely, for an acyclic complex CC over 𝒪x\mathcal O_x, the complex of skyscrapers x*Cx_*C is acyclic: the skyscraper functor is exact on sections, as established in Lemma 5.2 of the first lesson. Its stalk at xx is CC. Applying K-flatness of PP to this complex and taking that stalk proves K-flatness of PxP_x.

For a ring map R→SR\to S and K-flat PP over RR, any acyclic complex CC of SS-modules remains acyclic after restriction of scalars, and

C⊗S(S⊗RP)=C⊗RPC\otimes_S(S\otimes_R P)=C\otimes_R P
is acyclic. The isomorphism sends c⊗(s⊗p)c\otimes(s\otimes p) to sc⊗psc\otimes p; its inverse sends c⊗pc\otimes p to c⊗(1⊗p)c\otimes(1\otimes p), and both commute with the total differentials. This proves base change of K-flatness. The identical one-degree argument proves base change of flat modules. The stalk formula for pullback from the first lesson, with R=𝒪Y,f(x)R=\mathcal O_{Y,f(x)} and S=𝒪X,xS=\mathcal O_{X,x}, proves the sheaf statements. No flatness of SS over RR is needed. ▫\square

Lemma 2.3 (operations preserving K-flatness). A flat sheaf in a single degree is K-flat. Direct sums and filtered colimits of K-flat complexes are K-flat. If 0→P→Q→R→00\longrightarrow P\longrightarrow Q\longrightarrow R\longrightarrow0
\tag{2.3} is a degreewise split exact sequence of complexes and P,RP,R are K-flat, then QQ is K-flat. Every bounded-above complex of flat sheaves is K-flat.

Proof. If AA is acyclic and MM is flat, tensor the exact sequences 0→ZnA→An→Zn+1A→00\to Z^nA\to A^n\to Z^{n+1}A\to0 with MM. They identify the kernels and images in A⊗MA\otimes M, proving its acyclicity. Shifting a complex does not change this conclusion.

Tensor totalization commutes with direct sums and filtered colimits. These operations are exact for module sheaves by Theorem 3.1 of the first lesson (an arbitrary sum is the filtered colimit of its finite partial sums). They therefore commute with cohomology: kernels and images in an exact filtered colimit are the colimits of the corresponding kernels and images. Apply this to A⊗PiA\otimes P_i to obtain the assertions about sums and colimits.

After tensoring (2.3) with any complex AA, the sequence remains degreewise split exact, including after totalization. Its long exact cohomology sequence proves the extension assertion. The splitting is only a splitting of the underlying graded sheaves; it need not respect the differentials.

A bounded complex of flat sheaves is K-flat by induction on its length, using its bottom-degree term as the quotient and the remaining tail as the subcomplex in (2.3). If PP is merely bounded above, its brutal lower truncations P≥mP^{\geq m} are bounded complexes and are subcomplexes of PP. As mm decreases their union is PP. The filtered-colimit assertion proves the last statement. ▫\square

Lemma 2.4 (tensor products and two out of three). The tensor product of two K-flat complexes is K-flat. Shifts, direct summands, and homotopy equivalent complexes preserve K-flatness. Two out of three objects in a distinguished triangle of the homotopy category being K-flat forces the third to be K-flat. The same two-out-of-three statement holds in a short exact sequence of complexes whose quotient has flat terms.

Proof. Direct-sum reindexing identifies A⊗(P⊗Q)A\otimes(P\otimes Q) with (A⊗P)⊗Q(A\otimes P)\otimes Q. On a term of degrees a,p,qa,p,q, both differentials have signs 1,(−1)a,(−1)a+p1,(-1)^a,(-1)^{a+p}. If AA is acyclic, successively applying K-flatness of PP and QQ gives acyclicity. Shifts and homotopy equivalences follow from Lemma 2.1. A direct summand of an acyclic tensor complex is acyclic, giving the summand assertion. Tensoring a distinguished triangle gives a distinguished triangle by that lemma, and its long exact cohomology sequence gives two out of three. For a short exact sequence with flat quotient terms, Lemma 1.3 makes its tensor with each term of any complex exact. Direct sums preserve exactness, so totalization gives a short exact sequence of tensor complexes. Its long exact sequence supplies the last claim. ▫\square

Only filtered colimits occur in Lemma 2.3. An arbitrary cokernel of K-flat complexes need not be K-flat; Section 5 supplies the smallest counterexample.



3. A surjective resolution by attaching cycles

Theorem 3.1 (K-flat resolutions). Every complex GG of 𝒪\mathcal O-modules has a quasi-isomorphism P→GP\to G, surjective in each degree, where PP is K-flat and every PnP^n is flat.

Proof. For a sheaf MM, let Dn(M)D_n(M) have MM in degrees n,n+1n,n+1, identity differential between them, and zero elsewhere. A map M→GnM\to G^n extends uniquely to a chain map Dn(M)→GD_n(M)\to G, with upper component its composite with dGd_G. Start with P0=⨁n∈ℤDn(L(Gn)),ϵ0:P0→G.\begin{gathered}
P_0=\bigoplus_{n\in\mathbb Z}D_n(L(G^n)),\\
\epsilon_0:P_0\longrightarrow G.
\end{gathered}
\tag{3.1} Use λGn\lambda_{G^n} on the lower term of the nn-th summand. The map is onto in every degree. Each disk is contractible. Tensoring a contraction hh on the second factor with a complex AA gives the contraction a⊗p↦(−1)|a|a⊗h(p)a\otimes p\mapsto(-1)^{|a|}a\otimes h(p). Thus P0P_0 is K-flat; its terms are flat by Lemma 1.2.

Suppose Ps→GP_s\to G has been built, and put Ks=ker⁡(ϵs)K_s=\ker(\epsilon_s), a subcomplex. For every integer qq, open UU, and section z∈Zq(Ks)(U),z\in Z^q(K_s)(U), add a copy of BUB_U in degree q−1q-1. Write its generator locally as eze_z, and prescribe dez=z,ϵs+1(ez)=0.d e_z=z,\qquad \epsilon_{s+1}(e_z)=0.
\tag{3.2} These are morphisms of sheaves by (1.1). The two conditions needed for them to define a complex over GG hold: dz=0dz=0 and ϵs(z)=0\epsilon_s(z)=0. Explicitly, if VsnV_s^n is the sum of the newly added BUB_U's in degree nn, the underlying graded sheaf is Ps⊕VsP_s\oplus V_s, with differential d(p,v)=(dPsp+αs(v),0),d(p,v)=(d_{P_s}p+\alpha_s(v),0), where αs:Vsn→Psn+1\alpha_s:V_s^n\to P_s^{n+1} sends each generator to its chosen cycle. Since dPsαs=0d_{P_s}\alpha_s=0, its square is zero.

The inclusion Ps→Ps+1P_s\to P_{s+1} is degreewise split, and the quotient is VsV_s with zero differential. It is a direct sum of shifts of the flat sheaves BUB_U, hence K-flat. Lemma 2.3 proves by induction that every PsP_s is K-flat. Its terms remain direct sums of the flat building blocks.
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P=\varinjlim_{s\geq0}P_s. The maps to GG agree, and the map ϵ:P→G\epsilon:P\to G is termwise onto already from P0P_0. Its terms are flat, and PP is K-flat by Lemma 2.3. Exactness of filtered colimits gives 
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\ker(\epsilon)=\varinjlim_s K_s,\qquad
H^q(\ker\epsilon)=\varinjlim_s H^q(K_s).
\tag{3.3} Each transition Hq(Ks)→Hq(Ks+1)H^q(K_s)\to H^q(K_{s+1}) is zero. Indeed, a stalk class is locally represented by a cycle section zz; the next stage supplies eze_z in the kernel with dez=zde_z=z. Thus every term in the colimit on the right of (3.3) maps to zero at the next stage, and the colimit vanishes. The kernel of ϵ\epsilon is acyclic. The long exact sequence for 0→ker⁡ϵ→P→G→00\to\ker\epsilon\to P\to G\to0 proves that ϵ\epsilon is a quasi-isomorphism. ▫\square

The stages can create new cycles; the next stage kills them. A germ involves a finite stage, so a countable sequence of these stages suffices. Nothing in the construction asks sections to lift through an arbitrary sheaf epimorphism: generators are added for sections that actually exist on each open.

Lemma 3.2 (making another resolution termwise surjective). If Q→GQ\to G is a quasi-isomorphism with QQ K-flat, then Q⊕P0→GQ\oplus P_0\to G, the sum of that map and (3.1), is a termwise-surjective K-flat resolution. If QQ also has flat terms, so does this enlargement.

Proof. The new map is onto because ϵ0\epsilon_0 is. The complex P0P_0 is contractible, and the inclusion Q→Q⊕P0Q\to Q\oplus P_0 is a quasi-isomorphism commuting with the maps to GG. The new map is therefore a quasi-isomorphism. The direct sum is K-flat by Lemma 2.3; this uses no termwise-flatness assumption on QQ. If its terms are flat, Lemma 1.2 gives flatness of the enlarged terms as well. ▫\square

Remark 3.3 (what the construction does not prove). Extensions by zero of structure sheaves need not be projective objects in the category of module sheaves. The construction gives a resolution suitable for tensor products, not a K-projective resolution for computing arbitrary Hom functors. Neither an inverse limit of injective truncations nor exactness of products of sheaves was used.



4. Compatible bounded resolutions and factorization

The cycle construction proves the unbounded existence theorem directly. We also prove the stronger compatible bounded-above form used in the Stacks treatment, with every term a direct sum of the flat building blocks BUB_U.

Lemma 4.1 (bounded-above resolutions). If CC vanishes in degrees greater than bb, there is a termwise-surjective quasi-isomorphism E→CE\to C, with EE vanishing above bb and its terms direct sums of BUB_U.

Proof. At degree nn, replace the current term CnC^n by its surjective cover u:L(Cn)→Cnu:L(C^n)\to C^n. Replace degree n−1n-1 by the pullback Cn−1×CnL(Cn)C^{n-1}\times_{C^n}L(C^n), with differential into degree nn its second projection. The next differential is dCud_Cu; the preceding differential sends cc to (dCc,0)(d_Cc,0). These prescriptions have square zero because the old differential had square zero. They give a termwise epimorphic chain map to the old complex; the pullback projection is epic because it is a pullback of uu. Its kernel is ker⁡u\ker u in degrees n−1,nn-1,n, with identity differential, so the replacement is a quasi-isomorphism.

Perform these replacements for n=b,b−1,b−2,…n=b,b-1,b-2,\ldots. A fixed term changes at most twice and is finally a chosen cover L(−)L(-). Define EE, its differential and its map to the original complex by these stabilized components. The finite compositions into any fixed original term are epic. For cohomology in degree rr, the three terms and two differentials in degrees r−1,r,r+1r-1,r,r+1 stabilize after finitely many replacements. At that point the finite composition is a quasi-isomorphism, so the stabilized map is an isomorphism on HrH^r. This proves the result without assuming exact inverse limits. ▫\square

Lemma 4.2 (an explicit extension over a cone). Given a:P→Ha:P\to H and a termwise-surjective quasi-isomorphism u:Q→C(a)u:Q\to C(a), write u(q)=(uHq,uPq)u(q)=(u_Hq,u_Pq), where uP:Qn→Pn+1u_P:Q^n\to P^{n+1}. Define

Nn=Pn⊕Qn,dN(p,q)=(dPp−uPq,dQq),f(p,q)=a(p)+uHq.\begin{gathered}
N^n=P^n\oplus Q^n,\\
d_N(p,q)=(d_Pp-u_Pq,d_Qq),\\
f(p,q)=a(p)+u_Hq.
\end{gathered}
\tag{4.1}
Then P→NP\to N is a degreewise split inclusion, its quotient is QQ, f:N→Hf:N\to H is a termwise-surjective quasi-isomorphism, and f|P=af|_P=a.

Proof. The chain-map equation for uu gives dPuP+uPdQ=0d_Pu_P+u_Pd_Q=0 and dHuH+auP=uHdQd_Hu_H+a u_P=u_Hd_Q. These identities give dN2=0d_N^2=0 and dHf=fdNd_Hf=f d_N by substitution. Surjectivity of uu followed by the graded projection C(a)n→HnC(a)^n\to H^n proves surjectivity of uHu_H, and hence of ff.

Compare the triangle from 0→P→N→Q→00\to P\to N\to Q\to0 with the cone triangle of aa. The maps on P,N,QP,N,Q are respectively 1,f,u1,f,u. The first square commutes strictly. In the second square, uπ−ifu\pi-i f is the homotopy boundary of h(p,q)=(0,−p)h(p,q)=(0,-p) into C(a)n−1C(a)^{n-1}, because

dCh+hdN=(−a(p),uPq)=uπ−if.d_Ch+h d_N=(-a(p),u_Pq)=u\pi-i f.
The boundary of the split extension is −uP:Q→P[1]-u_P:Q\to P[1], since that is its off-diagonal differential, and it equals the negative cone projection composed with uu. Thus all squares commute on cohomology. The outside vertical maps are an identity and a quasi-isomorphism; the long exact cohomology sequences and the Five Lemma prove that ff is a quasi-isomorphism. ▫\square

Proposition 4.3 (compatible bounded-above system). For any complex GG, there are termwise-surjective quasi-isomorphisms En→τ≤nGE_n\to\tau_{\le n}G, for n=1,2,…n=1,2,\ldots, with EnE_n bounded above and all its terms sums of BUB_U. They form a commutative direct system whose transitions are termwise split injections with quotients termwise sums of BUB_U. The induced map 
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\varinjlim E_n\to G is a termwise-surjective quasi-isomorphism from a K-flat complex of flat terms.

Proof. Recall that τ≤nG\tau_{\le n}G agrees with GG below nn, has ker⁡dGn\ker d_G^n at nn, and vanishes above nn. Its inclusions into the next truncation are chain maps, and their union is GG. Lemma 4.1 supplies E1E_1. Suppose En→τ≤nGE_n\to\tau_{\le n}G has been constructed. Compose it into H=τ≤n+1GH=\tau_{\le n+1}G, and take the cone C(a)C(a). This cone is bounded above. Resolve it by a termwise-surjective Q→C(a)Q\to C(a) as in Lemma 4.1 and apply Lemma 4.2. Set En+1=NE_{n+1}=N and its map to HH equal to ff. Its terms are sums of the desired blocks, it is bounded above, and the displayed formula makes the transition square strictly commute. Its graded quotient by EnE_n is QQ, with the required terms.

Exact filtered colimits commute with cohomology, so the union map is a quasi-isomorphism. It is onto in each degree because the truncations exhaust GG. Each EnE_n is K-flat by Lemma 2.3, so their filtered colimit is K-flat. Its terms are flat by Lemma 1.3, or directly from the chosen graded splittings as sums of the flat blocks. ▫\square

Corollary 4.4 (factoring a map from a K-flat complex). If a:P→Ha:P\to H and PP is K-flat, then aa factors through a K-flat N→HN\to H that is a termwise-surjective quasi-isomorphism. If PP has flat terms, NN can have flat terms too.

Proof. Resolve C(a)C(a) by Theorem 3.1 and apply Lemma 4.2. The split exact sequence 0→P→N→Q→00\to P\to N\to Q\to0 makes NN K-flat by Lemma 2.3. Its terms Pn⊕QnP^n\oplus Q^n are flat when the terms of PP are. The factorization is strict in this construction; the corresponding homotopy-category statement therefore follows. ▫\square

Lemma 4.5 (comparison after tensoring). A quasi-isomorphism between K-flat complexes remains a quasi-isomorphism after tensoring with any complex. An acyclic K-flat complex consequently has acyclic tensor with every complex.

Proof. For a complex AA, choose a K-flat resolution F→AF\to A by Theorem 3.1. If P→QP\to Q is a quasi-isomorphism between K-flats, in the tensor square with rows F⊗P→F⊗QF\otimes P\to F\otimes Q and A⊗P→A⊗QA\otimes P\to A\otimes Q, the vertical maps are quasi-isomorphisms by K-flatness of P,QP,Q, and the top map is one by K-flatness of FF. Two out of three forces the bottom map to be one. Apply this with P→0P\to0 for the last assertion. ▫\square



5. Examples and failed shortcuts

K-flat with nonflat terms. The disk D0(ℤ/2)D_0(\mathbb Z/2) is contractible. The contraction used for the disks in Theorem 3.1 makes its tensor with every complex contractible, so it is K-flat. Its nonzero terms are not flat over ℤ\mathbb Z: tensoring the injection 2:ℤ→ℤ2:\mathbb Z\to\mathbb Z gives zero on the nonzero group ℤ/2\mathbb Z/2.

Free terms without K-flatness. Over R=k[ϵ]/(ϵ2)R=k[\epsilon]/(\epsilon^2), let PP have RR in every integer degree and differential ϵ\epsilon. It is acyclic since both kernel and image are ϵR\epsilon R, and its terms are free. Let FF be its left half in degrees at most zero, with augmentation F→k=R/(ϵ)F\to k=R/(\epsilon). Then FF resolves k[0]k[0]: the negative degrees are exact and the degree-zero cokernel is kk. It is K-flat by the bounded-above lemma. Its tensor with the acyclic PP is therefore acyclic. But k⊗Pk\otimes P has one copy of kk in every degree and zero differential. If PP were K-flat, it would carry F→k[0]F\to k[0] to a quasi-isomorphism, which is impossible. More explicitly, the acyclic test C(F→k[0])C(F\to k[0]) has tensor with PP of cohomology kk in every degree, by the cone exact sequence. This displays the test that fails.

Why a general colimit is different. The cokernel of 2:ℤ[0]→ℤ[0]2:\mathbb Z[0]\to\mathbb Z[0] is (ℤ/2)[0](\mathbb Z/2)[0]. Both source and target are K-flat, but the cokernel is not: tensoring the acyclic complex ℤ→2ℤ→ℤ/2\mathbb Z\xrightarrow{2}\mathbb Z\to\mathbb Z/2 in degrees 0,1,20,1,2 gives a complex with zero first differential and nonzero degree-zero cohomology. Thus the word “filtered” in the colimit theorem cannot be dropped.

Local generators need not be projective. On [0,1][0,1] with the constant ring sheaf ℤ\mathbb Z, let j:(0,1)↪[0,1]j:(0,1)\hookrightarrow[0,1]. The sequence 0→j!ℤ→ℤ[0,1]→i*ℤ{0,1}→00\to j_!\mathbb Z\to\mathbb Z_{[0,1]}\to i_*\mathbb Z_{\{0,1\}}\to0 is exact on stalks. Its global-section map in the last two terms is the diagonal ℤ→ℤ2\mathbb Z\to\mathbb Z^2, so it is not onto. Therefore Hom⁡(BX,−)=Γ(X,−)\operatorname{Hom}(B_X,-)=\Gamma(X,-) is not exact and the flat building block BX=𝒪B_X=\mathcal O is not projective. The resolution is suited to tensor products; it supplies no K-projectivity theorem for Hom.



6. Exercises with checked solutions

Exercise 1 (easy: summands). Prove that a direct summand of a flat sheaf is flat, and that a direct summand of a K-flat complex is K-flat.

Solution. Tensor distributes over the finite direct sum defining the splitting. For an injection of test sheaves, injectivity of the direct sum of the two tensor maps forces injectivity of each component. Right exactness gives flatness of each sheaf summand. For complexes, cohomology of a finite direct sum is the direct sum of cohomologies. If tensoring with an acyclic test has acyclic sum, each tensor summand has zero cohomology in every degree. That is K-flatness.

Exercise 2 (medium: the converse stalk test). Why can the stalk K-flatness theorem be proved using a skyscraper complex even when the point is not closed?

Solution. The skyscraper functor in the first lesson is defined on every point: sections are the given stalk module on opens containing the point and zero otherwise. An exact sequence of these modules gives an exact section sequence on every open, hence an exact sheaf sequence. Its stalk at the chosen point is the original module, because every neighbourhood there contributes that module with identity restrictions. No assertion about stalks at other points is needed. For an acyclic stalk complex CC, use x*Cx_*C as the sheaf test, then take its tensor stalk C⊗PxC\otimes P_x. Thus the proof applies without a closed-point assumption.

Exercise 3 (medium: the bound direction). Prove that a bounded-above complex of flat sheaves is K-flat and explain why the same proof does not establish the assertion for a bounded-below complex of flat sheaves.

Solution. A bounded flat complex is built from its individual terms by graded split exact sequences: remove its lowest-degree term as quotient, leaving the higher-degree tail as subcomplex. Lemma 2.3 gives induction on length. If PP is bounded above, the brutal lower truncations P≥mP^{\ge m} are bounded subcomplexes, because the differential raises degree. Their inclusions as mm decreases form a filtered system with union PP, so filtered closure proves the assertion. Brutal upper truncations do not form subcomplexes when the outgoing differential at their top degree is nonzero. Thus the proposed bounded-below analogue lacks the system of inclusions used in this proof; no such analogue is inferred.

Exercise 4 (hard: a two-term Sierpiński example). Let X={η,s}X=\{\eta,s\} have opens ⌀,{η},X\varnothing,\{\eta\},X and constant structure ring ℤ\mathbb Z. Set B=BXB=B_X, E=B{η}E=B_{\{\eta\}}, and let i:E→Bi:E\to B be the canonical inclusion. Let MM have section diagram M(X)=ℤ/2→M({η})=0M(X)=\mathbb Z/2\to M(\{\eta\})=0, and T=jη!(ℤ/2)T=j_{\eta!}(\mathbb Z/2). Construct a bounded-above resolution by sums of B,EB,E of the two-term complex G=(M→0T)G=(M\xrightarrow{0}T) in degrees 0,10,1, and the compatible system of Proposition 4.3 for this GG.

Solution. On this space a module sheaf is exactly its restriction map from XX to {η}\{\eta\}; the only other sheaf condition is on the empty set. Here BB has diagram ℤ→1ℤ\mathbb Z\xrightarrow{1}\mathbb Z, and EE has 0→ℤ0\to\mathbb Z. Define

P−2=E,P−1=E⊕B,P0=B⊕E,P1=E,P^{-2}=E,\quad P^{-1}=E\oplus B,\quad
P^0=B\oplus E,\quad P^1=E,
with zero other terms and differentials

t↦(−2t,i(t)),(a,b)↦(i(a)+2b,0),(b,c)↦2c.t\longmapsto(-2t,i(t)),\qquad
(a,b)\longmapsto(i(a)+2b,0),\qquad
(b,c)\longmapsto2c.
Both adjacent composites vanish. The augmentation reduces the BB coordinate in degree zero onto MM and reduces the degree-one EE onto TT; it is epic on every stalk. At ss, the EE stalks vanish and the complex is ℤ→2ℤ\mathbb Z\xrightarrow{2}\mathbb Z in degrees −1,0-1,0, resolving MsM_s. At η\eta, the first three components contributed by MM are ℤ→ℤ2→ℤ\mathbb Z\to\mathbb Z^2\to\mathbb Z, with maps (−2,1)(-2,1) and (1,2)(1,2). The first map is injective, its image is the kernel of the second, and the second is onto. The remaining EE coordinates give ℤ→2ℤ\mathbb Z\xrightarrow{2}\mathbb Z in degrees 0,10,1, resolving TηT_\eta in degree one. Thus the augmentation is a quasi-isomorphism. Each term is a sum of the required flat blocks, and bounded-above flatness proves K-flatness. Since τ≤nG=G\tau_{\le n}G=G for all n≥1n\ge1, take every En=PE_n=P and every transition the identity. These are split injections with zero quotient, which is the empty sum of flat blocks, and meet all properties of Proposition 4.3.

Exercise 5 (hard: the extension signs). In Lemma 4.2, verify both the chain-map equation for ff and the homotopy in the second triangle square. What breaks if only the sign of uPu_P in dNd_N is reversed?

Solution. The first component of the equation dCu=udQd_Cu=u d_Q is dHuH+auP=uHdQd_Hu_H+a u_P=u_Hd_Q. Therefore

dHf(p,q)=adPp+uHdQq−auPq=fdN(p,q).d_Hf(p,q)=a d_Pp+u_Hd_Qq-a u_Pq=f d_N(p,q).
For h(p,q)=(0,−p)h(p,q)=(0,-p), the two homotopy terms are (−ap,dPp)(-a p,d_Pp) and (0,−dPp+uPq)(0,-d_Pp+u_Pq), whose sum is (−ap,uPq)=uπ−if(-a p,u_Pq)=u\pi-i f. Replacing just the off-diagonal sign gives fdN=adPp+auPq+uHdQqf d_N=a d_Pp+a u_Pq+u_Hd_Qq, which differs from dHfd_Hf by 2auPq2a u_Pq in general. It also reverses the extension boundary without reversing the cone projection. The coherent negative signs in the displayed construction are essential.

The next lesson uses these resolutions to define the derived tensor product and Tor sheaves, proving choice independence from Lemma 4.5 and the localization universal property.

Sources and licensing: Stacks project authors, Modules on Ringed Spaces, flat modules; Cohomology of Sheaves, flat resolutions; and Derived Categories, compatible direct systems. The complete used proofs were read and their short module/cone arguments expanded here. The cycle construction is an expository alternative to the source's compatible bounded resolutions, not a new existence theorem. N. Spaltenstein, Resolutions of unbounded complexes, Compositio Mathematica 65 (1988), 121–154, is available from Numdam. See the combined licence notice and GNU FDL text.





The derived tensor product and Tor sheaves

Written and edited by GPT-6.1 Sol (OpenAI), in Codex at Ultra, October 2026. Mathematically self-checked by the writing AI. Original contributions are CC0; the combined course is distributed under GFDL-1.2-or-later. Full authorship and source attribution appear in the course notice.

Ordinary tensor products preserve quotients, but can lose an injection. For example, tensoring ℤ→2ℤ\mathbb Z\xrightarrow{2}\mathbb Z with ℤ/2\mathbb Z/2 turns an injection into the zero map. A resolution keeps the lost information in negative cohomological degrees. The derived tensor product packages this information without depending on a chosen resolution, and Tor sheaves name its cohomology for two module sheaves.

The prerequisite is Flat modules and K-flat resolutions, Lemmas 1.1–1.3 and 2.1–2.4, Theorem 3.1, Lemmas 3.2 and 4.1, and Lemma 4.5. We also use its earlier prerequisite, Complexes, cones and localization, Theorems 4.2 and 5.1 and Proposition 5.2. In particular, roofs and their common refinements have already been proved, rather than assumed.

Throughout, XX is an arbitrary topological space and 𝒪\mathcal O is a sheaf of commutative unital rings. Complexes are cohomologically indexed and can be unbounded in both directions. Their tensor product means the direct-sum totalization

(A⊗B)n=⨁p+q=nAp⊗𝒪Bq,d(a⊗b)=dAa⊗b+(−1)pa⊗dBb.\begin{aligned}
(A\otimes B)^n&=\bigoplus_{p+q=n}A^p\otimes_{\mathcal O}B^q,\\
d(a\otimes b)&=d_Aa\otimes b\\
&\quad+(-1)^p a\otimes d_Bb .
\end{aligned}
\tag{0.1}
We write K(𝒪)K(\mathcal O) for the homotopy category, D(𝒪)D(\mathcal O) for its localization at quasi-isomorphisms, and QQ for localization. Cone triangles have the convention (f,i,−p)(f,i,-p) of the common reading. No compactness, separation, finite dimension or Noetherian assumption enters the construction.

The construction follows the Stacks project authors’ Cohomology of Sheaves, “Flat resolutions”, especially Tags 06YG, 06YH, 08BP and 08BQ, in the AI Integrated Stacks Project edition. We prove the comparison and coherence maps before defining Tor sheaves. Source attribution and the licence for adapted passages appear in the course notice.


1. The two tensor comparisons

A K-flat complex PP has A⊗PA\otimes P acyclic whenever AA is acyclic. The two variables in a tensor comparison play different roles.

Lemma 1.1 (tensor invariance). If PP is K-flat and u:A→Bu:A\to B is a quasi-isomorphism, then u⊗1Pu\otimes1_P is a quasi-isomorphism. If v:P→P′v:P\to P' is a quasi-isomorphism between K-flat complexes, then 1G⊗v1_G\otimes v is a quasi-isomorphism for every complex GG.

Proof. Lemma 2.1 of the K-flat lesson identifies the tensor of a cone with the cone of the tensored map. When the cone is in the second variable, the shifted summand acquires the factor (−1)|a|(-1)^{|a|}; the graded flip gives the other variable. The cone of uu is acyclic, so its tensor with PP is acyclic. This proves the first assertion.

For the second, choose a K-flat resolution R→GR\to G, using Theorem 3.1 of that lesson. Consider the commuting square

R⊗P→R⊗P′↓↓G⊗P→G⊗P′.\begin{array}{ccc}
R\otimes P&\longrightarrow&R\otimes P'\\
\downarrow&&\downarrow\\
G\otimes P&\longrightarrow&G\otimes P'.
\end{array}
\tag{1.1}
Both vertical maps are quasi-isomorphisms by the first assertion, using respectively PP and P′P'. The top map is one because RR is K-flat, after interchanging the tensor factors. On every cohomology sheaf, three arrows are isomorphisms and the square commutes; the fourth is therefore an isomorphism. This proves the second assertion for arbitrary, possibly unbounded and nonflat, GG. In particular an acyclic K-flat complex tensors acyclicly with every complex, by applying this assertion to its map to zero. ▫\square

The second assertion would be false for an arbitrary quasi-isomorphism in place of vv. For example (ℤ→2ℤ)→ℤ/2[0](\mathbb Z\xrightarrow{2}\mathbb Z)\to\mathbb Z/2[0], in degrees −1,0-1,0, becomes a map from a zero-differential two-term complex to a one-term complex after tensoring with ℤ/2\mathbb Z/2. It loses an isomorphism in degree −1-1. Its target is not K-flat.

Theorem 1.2 (one-variable definition and independence). For a K-flat resolution ϵ:P→F\epsilon:P\to F, the rule G↦G⊗PG\mapsto G\otimes P defines an exact functor

−⊗𝒪𝑳F:D(𝒪)→D(𝒪).-\otimes_{\mathcal O}^{\mathbf L}F:D(\mathcal O)\longrightarrow D(\mathcal O).
\tag{1.2}
The functors from different resolutions have canonical natural comparison isomorphisms satisfying the identity and cocycle laws. If R→GR\to G is K-flat, both arrows in
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G\otimes P\ \longleftarrow\ R\otimes P\ \longrightarrow\ R\otimes F
\tag{1.3}
are quasi-isomorphisms. Thus either variable, or both variables, may be resolved.

Proof. Tensor respects homotopies, shifts and cone triangles by Lemma 2.1 of the K-flat lesson. Lemma 1.1 shows that Q(−⊗P)Q(-\otimes P) inverts quasi-isomorphisms, so the localization universal property, Theorem 4.2 of the common reading, gives (1.2). Theorem 5.1 there identifies distinguished triangles with images of cone triangles; their tensor images are distinguished, so the functor is exact.

For the comparison, first let ϵi:Pi→F\epsilon_i:P_i\to F, i=1,2i=1,2, be termwise-surjective K-flat resolutions. Form the ordinary fibre product of complexes

W=P1×FP2.W=P_1\times_F P_2.
\tag{1.4}
Its projection onto P1P_1 is termwise surjective with kernel ker⁡ϵ2\ker\epsilon_2; similarly for the other projection. Each kernel is acyclic, by the short exact cohomology sequence. Hence both projections are quasi-isomorphisms. Choose a termwise-surjective K-flat resolution T→WT\to W. Its maps ri:T→Pir_i:T\to P_i are quasi-isomorphisms between K-flats. Lemma 1.1 gives a natural comparison c12(G)c_{12}(G) from Q(G⊗P1)Q(G\otimes P_1) to Q(G⊗P2)Q(G\otimes P_2), given by

c12(G)=Q(1⊗r2)Q(1⊗r1)−1.c_{12}(G)=Q(1\otimes r_2)Q(1\otimes r_1)^{-1}.
\tag{1.5}
Two choices T,T′→WT,T'\to W have a common refinement: resolve T×WT′T\times_W T' by a termwise-surjective K-flat complex. The projections are again surjective quasi-isomorphisms. All maps to the PiP_i commute strictly, so after tensoring and inverting the refinement arrows the two formulas (1.5) agree.

For three resolutions, resolve P1×FP2×FP3P_1\times_F P_2\times_F P_3. Its projections to the pairwise products are surjective quasi-isomorphisms, with acyclic kernels. The previous refinement argument allows every pairwise comparison to be computed through this one model. Cancelling the middle invertible arrow proves the cocycle law.

For the identity law put W=P×FPW=P\times_F P. Its diagonal δ:P→W\delta:P\to W is a quasi-isomorphism, because either projection is one and its composite with δ\delta is the identity. Lemma 3.2 of the K-flat lesson enlarges δ\delta to a termwise-surjective K-flat resolution P⊕D→WP\oplus D\to W, with DD contractible. The two maps from this resolution to PP agree after precomposition with P→P⊕DP\to P\oplus D. Tensoring that inclusion with GG gives an invertible derived map by Lemma 1.1. The two tensor maps therefore agree in the derived category, proving the identity law. The maps are natural in GG, first for chain maps and homotopies and then for roofs by localization.

If a chosen resolution is not termwise surjective, Lemma 3.2 of the K-flat lesson enlarges it by a contractible disk complex. Its inclusion into the enlargement is a quasi-isomorphism between K-flats over FF. Lemma 1.1 supplies the comparison to the enlargement. Here is compatibility for two enlargements E1,E2E_1,E_2 of PP. The inclusions give b:P→W=E1×FE2b:P\to W=E_1\times_F E_2; it is a quasi-isomorphism because W→E1W\to E_1 and P→E1P\to E_1 are. Resolve WW by a surjective T→WT\to W. The projection T×WP→PT\times_W P\to P is a surjective quasi-isomorphism, with kernel ker⁡(T→W)\ker(T\to W). Its other projection to TT is a quasi-isomorphism by two out of three after composing into WW. Resolve this fibre product by a K-flat complex. Its commuting maps to P,T,E1,E2P,T,E_1,E_2, all quasi-isomorphisms between K-flats, show after tensoring that the comparison of the enlargements intertwines their inclusions from PP. This proves independence of the enlargement.

Finally the left arrow of (1.3) is a quasi-isomorphism because PP is K-flat; the right one is a quasi-isomorphism because RR is K-flat. This proves balancing. ▫\square



2. Morphisms, associativity and symmetry

Choosing resolutions of objects does not by itself define the action on morphisms. We now justify that action and its compatibility with every comparison above.

Lemma 2.1 (localizing the K-flat models). Let 
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K_{\rm fl}(\mathcal O) be the full subcategory of K(𝒪)K(\mathcal O) on K-flat complexes, and let 
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S_{\rm fl} consist of its quasi-isomorphisms. The inclusion induces an equivalence
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K_{\rm fl}(\mathcal O)[S_{\rm fl}^{-1}]
\ \simeq\ D(\mathcal O).
\tag{2.1}
Proof. Lemma 2.4 of the K-flat lesson shows that this full subcategory contains zero and is closed under shifts, finite sums and cones. All fraction squares and cancellation constructions in Lemma 4.1 of the common reading use these operations. When their starting objects are K-flat, their new cone or shifted cone is therefore K-flat. Consequently the roof construction and equivalence by common refinements in Theorem 4.2 there apply within 
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K_{\rm fl}.

Every object of D(𝒪)D(\mathcal O) is isomorphic to a K-flat resolution, proving essential surjectivity. A roof P←Z→RP\leftarrow Z\to R in the ambient homotopy category, with P,RP,R K-flat, can be refined by a K-flat resolution T→ZT\to Z. The composite T→PT\to P is a quasi-isomorphism. Thus it has a roof entirely in 
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K_{\rm fl}, proving fullness. If two such roofs are equal in D(𝒪)D(\mathcal O), Theorem 4.2 supplies a common refinement, possibly with a nonflat middle complex ZZ. Resolve that ZZ by a K-flat TT. The composites are a common refinement within 
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K_{\rm fl}, proving faithfulness. These operations use homotopy classes of maps; strict equality of arbitrary resolution lifts is not assumed. ▫\square

Theorem 2.2 (the tensor bifunctor). There is a bifunctor

⊗𝒪𝑳:D(𝒪)×D(𝒪)→D(𝒪)\otimes_{\mathcal O}^{\mathbf L}:
D(\mathcal O)\times D(\mathcal O)\longrightarrow D(\mathcal O)
\tag{2.2}
exact in each variable, whose value is represented by P⊗RP\otimes R for K-flat models of its two arguments. It has canonical associativity, symmetry and unit isomorphisms, and commutes with restriction to any open subset.

Proof. On 
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K_{\rm fl}\times K_{\rm fl} use ordinary total tensor. It respects homotopies and sends a quasi-isomorphism in either variable to one by Lemma 1.1. Localize successively in each variable. To check that the two resulting morphism actions commute, first note that f⊗1f\otimes1 and 1⊗g1\otimes g commute for chain maps of degree zero. They therefore commute with inverse denominators too: invert either side of the commuting square. A general roof is a numerator followed by an inverse denominator. This proves the commuting rule for all pairs of roofs and defines a bifunctor on the two localizations. Lemma 2.1 transfers it to D(𝒪)×D(𝒪)D(\mathcal O)\times D(\mathcal O).

Cones of maps between K-flats are K-flat. Cone squares and tensor shift comparisons thus prove exactness on their localization. More explicitly, any roof between K-flats can be written Qf(Qs)−1Qf\,(Qs)^{-1} with the middle object K-flat; its cone triangle is isomorphic to the image of the cone triangle of ff. Tensor preserves the latter, so it preserves the former. Theorem 1.2 identifies this bifunctor with the one-variable construction, including its resolution comparisons.

For three K-flat models P,R,TP,R,T, the ordinary association map is

(P⊗R)⊗T→P⊗(R⊗T),(p⊗r)⊗t↦p⊗(r⊗t).\begin{gathered}
(P\otimes R)\otimes T\longrightarrow P\otimes(R\otimes T),\\
(p\otimes r)\otimes t\longmapsto p\otimes(r\otimes t).
\end{gathered}
\tag{2.3}
Its inverse removes the parentheses. Both totalizations have the same direct sum indexed by i+j+k=ni+j+k=n. Their differentials on an elementary tensor have the three terms with signs 1,(−1)i,(−1)i+j1,(-1)^i,(-1)^{i+j}, so (2.3) is a chain isomorphism. The tensor product of two K-flats is K-flat by Lemma 2.4 of the previous lesson. Thus the left and right sides compute the two iterated derived products. Naturality for chain maps extends to roofs and inverse denominators as above, proving a natural derived associativity isomorphism.

For |p|=i|p|=i and |r|=j|r|=j, symmetry is represented by

cP,R(p⊗r)=(−1)ijr⊗p.c_{P,R}(p\otimes r)=(-1)^{ij}r\otimes p.
\tag{2.4}
For the dPpd_Pp term the two routes have sign exponents (i+1)j(i+1)j and ij+jij+j; for the dRrd_Rr term they have exponents i+i(j+1)i+i(j+1) and ijij, equal modulo two. This checks the chain-map equation. Its square has sign (−1)2ij=1(-1)^{2ij}=1, giving its inverse. The unit is 𝒪[0]\mathcal O[0], which is K-flat; the usual multiplication P⊗𝒪→PP\otimes\mathcal O\to P is a chain isomorphism.

These identifications are coherent. For four factors every path around the associativity pentagon sends a tensor to the same tensor with the final parentheses. The unit triangle does the same after multiplying by the degree-zero scalar. In the symmetry hexagon, moving a degree-ii tensor past degrees j,kj,k gives either i(j+k)i(j+k) or ij+ikij+ik; the signs agree. These are equalities of chain maps, hence of derived maps. Naturality and (2.1) imply that replacing any model preserves these equalities.

Finally, restriction j*j^* to an open UU is exact and commutes with tensor and direct sums, by the stalk and sheafification formulas of the first lesson. It preserves K-flatness by Lemma 2.2 of the K-flat lesson. Restricting resolutions P→FP\to F, R→GR\to G therefore gives resolutions on UU, and the ordinary tensor identification gives

(F⊗𝒪𝑳G)|U≅F|U⊗𝒪U𝑳G|U.(F\otimes_{\mathcal O}^{\mathbf L}G)|_U
\cong F|_U\otimes_{\mathcal O_U}^{\mathbf L}G|_U.
\tag{2.5}
On local elementary tensors this is the identity, so it commutes with the association, symmetry and unit maps and with all roof comparisons. ▫\square

The tensor sign in (2.4) concerns the degrees of the tensors. A morphism in the homotopy or derived category has degree zero, so no additional sign is inserted when composing the two morphism actions. Shifts carry the signed identifications already checked in Lemma 2.1 of the K-flat lesson.



3. Tor sheaves and the flatness criterion

For module sheaves F,GF,G, viewed in degree zero, and integers p≥0p\ge0, define

Tor⁡p𝒪(F,G)=H−p(F⊗𝒪𝑳G).\operatorname{Tor}^{\mathcal O}_p(F,G)
=H^{-p}(F\otimes_{\mathcal O}^{\mathbf L}G).
\tag{3.1}
They are sheaves of 𝒪\mathcal O-modules and are functorial in both arguments. The cohomological minus sign is essential: ordinary projective or flat resolutions have their resolving terms in nonpositive degrees.

Proposition 3.1 (degree zero and stalks). There is a natural identification Tor⁡0(F,G)=F⊗G\operatorname{Tor}_0(F,G)=F\otimes G. The derived tensor of two sheaves has no positive cohomology. Moreover

Tor⁡p𝒪(F,G)x≅Tor⁡p𝒪x(Fx,Gx).\operatorname{Tor}^{\mathcal O}_p(F,G)_x
\cong\operatorname{Tor}^{\mathcal O_x}_p(F_x,G_x).
\tag{3.2}
Proof. Lemma 4.1 of the K-flat lesson supplies a resolution P→F[0]P\to F[0] by flat terms, with Pn=0P^n=0 for n>0n>0. It is K-flat by Lemma 2.3 there. Its degree-zero cohomology is FF, so coker⁡(dP−1)=F\operatorname{coker}(d_P^{-1})=F. Tensoring this presentation with GG is right exact and gives

H0(P⊗G)=coker⁡(dP−1⊗1G)=F⊗G.H^0(P\otimes G)
=\operatorname{coker}(d_P^{-1}\otimes1_G)=F\otimes G.
The tensor has no positive terms, hence no positive cohomology. The augmentation induces the displayed degree-zero identification; naturality follows either by the roof construction or by the uniqueness of the degree-zero quotient map.

Stalks are exact and commute with tensor and direct sums, by Theorems 2.1 and 3.1 of the first lesson and Lemma 1.2 of the K-flat lesson. Hence (P⊗G)x=Px⊗𝒪xGx(P\otimes G)_x=P_x\otimes_{\mathcal O_x}G_x and taking stalks commutes with cohomology. Lemma 2.2 of that lesson says PxP_x is K-flat, and its map to FxF_x is a quasi-isomorphism. It therefore computes the tensor over the stalk ring, proving (3.2). ▫\square

Proposition 3.2 (long exact Tor sequence). A short exact sequence 0→F1→F2→F3→00\to F_1\to F_2\to F_3\to0 gives a natural long exact sequence

⋯→Tor⁡p(F1,G)→Tor⁡p(F2,G)→Tor⁡p(F3,G)→Tor⁡p−1(F1,G)→⋯→Tor⁡1(F3,G)→F1⊗G→F2⊗G→F3⊗G→0.\begin{gathered}
\cdots\longrightarrow\operatorname{Tor}_p(F_1,G)\\
\to\operatorname{Tor}_p(F_2,G)
\to\operatorname{Tor}_p(F_3,G)\\
\longrightarrow\operatorname{Tor}_{p-1}(F_1,G)
\longrightarrow\cdots\\
\longrightarrow\operatorname{Tor}_1(F_3,G)
\longrightarrow F_1\otimes G\\
\longrightarrow F_2\otimes G
\longrightarrow F_3\otimes G\longrightarrow0.
\end{gathered}
\tag{3.3}
There is the analogous sequence in the second variable.

Proof. Proposition 5.2 of the common reading turns the short exact sequence into a distinguished triangle. The exact tensor functor of Theorem 2.2 gives a distinguished triangle after tensoring with GG. Its long exact cohomology sequence exists by Theorem 5.1 of that reading. Replace H−pH^{-p} by (3.1) and H0H^0 by Proposition 3.1; the subsequent positive cohomology is zero. The connecting map is the usual connecting cohomology map with the cone sign convention fixed above. The construction is natural for maps of short exact sequences. Symmetry gives the second-variable assertion. ▫\square

Theorem 3.3 (Tor detects flatness). For a module sheaf FF, the following are equivalent:


	FF is flat.

	Tor⁡1(F,G)=0\operatorname{Tor}_1(F,G)=0 for every module sheaf GG.

	Tor⁡p(F,G)=0\operatorname{Tor}_p(F,G)=0 for every p>0p>0 and every module sheaf GG.



Proof. If FF is flat, F[0]F[0] is K-flat by Lemma 2.3 of the preceding lesson. The one-variable construction therefore computes F⊗𝑳GF\otimes^{\mathbf L}G as the ordinary sheaf F⊗GF\otimes G in degree zero. This proves 1⇒3⇒21\Rightarrow3\Rightarrow2.

For 2⇒12\Rightarrow1, take any injection G→HG\to H, with cokernel CC. The second-variable version of (3.3) contains

Tor⁡1(F,C)→F⊗G→F⊗H.\operatorname{Tor}_1(F,C)\longrightarrow F\otimes G
\longrightarrow F\otimes H.
The left sheaf is zero, so the right arrow is injective. Tensor is already right exact, so it is exact and FF is flat. This proves all implications without a finiteness assumption. ▫\square

The quantifier “every GG” cannot be replaced by the single test G=FG=F. The continuous-function example below makes this failure explicit.


Quotients by ideals

Lemma 3.4. For ideals I,JI,J in a commutative ring RR,

Tor⁡0R(R/I,R/J)=R/(I+J),Tor⁡1R(R/I,R/J)=(I∩J)/(IJ).\begin{gathered}
\operatorname{Tor}_0^R(R/I,R/J)\\
{}=R/(I+J),\\
\operatorname{Tor}_1^R(R/I,R/J)\\
{}=(I\cap J)/(IJ).
\end{gathered}
\tag{3.4}
For p≥2p\ge2, Tor⁡pR(R/I,R/J)≅Tor⁡p−1R(I,R/J)\operatorname{Tor}_p^R(R/I,R/J)\cong
\operatorname{Tor}_{p-1}^R(I,R/J). The same assertions hold for ideal sheaves, with intersections, sums and products taken as sheaf ideals.

Proof. Apply (3.3) to 0→I→R→R/I→00\to I\to R\to R/I\to0, with second factor R/JR/J. Flatness of RR annihilates all its positive Tor. The resulting first segment is

0→Tor⁡1(R/I,R/J)→I⊗RR/J→R/J→(R/I)⊗RR/J→0.\begin{gathered}
0\longrightarrow\operatorname{Tor}_1(R/I,R/J)
\longrightarrow I\otimes_R R/J
\\
\longrightarrow R/J
\longrightarrow (R/I)\otimes_R R/J\longrightarrow0.
\end{gathered}
The presentation of tensor by balancing relations identifies I⊗RR/JI\otimes_R R/J with I/IJI/IJ: the map sends i⊗(r+J)i\otimes(r+J) to ri+IJri+IJ, and its inverse sends i+IJi+IJ to i⊗1i\otimes1. The kernel of I/IJ→R/JI/IJ\to R/J is (I∩J)/IJ(I\cap J)/IJ, and the cokernel is R/(I+J)R/(I+J). The remaining exact segments give the dimension-shifting assertion. For sheaf ideals perform these calculations on every stalk; stalks preserve the relevant kernels and images, including ideal products, so they give the stated sheaf identities. ▫\square

Formula (3.4) computes only the first two groups without extra information on II. The higher groups require a resolution or the displayed dimension shift. Exercise 1 supplies a complete all-degree computation for two integer ideals.




4. Two geometric calculations


Skyscrapers on a smooth one-dimensional local model

Take X=ℝX=\mathbb R with 𝒪\mathcal O the sheaf of real analytic functions, and let ka=a*ℝk_a=a_*\mathbb R, with the action given by evaluation at aa. Multiplication by t−at-a gives an exact sequence

0→𝒪→t−a𝒪→ka→0.0\longrightarrow\mathcal O
\xrightarrow{\ t-a\ }\mathcal O
\longrightarrow k_a\longrightarrow0.
\tag{4.1}
Here is a stalk proof. At b≠ab\ne a, the germ t−at-a is invertible. At aa, a germ of an analytic function has a convergent power series in t−at-a. Vanishing at aa means its constant coefficient is zero, so dividing by t−at-a shifts that series and gives another convergent series on a smaller interval. Conversely every such multiple vanishes at aa. Multiplication is injective because a continuous function with (t−a)f(t)=0(t-a)f(t)=0 vanishes away from aa and hence also at aa. Evaluation is surjective on germs, by constants. The first lesson's stalk criterion proves (4.1).

The two 𝒪\mathcal O terms give a bounded flat, hence K-flat, resolution in degrees −1,0-1,0. For the same point aa, tensoring it with kak_a makes its differential zero. Therefore

Tor⁡0(ka,ka)=ka,Tor⁡1(ka,ka)=ka,Tor⁡p(ka,ka)=0(p≥2).\begin{gathered}
\operatorname{Tor}_0(k_a,k_a)=k_a,\\
\operatorname{Tor}_1(k_a,k_a)=k_a,\\
\operatorname{Tor}_p(k_a,k_a)=0\quad(p\ge2).
\end{gathered}
\tag{4.2}
For a≠ba\ne b, tensoring (4.1) with kbk_b makes the differential multiplication by the nonzero real number b−ab-a, an isomorphism. All Tor sheaves are then zero. The nonzero degree-one sheaf at a coincident point records the kernel lost by ordinary tensor; its location is visible directly from the stalk computation.



Continuous functions and two axes in the plane

Now let X=ℝ2X=\mathbb R^2 and 𝒪\mathcal O be the sheaf of real-valued continuous functions. Set Z={y=0}Z=\{y=0\}, Z′={x=0}Z'=\{x=0\}, and write IZ,IZ′I_Z,I_{Z'} for the sheaf ideals of functions vanishing on these subsets. Define

𝒪Z=𝒪/IZ,𝒪Z′=𝒪/IZ′.\mathcal O_Z=\mathcal O/I_Z,\qquad
\mathcal O_{Z'}=\mathcal O/I_{Z'}.
These are the continuous-function sheaves along the axes, extended to XX: a continuous function on an axis extends locally by projection onto that axis, proving surjectivity of the restriction map on germs. Its kernel is precisely the indicated vanishing ideal.

For these ideals

IZ∩IZ′=IZIZ′.I_Z\cap I_{Z'}=I_ZI_{Z'}.
\tag{4.3}
Indeed, for a real continuous function ff vanishing on both axes, put h=|f|h=\sqrt{|f|} and define g=f/|f|g=f/\sqrt{|f|} where f≠0f\ne0, with g=0g=0 on its zero set. Both functions are continuous: at the zero set their absolute values are |f|\sqrt{|f|}, which tends to zero. Both vanish on each axis and f=ghf=gh. This proves inclusion into the product on every germ; the reverse inclusion follows from vanishing. Lemma 3.4 gives

Tor⁡1(𝒪Z,𝒪Z′)=0.\operatorname{Tor}_1(\mathcal O_Z,\mathcal O_{Z'})=0.
\tag{4.4}
The ordinary tensor is the real skyscraper at the origin. Outside the origin at least one quotient has zero stalk. At the origin the sum of the two ideals is the maximal ideal of germs vanishing there. To prove this last assertion, decompose such a germ ff as

f=x2fx2+y2+y2fx2+y2,f=\frac{x^2f}{x^2+y^2}+\frac{y^2f}{x^2+y^2},
\tag{4.5}
with both terms defined to be zero at the origin. Their absolute values are bounded by |f||f|, so they are continuous there. The first vanishes on Z′Z', and the second on ZZ. Thus 𝒪/(IZ+IZ′)=0*ℝ\mathcal O/(I_Z+I_{Z'})=0_*\mathbb R, including its evaluation action. Equations (4.4) and (4.5) compute degree one and degree zero for the required closed-subset example.

This behaviour of first Tor does not imply flatness. Let R=𝒪0R=\mathcal O_0, 𝔪\mathfrak m its evaluation kernel, and k=R/𝔪=ℝk=R/\mathfrak m=\mathbb R. The same square-root factorization gives 𝔪=𝔪2\mathfrak m=\mathfrak m^2, so Tor⁡1R(k,k)=0\operatorname{Tor}_1^R(k,k)=0. But multiplication by the coordinate xx is injective on RR: a continuous germ annihilated by xx vanishes on the dense complement of the vertical axis and therefore everywhere on a neighbourhood. The two-term free resolution of R/(x)R/(x) tensors with kk to a zero-differential complex, giving

Tor⁡1R(k,R/(x))=k≠0.\operatorname{Tor}_1^R(k,R/(x))=k\ne0.
\tag{4.6}
Thus kk is nonflat by Theorem 3.3. Notice that IZ′,0≠(x)I_{Z',0}\ne(x): the continuous germ |x|\sqrt{|x|} vanishes on the vertical axis, but cannot be divided by xx continuously at the origin. In the analytic curve calculation division by its parameter was possible. The ideals in these examples must therefore be calculated in their actual function rings.



Bounded inputs with an unbounded answer

On a one-point space put R=k[ε]/(ε2)R=k[\varepsilon]/(\varepsilon^2) and view k=R/(ε)k=R/(\varepsilon) in degree zero. The resolution
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\cdots\xrightarrow{\varepsilon}R
\xrightarrow{\varepsilon}R
\xrightarrow{\varepsilon}R\longrightarrow k
\tag{4.7}
has its last RR in degree zero. In each negative degree the kernel and image of multiplication by ε\varepsilon are the same ideal (ε)(\varepsilon), and the degree-zero cokernel is kk. It is a bounded-above free resolution, hence K-flat. Tensoring with kk kills every differential, so Tor⁡pR(k,k)=k\operatorname{Tor}_p^R(k,k)=k for every p≥0p\ge0. Even two sheaves in degree zero can therefore have derived tensor with infinitely many negative cohomology sheaves. The perfect-complex lesson later proves the finite bounds furnished by a finite locally free model.




5. Exercises with checked solutions

Exercise 1 (easy: ideals on a one-point space). Let RR be a commutative ring and I,JI,J ideals. Derive formulas for Tor in degrees zero and one. Then compute every Tor⁡pℤ(ℤ/m,ℤ/n)\operatorname{Tor}_p^{\mathbb Z}(\mathbb Z/m,\mathbb Z/n), for positive integers m,n≥2m,n\ge2. Explain why the first formulas alone do not determine all higher groups for arbitrary ideals.

Solution. Tensor 0→I→R→R/I→00\to I\to R\to R/I\to0 with R/JR/J in the derived sense. The vanishing of positive Tor against RR embeds first Tor as the kernel of I/IJ→R/JI/IJ\to R/J. This kernel is (I∩J)/IJ(I\cap J)/IJ, and the cokernel is R/(I+J)R/(I+J). The next segments identify higher Tor with Tor⁡p−1(I,R/J)\operatorname{Tor}_{p-1}(I,R/J), which need not vanish.

For ℤ/m\mathbb Z/m, use the injective multiplication map in the free resolution ℤ→mℤ\mathbb Z\xrightarrow{m}\mathbb Z, in degrees −1,0-1,0. Tensor with ℤ/n\mathbb Z/n. Put d=gcd⁡(m,n)d=\gcd(m,n). Its cokernel is ℤ/d\mathbb Z/d, and its kernel consists of the multiples of n/dn/d modulo nn, also a cyclic group of order dd. Thus

Tor⁡pℤ(ℤ/m,ℤ/n)={ℤ/d,p=0,1,0,p≥2.\operatorname{Tor}^{\mathbb Z}_p(\mathbb Z/m,\mathbb Z/n)
=
\begin{cases}
\mathbb Z/d,&p=0,1,\\
0,&p\ge2.
\end{cases}
The first-degree ideal formula agrees: I∩J=lcm⁡(m,n)ℤI\cap J=\operatorname{lcm}(m,n)\mathbb Z and IJ=mnℤIJ=mn\mathbb Z. In contrast, for the dual-number ring in (4.7), the ideals I=J=(ε)I=J=(\varepsilon) have all positive Tor equal to kk, by that explicit free resolution. Thus the higher-degree answer needs information about the actual ideal or resolution.

Exercise 2 (medium: associativity with changed models). Let P,R,TP,R,T resolve F,G,HF,G,H. Prove the derived associativity isomorphism, including independence when a different K-flat model V→P⊗RV\to P\otimes R is used for the intermediate object. Check the symmetry hexagon on tensors of degrees 1,1,−11,1,-1.

Solution. The product P⊗RP\otimes R is K-flat, so (P⊗R)⊗T(P\otimes R)\otimes T computes the left-associated product without another resolution. The right-associated product is computed by P⊗(R⊗T)P\otimes(R\otimes T). Their summands are indexed by the same triples, and their differential terms have signs 1,(−1)i,(−1)i+j1,(-1)^i,(-1)^{i+j}. Reassociation is therefore a chain isomorphism with no extra sign.

The map V→P⊗RV\to P\otimes R is a quasi-isomorphism between K-flats. Lemma 1.1 makes V⊗T→(P⊗R)⊗TV\otimes T\to(P\otimes R)\otimes T a quasi-isomorphism. Its composite with reassociation gives the comparison from this alternative intermediate model. For two such choices, resolve their termwise-surjective enlargements' fibre product; the resulting comparisons agree by Theorem 1.2. Changing the individual P,R,TP,R,T is handled by the same comparison and the naturality of the ordinary association map. Consequently the isomorphism belongs to the derived objects, rather than to the displayed choice alone.

For the stated degrees, moving the degree-one factor across the combined block has sign (−1)1(1−1)=1(-1)^{1(1-1)}=1. Moving it successively past the two odd-degree factors gives (−1)1⋅1(−1)1⋅(−1)=(−1)(−1)=1(-1)^{1\cdot1}(-1)^{1\cdot(-1)}=(-1)(-1)=1. This checks that instance of the hexagon; the calculation i(j+k)=ij+iki(j+k)=ij+ik proves every instance.

Exercise 3 (medium: which Tor tests suffice?). Prove Theorem 3.3 from the derived construction. Show also that it is enough to test Tor⁡1(F,x*N)=0\operatorname{Tor}_1(F,x_*N)=0 for every point xx and every 𝒪x\mathcal O_x-module NN. Explain the role of “every” using the continuous germ ring at the origin.

Solution. A flat FF in degree zero is K-flat, so its ordinary tensor with G[0]G[0] already computes the derived tensor and has no negative cohomology. Thus flatness implies all positive Tor vanish, which implies first Tor vanishes. Conversely, the exact sequence for an injection G→HG\to H has Tor⁡1(F,coker⁡(G→H))\operatorname{Tor}_1(F,\operatorname{coker}(G\to H)) immediately before F⊗G→F⊗HF\otimes G\to F\otimes H. Vanishing of this first Tor makes that map injective. Right exactness then proves flatness.

For the point tests, take the stalk at xx. Proposition 3.1 and (x*N)x=N(x_*N)_x=N, from Lemma 5.2 of the first lesson, give Tor⁡1𝒪x(Fx,N)=0\operatorname{Tor}_1^{\mathcal O_x}(F_x,N)=0. For any injection of stalk-ring modules apply the same Tor exact sequence, proving that FxF_x is flat. The stalk criterion, Lemma 1.2 of the K-flat lesson, proves FF flat.

In the continuous germ ring RR, the residue kk has Tor⁡1(k,k)=𝔪/𝔪2=0\operatorname{Tor}_1(k,k)=\mathfrak m/\mathfrak m^2=0, but Tor⁡1(k,R/(x))=k\operatorname{Tor}_1(k,R/(x))=k. This particular additional test detects the failure. Testing against the residue itself therefore does not replace testing against all modules.

Exercise 4 (hard: only one resolution for an unbounded input). Over ℤ\mathbb Z, let F=ℤ/2[0]F=\mathbb Z/2[0], and let GG have ℤ/2\mathbb Z/2 in every integer degree with zero differentials. Compute G⊗𝑳FG\otimes^{\mathbf L}F by resolving only FF. Prove in general that the resulting one-resolution answer agrees with resolving both variables. Compare it with the ordinary tensor.

Solution. Use P=(ℤ→2ℤ)P=(\mathbb Z\xrightarrow{2}\mathbb Z) in degrees −1,0-1,0, with its augmentation to FF. This is a bounded free, hence K-flat, resolution. In total degree nn, G⊗PG\otimes P has two summands, Gn⊗P0G^n\otimes P^0 and Gn+1⊗P−1G^{n+1}\otimes P^{-1}. Both are ℤ/2\mathbb Z/2. The GG differential is zero, and the contribution of 22 on PP is zero after tensoring; the total differential is therefore zero. Hence

Hn(G⊗𝑳F)=(ℤ/2)⊕(ℤ/2),for every n∈ℤ.\begin{gathered}
H^n(G\otimes^{\mathbf L}F)
=(\mathbb Z/2)\oplus(\mathbb Z/2),\\
\text{for every }n\in\mathbb Z.
\end{gathered}
No resolution of GG was needed for this computation. To verify agreement in general, choose any K-flat R→GR\to G. The map R⊗P→G⊗PR\otimes P\to G\otimes P is a quasi-isomorphism by K-flatness of PP, and R⊗P→R⊗FR\otimes P\to R\otimes F is a quasi-isomorphism by K-flatness of RR. This gives (1.3) with no boundedness assumption. If PP is replaced by another K-flat resolution, the common-refinement comparison in Theorem 1.2 makes the resulting isomorphisms agree naturally.

The ordinary tensor G⊗FG\otimes F has only one ℤ/2\mathbb Z/2 in each degree. The augmentation map G⊗P→G⊗FG\otimes P\to G\otimes F is the projection to the P0P^0 summand, so it is not a quasi-isomorphism. The target FF is not K-flat; it cannot serve as the target K-flat model in the second assertion of Lemma 1.1.

Exercise 5 (medium: where can tensor cohomology occur?). For complexes A,BA,B, put Σ(A)={x:Hn(A)x≠0 for some n}\Sigma(A)=\{x:H^n(A)_x\ne0\text{ for some }n\}. Prove

Σ(A⊗𝑳B)⊂Σ(A)∩Σ(B).\Sigma(A\otimes^{\mathbf L}B)\subset\Sigma(A)\cap\Sigma(B).
Use this to compute the derived tensor of sheaves supported at two distinct points of a Hausdorff space.

Solution. Choose K-flat resolutions P→AP\to A, R→BR\to B. At a point outside Σ(A)\Sigma(A), the stalk AxA_x is acyclic, so PxP_x is an acyclic K-flat complex. Lemma 1.1 says that its tensor with every complex, in particular RxR_x, is acyclic. Since stalks commute with total tensor and cohomology, all stalk cohomology of P⊗RP\otimes R vanishes there. The same argument applies outside Σ(B)\Sigma(B), proving the inclusion.

For a sheaf supported at one point the only possibly nonzero cohomology stalk is at that point. If the two points are distinct the two sets are disjoint, so every cohomology stalk of the derived tensor is zero. Exactness detection by stalks makes the product zero in the derived category. On a Hausdorff space ordinary skyscrapers have precisely this stalk support: a different point has a neighbourhood avoiding the chosen point. This recovers the distinct-point part of the curve example without its parameter resolution.

The next lesson applies K-flat models to pullback and K-injective models to pushforward, and proves their derived adjunction. The tensor bifunctor and its comparisons established here will make the pullback's compatibility with tensor natural.

Sources and licensing: the tensor-invariance and construction arguments of Lemma 1.1 and Theorem 1.2 are taken from the Stacks project, tags 06YA, 06YG and 06YH, in its AI Integrated Stacks Project edition (GFDL), checked and edited by GPT-6.1 Sol (OpenAI), at Ultra, with the full fibre-product comparison included. The Tor definition and flatness proof are taken from the Stacks project, tags 08BP and 08BQ, in that edition (GFDL), checked and edited by the same writing AI; the explicit K-flat computation is given above. The pinned complete source passage and its preceding comparison lemmas were read. The localization, coherence, geometric calculations and exercises are expanded here with their actual conditions. See the combined licence notice and GNU FDL text.





Derived pullback and pushforward

Written and edited by GPT-6.1 Sol (OpenAI), in Codex at Ultra, October 2026. Mathematically self-checked by the writing AI. Original contributions are CC0; the combined course is distributed under GFDL-1.2-or-later. Full authorship and source attribution appear in the course notice.

Pullback changes both the space and the coefficient ring. Pushforward collects sections over inverse images of opens. Their ordinary adjunction survives passage to derived categories, but proving this requires two different resolutions. A K-flat model controls the tensor in pullback, and a K-injective model controls pushforward. The proof must also work when pushforward of that K-injective model is not itself K-injective.

The prerequisites are The derived tensor product and Tor sheaves, Lemma 1.1, Theorem 1.2, Lemma 2.1 and Theorem 2.2, and K-injective resolutions in Grothendieck categories, Theorems 4.1 and 5.1 and Proposition 5.2. Their earlier prerequisites supply the chain-level adjunction (first lesson, Theorem 4.4), the open-extension adjunction (Lemma 5.1 there), maps into K-injectives (bounded-derived lesson, Theorem 3.3), and roof cancellation (common reading, Theorem 4.2). For the spectral-sequence exercise we use the lower-bound preservation in Theorem 4.1 of the bounded-derived lesson.

Unless explicitly stated otherwise, all structure sheaves are commutative and unital, and all derived categories are unbounded. Let f:(X,𝒪X)→(Y,𝒪Y)f:(X,\mathcal O_X)\to(Y,\mathcal O_Y) be a morphism of ringed spaces. Write

f*G=𝒪X⊗f−1𝒪Yf−1G.f^*G=\mathcal O_X\otimes_{f^{-1}\mathcal O_Y}f^{-1}G.
\tag{0.1}
We retain cohomological indexing, direct-sum tensor totalization and the common reading's negative cone-projection convention. These results require no separation, Noetherian, compactness or finite homological-dimension hypothesis.

The construction sources are the Stacks project authors’ Cohomology of Sheaves, “Derived pullback”, “Cohomology of unbounded complexes” and “Some properties of K-injective complexes”, in the AI Integrated Stacks Project edition. The proofs use resolutions, roofs and adjunction to establish the comparison maps with their actual coefficient hypotheses. Source attribution and the licence for adapted passages appear in the course notice.


1. Derived pullback on K-flat models

Theorem 1.1. Choosing a K-flat resolution P→GP\to G and setting
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Lf^*G=f^*P
\tag{1.1}
defines a well-defined exact functor Lf*:D(𝒪Y)→D(𝒪X)Lf^*:D(\mathcal O_Y)\to D(\mathcal O_X). It carries K-flat models to K-flat models. For composable f:X→Yf:X\to Y, g:Y→Zg:Y\to Z, there are canonical natural isomorphisms

Lf*Lg*G≅L(gf)*G.Lf^*Lg^*G\cong L(gf)^*G.
\tag{1.2}
Proof. Pullback preserves K-flatness by Lemma 2.2 of the K-flat lesson. It also preserves quasi-isomorphisms between K-flats. Indeed, at xx their pullback map is

𝒪X,x⊗𝒪Y,f(x)Pf(x)→𝒪X,x⊗𝒪Y,f(x)Pf(x)′.\mathcal O_{X,x}\otimes_{\mathcal O_{Y,f(x)}}P_{f(x)}
\longrightarrow
\mathcal O_{X,x}\otimes_{\mathcal O_{Y,f(x)}}P'_{f(x)}.
The stalk models are K-flat; Lemma 1.1 of the tensor lesson applies to their quasi-isomorphism and the possibly nonflat module 𝒪X,x\mathcal O_{X,x}. Thus this map is a quasi-isomorphism on every stalk. Pullback is additive, so it preserves homotopies, shifts and cones. Lemma 2.1 of the tensor lesson identifies the localization of K-flat models with the full derived category. Localizing pullback on those models gives the claimed exact functor and canonical comparisons for all choices and roofs.

Choose PP K-flat on ZZ. Then g*Pg^*P is K-flat on YY, so the iterated derived pullback is computed by f*g*Pf^*g^*P. Ordinary pullback composition identifies this with (gf)*P(gf)^*P. On stalks its scalar-extension map has the formula

s⊗(t⊗p)↦sf♯(t)⊗p,s⊗p↦s⊗(1⊗p).\begin{gathered}
s\otimes(t\otimes p)\longmapsto s f^\sharp(t)\otimes p,\\
s\otimes p\longmapsto s\otimes(1\otimes p).
\end{gathered}
Balancing proves that these are inverse maps; scalars have degree zero, so they commute with differentials. The same balanced sheaf maps, using inverse-image composition, define the identification before taking stalks. They are natural for chain maps, hence for inverse denominators and roofs. For three successive pullbacks every association multiplies the same successive scalar images; associativity proves coherence of (1.2). ▫\square

Proposition 1.2 (tensor compatibility). There are canonical natural isomorphisms

Lf*(A⊗𝒪Y𝑳B)≅Lf*A⊗𝒪X𝑳Lf*B,F⊗𝒪X𝑳Lf*G≅F⊗f−1𝒪Y𝑳f−1G.\begin{gathered}
Lf^*(A\otimes_{\mathcal O_Y}^{\mathbf L}B)
\\ \cong Lf^*A\otimes_{\mathcal O_X}^{\mathbf L}Lf^*B,\\
F\otimes_{\mathcal O_X}^{\mathbf L}Lf^*G
\\ \cong F\otimes_{f^{-1}\mathcal O_Y}^{\mathbf L}f^{-1}G.
\end{gathered}
\tag{1.3}
In the second line FF is an 𝒪X\mathcal O_X-complex; the right side retains its 𝒪X\mathcal O_X-action from FF. The isomorphisms respect the tensor associativity, symmetry, unit and pullback-composition comparisons.

Proof. For K-flat P,RP,R on YY, their tensor is K-flat. Thus the first line is computed by the ordinary isomorphism f*(P⊗R)≅f*P⊗f*Rf^*(P\otimes R)\cong f^*P\otimes f^*R. On a stalk, with coefficient map R0→SR_0\to S, the inverse-direction map and its inverse are

(s⊗p)⊗(t⊗r)↦st⊗(p⊗r),s⊗(p⊗r)↦(s⊗p)⊗(1⊗r).\begin{gathered}
(s\otimes p)\otimes(t\otimes r)\longmapsto st\otimes(p\otimes r),\\
s\otimes(p\otimes r)\longmapsto(s\otimes p)\otimes(1\otimes r).
\end{gathered}
Commutativity of the rings and balancing make the formulas well defined. Their differential signs are 1,(−1)|p|1,(-1)^{|p|} on both sides. Inverse image and scalar extension commute with direct sums, so the same maps identify the totalizations. They commute with elementary reassociation, the Koszul flip and units; on four scalar factors every route is scalar multiplication in the same order. Their naturality extends to localized models.

For the second line choose only a K-flat P→GP\to G. Then f−1Pf^{-1}P is K-flat over f−1𝒪Yf^{-1}\mathcal O_Y, by the K-flat pullback criterion applied with unchanged coefficients, and f*Pf^*P is K-flat over 𝒪X\mathcal O_X. The one-resolution construction computes both sides by

F⊗𝒪X(𝒪X⊗f−1𝒪Yf−1P)≅F⊗f−1𝒪Yf−1P.F\otimes_{\mathcal O_X}
(\mathcal O_X\otimes_{f^{-1}\mathcal O_Y}f^{-1}P)
\cong F\otimes_{f^{-1}\mathcal O_Y}f^{-1}P.
The map sends a⊗(s⊗p)a\otimes(s\otimes p) to sa⊗psa\otimes p, with inverse a⊗p↦a⊗(1⊗p)a\otimes p\mapsto a\otimes(1\otimes p). This proves the asserted module action and naturality without assuming FF flat. ▫\square

There is also a natural comparison Lf*G→f*GLf^*G\to f^*G for a specified complex GG, induced by f*P→f*Gf^*P\to f^*G. It need not be an isomorphism. All comparisons to ordinary tensor commute with (1.3): on resolving tensors both routes send (s⊗p)⊗(t⊗r)(s\otimes p)\otimes(t\otimes r) to st⊗(ϵPp⊗ϵRr)st\otimes(\epsilon_Pp\otimes\epsilon_Rr). For the map a:P⊗R→A⊗Ba:P\otimes R\to A\otimes B, Corollary 4.4 of the K-flat lesson supplies a factorization a=cba=cb through a K-flat resolution c:N→A⊗Bc:N\to A\otimes B. Applying pullback gives f*cf*b=f*af^*c\,f^*b=f^*a; the left side represents the route through Lf*(A⊗B)Lf^*(A\otimes B) and its ordinary comparison, and the right side is the same elementary tensor formula. This proves the complete comparison square, including the augmentation maps.



2. Derived pushforward and the adjunction

Choose F→IF\to I K-injective with injective terms, using Theorem 4.1 of the K-injective lesson. Theorem 5.1 there, applied to the additive functor f*f_*, gives an exact functor

Rf*:D(𝒪X)→D(𝒪Y),Rf*F=f*I.\begin{gathered}
Rf_*:D(\mathcal O_X)\longrightarrow D(\mathcal O_Y),\\
Rf_*F=f_*I.
\end{gathered}
\tag{2.1}
Two K-injective models are homotopy equivalent, and additive pushforward preserves these equivalences and their homotopies. Maps between the models, unique up to homotopy, define the functor on all derived morphisms. No claim about K-injectivity of f*If_*I is needed for this construction.

Lemma 2.1 (a relative Hom comparison). For PP K-flat on YY and II K-injective on XX, localization induces a bijection

Hom⁡K(𝒪Y)(P,f*I)≅Hom⁡D(𝒪Y)(P,f*I).\begin{gathered}
\operatorname{Hom}_{K(\mathcal O_Y)}(P,f_*I)\\
\cong
\operatorname{Hom}_{D(\mathcal O_Y)}(P,f_*I).
\end{gathered}
\tag{2.2}
Proof. Represent a derived map by a roof P←Z→f*IP\leftarrow Z\to f_*I. Resolve ZZ by a K-flat T→ZT\to Z. Its composite s:T→Ps:T\to P is a quasi-isomorphism between K-flats. Theorem 1.1 makes f*sf^*s a quasi-isomorphism. Maps into II consequently give a bijection

Hom⁡K(𝒪X)(f*P,I)→Hom⁡K(𝒪X)(f*T,I),\operatorname{Hom}_{K(\mathcal O_X)}(f^*P,I)
\longrightarrow
\operatorname{Hom}_{K(\mathcal O_X)}(f^*T,I),
by Theorem 3.3 of the bounded-derived lesson. The chain-level adjunction identifies this with precomposition by ss on maps into f*If_*I. Thus the roof's numerator comes from a unique homotopy class P→f*IP\to f_*I, proving surjectivity of (2.2).

For injectivity, if such a homotopy class becomes zero after localization, roof cancellation (common reading, Theorem 4.2) gives a quasi-isomorphism Z→PZ\to P making its composite zero in the homotopy category. Resolve ZZ by a K-flat TT. Precomposition along the resulting T→PT\to P is the bijection just proved by the chain adjunction, so the original class was zero. Applying this to a difference also proves injectivity for equality of two classes. ▫\square

Theorem 2.2 (unbounded adjunction). There is a bifunctorial bijection

Hom⁡D(𝒪X)(Lf*G,F)≅Hom⁡D(𝒪Y)(G,Rf*F).\begin{gathered}
\operatorname{Hom}_{D(\mathcal O_X)}(Lf^*G,F)
\\ \cong\operatorname{Hom}_{D(\mathcal O_Y)}(G,Rf_*F).
\end{gathered}
\tag{2.3}
It gives Lf*⊣Rf*Lf^*\dashv Rf_*, with natural unit η:G→Rf*Lf*G\eta:G\to Rf_*Lf^*G and counit ϵ:Lf*Rf*F→F\epsilon:Lf^*Rf_*F\to F.

Proof. Choose P→GP\to G K-flat and F→IF\to I K-injective. The left group is Hom⁡K(f*P,I)\operatorname{Hom}_K(f^*P,I), because the target is K-injective. The ordinary adjunction on complexes, including homotopies, identifies this with Hom⁡K(P,f*I)\operatorname{Hom}_K(P,f_*I). Lemma 2.1 identifies the latter with Hom⁡D(P,f*I)\operatorname{Hom}_D(P,f_*I); use P≃GP\simeq G to obtain the right group.

For naturality in GG, every derived map between its K-flat models is a roof with K-flat middle, by Lemma 2.1 of the tensor lesson. The chain adjunction and all Hom comparisons commute with its numerator and denominator, hence with the inverse denominator. For naturality in FF, derived maps between K-injective models are homotopy classes of chain maps; the adjunction commutes with them. Replacing either model uses these same comparisons. Thus (2.3) is independent of choices and bifunctorial.

Define the unit as the transpose of 1Lf*G1_{Lf^*G}, and the counit as the inverse transpose of 1Rf*F1_{Rf_*F}. Write L=Lf*L=Lf^*, R=Rf*R=Rf_*, and α\alpha for the bijection. Naturality implies α(u)=R(u)η\alpha(u)=R(u)\eta and α−1(v)=ϵL(v)\alpha^{-1}(v)=\epsilon L(v). Applying these to η=α(1)\eta=\alpha(1) and ϵ=α−1(1)\epsilon=\alpha^{-1}(1) gives

ϵLGL(ηG)=1LG,R(ϵF)ηRF=1RF.\begin{gathered}
\epsilon_{LG}L(\eta_G)=1_{LG},\\
R(\epsilon_F)\eta_{RF}=1_{RF}.
\end{gathered}
\tag{2.4}
These are the triangle identities, so the asserted maps give the adjunction. ▫\square

Corollary 2.3 (unchanged coefficients, also noncommutative). If 𝒪X=f−1𝒪Y\mathcal O_X=f^{-1}\mathcal O_Y, for any unital sheaf of rings, f−1⊣Rf*f^{-1}\dashv Rf_* on unbounded derived categories.

Proof. Inverse image is exact, and f*f_* is its right adjoint. Proposition 5.2 of the K-injective lesson makes f*If_*I K-injective. Therefore

Hom⁡D(f−1G,F)=Hom⁡K(f−1G,I)=Hom⁡K(G,f*I)=Hom⁡D(G,Rf*F).\begin{gathered}
\operatorname{Hom}_D(f^{-1}G,F)
=\operatorname{Hom}_K(f^{-1}G,I)\\
=\operatorname{Hom}_K(G,f_*I)
=\operatorname{Hom}_D(G,Rf_*F).
\end{gathered}
Each equality is natural for maps and homotopies and extends to roofs. This proves the exact-coefficient adjunction without using commutative K-flat theory in the noncommutative case. ▫\square



3. Composition, Leray and the local descriptions

Proposition 3.1. For composable morphisms f:X→Yf:X\to Y and g:Y→Zg:Y\to Z,
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Rg_*Rf_*F\cong R(gf)_*F
\tag{3.1}
canonically and naturally. In particular,

RΓ(Y,Rf*F)≅RΓ(X,F).R\Gamma(Y,Rf_*F)\cong R\Gamma(X,F).
\tag{3.2}
The second identification is in D(Γ(Y,𝒪Y))D(\Gamma(Y,\mathcal O_Y)), with the right side's scalars restricted along Γ(Y,𝒪Y)→Γ(X,𝒪X)\Gamma(Y,\mathcal O_Y)\to\Gamma(X,\mathcal O_X).

Proof. Successive adjunctions show that Rg*Rf*Rg_*Rf_* is right adjoint to Lf*Lg*Lf^*Lg^*. Theorem 1.1 identifies the latter with L(gf)*L(gf)^*, whose right adjoint is R(gf)*R(gf)_*.

For completeness, a right adjoint is unique in the required canonical sense. If L⊣R1L\dashv R_1 and L⊣R2L\dashv R_2, send the counit LR1B→BLR_1B\to B through the second adjunction to a map βB:R1B→R2B\beta_B:R_1B\to R_2B. Reverse the roles to obtain γB\gamma_B. Naturality of the adjunctions and their triangle identities show that the transpose of γBβB\gamma_B\beta_B under the first adjunction is its counit, so γBβB=1\gamma_B\beta_B=1; likewise βBγB=1\beta_B\gamma_B=1. Transposing maps after a morphism B→B′B\to B' proves naturality. This is the unique isomorphism compatible with the given adjunctions, and its uniqueness also gives compatibility for three successive functors. It proves (3.1) without assuming f*If_*I is K-injective.

Put A=Γ(Y,𝒪Y)A=\Gamma(Y,\mathcal O_Y). The canonical morphism Y→(pt,A)Y\to(\mathrm{pt},A) has pushforward Γ(Y,−)\Gamma(Y,-). Its composite with ff has pushforward Γ(X,−)\Gamma(X,-) with the indicated AA-action. Apply (3.1) to obtain (3.2). ▫\square

Proposition 3.2 (opens and cohomology sheaves). Let U⊂XU\subset X and V⊂YV\subset Y be open, and for the restriction formula set U=f−1VU=f^{-1}V, fV:U→Vf_V:U\to V. Then:


	A K-injective II restricts to a K-injective I|UI|_U, and Hq(U,F)=Hq(U,F|U)H^q(U,F)=H^q(U,F|_U).

	The sheafification of U↦Hq(U,F)U\mapsto H^q(U,F) is Hq(F)H^q(F).

	(Rf*F)|V≅R(fV)*(F|U)(Rf_*F)|_V\cong R(f_V)_*(F|_U).

	RΓ(V,Rf*F)≅RΓ(f−1V,F)R\Gamma(V,Rf_*F)\cong R\Gamma(f^{-1}V,F), with scalar restriction understood.

	Hq(Rf*F)H^q(Rf_*F) is the sheaf associated to V↦Hq(f−1V,F)V\mapsto H^q(f^{-1}V,F).



Proof. Extension by zero j!j_! is exact and left adjoint to restriction, by Lemma 5.1 of the first lesson. Proposition 5.2 of the K-injective lesson makes its right adjoint, restriction, preserve K-injectives. Thus I|UI|_U resolves F|UF|_U, and both definitions of the group in (1) use the same section complex Γ(U,I)\Gamma(U,I).

For (2), this complex gives the presheaf

U↦ker⁡(Iq(U)→Iq+1(U))im⁡(Iq−1(U)→Iq(U)).U\longmapsto
\frac{\ker\bigl(I^q(U)\to I^{q+1}(U)\bigr)}
{\operatorname{im}\bigl(I^{q-1}(U)\to I^q(U)\bigr)}.
\tag{3.3}
At a point, its filtered colimit is Hq(Ix)H^q(I_x), because stalks and filtered colimits are exact. This is Hq(F)xH^q(F)_x. The map sending a section cycle to its cohomology germ therefore induces an isomorphism after sheafification, by the first lesson's stalk criterion. This argument works for any complex of sheaves; it does not require exactness of taking sections.

For (3), use the K-injective II on XX and I|UI|_U on UU. The ordinary sheaf identity (f*I)|V=(fV)*(I|U)(f_*I)|_V=(f_V)_*(I|_U) follows by evaluating on opens of VV, so it gives the derived identity. Apply (3.2) to fVf_V and use (1) and (3) to obtain (4). Finally Rf*FRf_*F is represented by f*If_*I; apply the cohomology-presheaf argument to this complex. On an open VV, its section cohomology is Hq(Γ(f−1V,I))=Hq(f−1V,F)H^q(\Gamma(f^{-1}V,I))=H^q(f^{-1}V,F) by (1). Sheafification gives (5). ▫\square

These assertions distinguish a cohomology sheaf from the cohomology of sections on a specified open. Sections of a quotient sheaf need not be the quotient of sections; sheafification in (2) and (5) is part of the statement.



4. Coefficient comparison and exact adjoints

Write FabF_{ab} for the underlying complex of abelian sheaves. Forgetting the module action is exact: kernels and images are the same underlying sheaf kernels and images. It therefore induces D(𝒪X)→D(ℤX)D(\mathcal O_X)\to D(\mathbb Z_X), even when 𝒪X\mathcal O_X has integer torsion.

Theorem 4.1 (modules and underlying abelian sheaves). The canonical comparison maps

RΓ(U,F)→RΓ(U,Fab),(Rf*F)ab→Rf*ab(Fab)\begin{gathered}
R\Gamma(U,F)\longrightarrow R\Gamma(U,F_{ab}),\\
(Rf_*F)_{ab}\longrightarrow Rf_*^{ab}(F_{ab})
\end{gathered}
\tag{4.1}
are isomorphisms, respectively in D(Ab)D(\mathrm{Ab}) and D(ℤY)D(\mathbb Z_Y).

Proof. Choose F→IF\to I K-injective over 𝒪X\mathcal O_X, and a K-injective abelian-sheaf resolution Iab→JI_{ab}\to J. The comparisons are represented by Γ(U,I)→Γ(U,J)\Gamma(U,I)\to\Gamma(U,J) and f*Iab→f*Jf_*I_{ab}\to f_*J. The choice of JJ changes them only by the canonical homotopy comparison between K-injective resolutions, so these are natural derived maps.

Consider the coefficient morphism h:(X,𝒪X)→(X,ℤX)h:(X,\mathcal O_X)\to(X,\mathbb Z_X), the identity on spaces and the unit map on rings. Its ordinary pushforward is exactly forgetting the action, so its derived pushforward is also that exact functor. Also Lh*ℤX=𝒪XLh^*\mathbb Z_X=\mathcal O_X, because ℤX[0]\mathbb Z_X[0] is K-flat over itself. The adjunction of Theorem 2.2 gives, for every integer nn,

Hom⁡D(𝒪X)(𝒪X,F[n])≅Hom⁡D(ℤX)(ℤX,Fab[n]).\begin{gathered}
\operatorname{Hom}_{D(\mathcal O_X)}(\mathcal O_X,F[n])
\\ \cong\operatorname{Hom}_{D(\mathbb Z_X)}(\mathbb Z_X,F_{ab}[n]).
\end{gathered}
\tag{4.2}
The left group is Hn(Γ(X,I))H^n(\Gamma(X,I)): maps from 𝒪X\mathcal O_X into I[n]I[n], modulo homotopy, are section cycles modulo section boundaries. The right group is Hn(Γ(X,J))H^n(\Gamma(X,J)). To check that (4.2) is the specified comparison, use Lemma 2.1 for hh and the K-flat source ℤX\mathbb Z_X. Its intermediate chain adjunction sends a section of II to the same underlying section of IabI_{ab}; localization followed by Iab→JI_{ab}\to J gives exactly the cohomology map of Γ(X,I)→Γ(X,J)\Gamma(X,I)\to\Gamma(X,J). Hence that map is an isomorphism in every degree. Repeat on UU, using Proposition 3.2 to restrict the models, to prove the first line of (4.1).

For the second line, take the section cohomology of f*Iab→f*Jf_*I_{ab}\to f_*J on every open VV. It is the first comparison on f−1Vf^{-1}V, so it is an isomorphism in every degree. Sheafifying these cohomology presheaves, as in Proposition 3.2, proves that the map is a quasi-isomorphism. No preservation of K-injectivity by forgetting coefficients was assumed. ▫\square

Proposition 4.2 (open extension and flat pushforward). For an open inclusion j:U→Xj:U\to X, exact extension by zero is left adjoint to restriction on derived categories. For a flat morphism ff, pushforward preserves K-injective complexes.

Proof. For B∈D(𝒪U)B\in D(\mathcal O_U) and F→IF\to I K-injective on XX, restriction of II is K-injective. Exactness of j!j_! and the chain adjunction give

Hom⁡D(𝒪X)(j!B,F)=Hom⁡K(𝒪X)(j!B,I)=Hom⁡K(𝒪U)(B,I|U)=Hom⁡D(𝒪U)(B,F|U).\begin{aligned}
\operatorname{Hom}_{D(\mathcal O_X)}(j_!B,F)
&=\operatorname{Hom}_{K(\mathcal O_X)}(j_!B,I)\\
&=\operatorname{Hom}_{K(\mathcal O_U)}(B,I|_U)\\
&=\operatorname{Hom}_{D(\mathcal O_U)}(B,F|_U).
\end{aligned}
Naturality is inherited from the chain adjunction and localization, so this is j!⊣j*j_!\dashv j^*.

Flatness of ff means that each 𝒪X,x\mathcal O_{X,x} is flat over 𝒪Y,f(x)\mathcal O_{Y,f(x)}. The pullback stalk formula then makes f*f^* exact. If AA is acyclic on YY, f*Af^*A is acyclic, and Hom⁡K(A,f*I)=Hom⁡K(f*A,I)=0\operatorname{Hom}_K(A,f_*I)=\operatorname{Hom}_K(f^*A,I)=0. This is the definition of K-injectivity of f*If_*I. It applies to every K-injective II, without a termwise-injectivity assumption. ▫\square



5. Point maps and constant coefficients

For f:X→ptf:X\to\mathrm{pt} with target ring AA, pushforward is global sections with its AA-action, so Rf*=RΓ(X,−)Rf_*=R\Gamma(X,-) with that action. The pullback is

Lf*G=𝒪X⊗AX𝑳GX,Lf^*G=\mathcal O_X\otimes_{A_X}^{\mathbf L}G_X,
\tag{5.1}
where AX,GXA_X,G_X denote inverse-image constant sheaves. Resolve GG by a K-flat complex over AA; its constant inverse image is K-flat, proving (5.1) by one-variable tensor. If 𝒪X=AX\mathcal O_X=A_X with the identity coefficient map, this is the exact constant sheaf functor, also for noncommutative AA by Corollary 2.3. For the canonical map to (pt,Γ(X,𝒪X))(\mathrm{pt},\Gamma(X,\mathcal O_X)), the structure sheaf need not be constant, and (5.1) gives the correct pullback.

For a point xx, give its one-point source the ring 𝒪X,x\mathcal O_{X,x}. Pullback is then the exact stalk functor, since the coefficient map at that point is the identity. If the stalk ring is local and we instead give the point its residue field κ(x)\kappa(x), the ring map is the quotient, and

Lix*F=κ(x)⊗𝒪X,x𝑳Fx.Li_x^*F=\kappa(x)\otimes_{\mathcal O_{X,x}}^{\mathbf L}F_x.
\tag{5.2}
Take stalks of a K-flat resolution to prove this formula. A residue field is part of this additional local-ring hypothesis, not data attached to every arbitrary ringed space.

On the analytic curve of the tensor lesson, pull back kak_a to the residue point at aa. Its two-term parameter resolution becomes ℝ→0ℝ\mathbb R\xrightarrow{0}\mathbb R in degrees −1,0-1,0. Thus the derived pullback has ℝ\mathbb R in both degrees, whereas the ordinary pullback retains only degree zero. With the stalk-ring structure on the point, pullback has only ka,ak_{a,a} in degree zero, because taking a stalk is exact. These are two different morphisms of ringed spaces on the same underlying point inclusion.



6. Exercises with checked solutions

Exercise 1 (easy: an open subspace). Prove Hp(U,F)=Hp(U,F|U)H^p(U,F)=H^p(U,F|_U), for an arbitrary open UU and an unbounded complex. Explain why restriction of the resolution is admissible.

Solution. Resolve F→IF\to I by a K-injective. For an acyclic AA on UU, exactness of j!j_! makes j!Aj_!A acyclic, and Hom⁡K(A,I|U)=Hom⁡K(j!A,I)=0\operatorname{Hom}_K(A,I|_U)=\operatorname{Hom}_K(j_!A,I)=0. Thus I|UI|_U is K-injective. Both groups are the cohomology of the same complex of sections Γ(U,I)\Gamma(U,I). No bound on II, nor on the cohomological dimension of UU, was used.

Exercise 2 (medium: the adjunction without projective models). Let P→GP\to G be K-flat and F→IF\to I K-injective. Prove that a roof P←Z→f*IP\leftarrow Z\to f_*I comes from a unique homotopy class f*P→If^*P\to I. Deduce the unbounded adjunction and its naturality, without assuming that PP is K-projective or f*If_*I K-injective.

Solution. Resolve ZZ by K-flat TT. The denominator s:T→Ps:T\to P is a quasi-isomorphism between K-flats, so f*sf^*s is a quasi-isomorphism. Transpose the numerator a:T→f*Ia:T\to f_*I to f*T→If^*T\to I. Since II is K-injective, there is a unique homotopy class b:f*P→Ib:f^*P\to I whose composite with f*sf^*s is that numerator. Transposing back makes the roof the localization of a map P→f*IP\to f_*I.

If two maps P→f*IP\to f_*I give the same derived class, cancellation supplies a quasi-isomorphism into PP annihilating their difference. Resolve its source by a K-flat; the same precomposition bijection forces the original difference to be zero in the homotopy category. This proves uniqueness. Maps Lf*G→FLf^*G\to F are maps f*P→If^*P\to I modulo homotopy, so we obtain (2.3). The constructions commute with chain maps. All source derived morphisms can be expressed as roofs between K-flat models; commuting with their arrows also gives commuting with their inverse denominators. Target morphisms are homotopy classes between K-injective models. This proves bifunctoriality.

Exercise 3 (medium to hard: Leray and convergence). For a module sheaf MM, prove

E2p,q=Hp(Y,Rqf*M)⇒Hp+q(X,M),p,q≥0,\begin{gathered}
E_2^{p,q}=H^p(Y,R^qf_*M)\\
\ \Longrightarrow\ H^{p+q}(X,M),
\\ p,q\ge0,
\end{gathered}
\tag{6.1}
including the construction, differential bidegrees and convergence. This exercise concerns sheaves in degree zero; it imposes no finite dimension on XX or YY.

Solution. Choose a bounded-below injective resolution of MM, with zero terms below zero. It is K-injective by Lemma 3.2 of the bounded-derived lesson. Put K=f*IK=f_*I, so KK represents Rf*MRf_*M, has no negative terms and has Hq(K)=Rqf*MH^q(K)=R^qf_*M.

Let Aq=RΓ(Y,τ≤qK)A_q=R\Gamma(Y,\tau_{\le q}K), with Aq=0A_q=0 for q<0q<0. Good upper truncations give triangles

Aq−1→Aq→RΓ(Y,HqK)[−q]→Aq−1[1].\begin{gathered}
A_{q-1}\longrightarrow A_q\\
\longrightarrow R\Gamma(Y,H^qK)[-q]
\\ \longrightarrow A_{q-1}[1].
\end{gathered}
\tag{6.2}
To check the cofiber before applying RΓR\Gamma, the quotient of τ≤qK\tau_{\le q}K by τ≤q−1K\tau_{\le q-1}K has the injection im⁡dq−1→ker⁡dq\operatorname{im}d^{q-1}\to\ker d^q as its two possibly nonzero terms. Its quotient map to HqK[−q]H^qK[-q] is a quasi-isomorphism. The common reading's short-exact-sequence triangle therefore proves (6.2).

Write Dqn=Hn(Aq)D_q^n=H^n(A_q) and Eqn=Hn−q(Y,HqK)E_q^n=H^{n-q}(Y,H^qK). The long exact sequences give maps

i:Dqn→Dq+1n,j:Dqn→Eqn,k:Eqn→Dq−1n+1.\begin{gathered}
i:D_q^n\longrightarrow D_{q+1}^n,\\
j:D_q^n\longrightarrow E_q^n,\\
k:E_q^n\longrightarrow D_{q-1}^{n+1}.
\end{gathered}
\tag{6.3}
They form an exact couple: ker⁡j=im⁡i\ker j=\operatorname{im}i, ker⁡k=im⁡j\ker k=\operatorname{im}j and ker⁡i=im⁡k\ker i=\operatorname{im}k, with the adjacent indices understood. This is simply exactness at the three positions of (6.2).

Here is an explicit iteration, including the proof that it gives successive pages. For r≥2r\ge2, define

Zrn,q=k−1(im⁡(ir−2)),Brn,q=jker⁡(ir−2).\begin{aligned}
Z_r^{n,q}&=k^{-1}\bigl(\operatorname{im}(i^{r-2})\bigr),\\
B_r^{n,q}&=j\ker(i^{r-2}).
\end{aligned}
\tag{6.4}
In the first line the indicated power maps Dq−r+1n+1D_{q-r+1}^{n+1} into Dq−1n+1D_{q-1}^{n+1}; in the second it maps DqnD_q^n into Dq+r−2nD_{q+r-2}^n. The image of jj lies in every ZrZ_r, since kj=0kj=0, so Br⊂ZrB_r\subset Z_r. Set Erp,q=Zrp+q,q/Brp+q,qE_r^{p,q}=Z_r^{p+q,q}/B_r^{p+q,q}. For r=2r=2 the power is the identity, so this is precisely Hp(Y,HqK)H^p(Y,H^qK).

Given e∈Zrn,qe\in Z_r^{n,q}, choose x∈Dq−r+1n+1x\in D_{q-r+1}^{n+1} with ir−2x=kei^{r-2}x=k e, and define dr[e]=[jx]d_r[e]=[jx]. Changing xx by an element of the power's kernel changes jxjx by BrB_r. Changing ee by an element of BrB_r leaves keke unchanged, so this is well defined. Its output has total degree n+1n+1 and second index q−r+1q-r+1; hence its bidegree is (r,1−r)(r,1-r). Since kj=0kj=0, its square is zero.

To verify the next page, suppose dr[e]=0d_r[e]=0. Then jx=jyjx=jy for a yy killed by ir−2i^{r-2}. Exactness gives x−y=izx-y=iz, and therefore ke=ir−1zke=i^{r-1}z. Thus e∈Zr+1e\in Z_{r+1}; the converse follows by taking x=izx=iz. A differential image jxjx has ir−1x=ike=0i^{r-1}x=i k e=0, so it lies in Br+1B_{r+1}. Conversely, if ir−1x=0i^{r-1}x=0, then ir−2x∈ker⁡i=im⁡ki^{r-2}x\in\ker i=\operatorname{im}k. Choose ee with ke=ir−2xke=i^{r-2}x; it lies in ZrZ_r, and its differential is jxjx. Consequently cycles modulo differential images are Zr+1/Br+1Z_{r+1}/B_{r+1}, proving Er+1=H(Er,dr)E_{r+1}=H(E_r,d_r). This constructs the spectral sequence directly from the triangles.

It remains to identify its limit. The tail τ≥q+1K\tau_{\ge q+1}K is represented in degrees at least q+1q+1. The lower-bound preserving injective resolution of the bounded-derived lesson shows that its RΓR\Gamma also has no cohomology below q+1q+1. The truncation triangle therefore gives Hn(Aq)≅Hn(RΓ(Y,K))H^n(A_q)\cong H^n(R\Gamma(Y,K)) whenever q≥nq\ge n. Put this stable group TnT^n, and filter it by

FqTn=im⁡(Dqn→Tn).F_qT^n=\operatorname{im}(D_q^n\longrightarrow T^n).
\tag{6.5}
For r>q+1r>q+1, the source Dq−r+1n+1D_{q-r+1}^{n+1} in (6.4) is zero, so Zr=ker⁡k=im⁡jZ_r=\ker k=\operatorname{im}j. For sufficiently large rr, the target of the power in the second line is already the stable TnT^n. Hence

E∞n−q,q=im⁡j/jker⁡(Dqn→Tn)≅FqTn/Fq−1Tn.\begin{aligned}
E_\infty^{n-q,q}
&=\operatorname{im}j\big/
j\ker(D_q^n\to T^n)\\
&\cong F_qT^n/F_{q-1}T^n.
\end{aligned}
\tag{6.6}
The last identification follows from ker⁡j=im⁡(Dq−1n→Dqn)\ker j=\operatorname{im}(D_{q-1}^n\to D_q^n) and the quotient theorem for the map Dqn→TnD_q^n\to T^n. The filtration starts with F−1=0F_{-1}=0 and ends with Fn=TnF_n=T^n. All E2p,qE_2^{p,q} with p<0p<0 or q<0q<0 vanish, because sheaf cohomology has no negative degrees and KK has no negative cohomology. Thus each total degree has a finite filtration, and each position has finitely many possible incoming and outgoing differential degrees. This proves convergence. Finally Proposition 3.1 identifies Tn=Hn(RΓ(Y,Rf*M))T^n=H^n(R\Gamma(Y,Rf_*M)) with Hn(X,M)H^n(X,M), proving (6.1) with the stated scalar action.

Exercise 4 (hard: the flatness hypothesis for K-injectives). Prove preservation of K-injectives by a flat pushforward using its defining test. Show that the statement can fail for the one-point map with coefficient map ℤ→𝔽2\mathbb Z\to\mathbb F_2.

Solution. An acyclic AA pulls back to an acyclic f*Af^*A when ff is flat. For K-injective II, the chain adjunction gives Hom⁡K(A,f*I)=Hom⁡K(f*A,I)=0\operatorname{Hom}_K(A,f_*I)=\operatorname{Hom}_K(f^*A,I)=0. This proves the preservation assertion.

For the indicated nonflat map, I=𝔽2[0]I=\mathbb F_2[0] is K-injective over 𝔽2\mathbb F_2: the field is injective by Baer's criterion, whose only ideal tests are zero and the field itself, and a bounded complex of injectives is K-injective. Its pushforward is the same complex as a ℤ\mathbb Z-module. The complex A=(ℤ→2ℤ→𝔽2)A=(\mathbb Z\xrightarrow{2}\mathbb Z\to\mathbb F_2) in degrees 0,1,20,1,2 is acyclic. It has a chain map to II, reduction modulo two in degree zero and zero elsewhere. A null homotopy in degree zero would express this nonzero reduction as h1∘2h^1\circ2, but every homomorphism ℤ→𝔽2\mathbb Z\to\mathbb F_2 kills multiples of two. It cannot be null-homotopic, so the pushforward is not K-injective. Nevertheless the general derived adjunction holds by Theorem 2.2.

Exercise 5 (hard: torsion coefficients and comparison). Let 𝒪X\mathcal O_X have arbitrary integer torsion. Prove that Γ(U,I)→Γ(U,J)\Gamma(U,I)\to\Gamma(U,J) is a quasi-isomorphism when II is K-injective over 𝒪X\mathcal O_X and Iab→JI_{ab}\to J is K-injective over ℤX\mathbb Z_X. Explain why exactness of forgetting alone does not prove that IabI_{ab} is K-injective.

Solution. For the coefficient morphism h:(U,𝒪U)→(U,ℤU)h:(U,\mathcal O_U)\to(U,\mathbb Z_U), the right derived pushforward is exact forgetting, while Lh*ℤU=𝒪ULh^*\mathbb Z_U=\mathcal O_U. Theorem 2.2 identifies maps from 𝒪U\mathcal O_U into I[n]|UI[n]|_U with derived maps from ℤU\mathbb Z_U into Iab[n]|UI_{ab}[n]|_U. Lemma 2.1 identifies these with chain maps into the same underlying IabI_{ab}; passing to J|UJ|_U computes the latter derived group by a K-injective. On section cycles the comparison sends a cycle to its image in JJ, and on boundaries it sends boundaries to boundaries. Thus the induced map is precisely HnΓ(U,I)→HnΓ(U,J)H^n\Gamma(U,I)\to H^n\Gamma(U,J), and is an isomorphism for every nn.

An exact functor preserves acyclic complexes in its domain, but K-injectivity tests maps from every acyclic complex in the target category. Those tests are not reduced to acyclic module complexes merely by forgetting actions. On a point with structure ring 𝔽2\mathbb F_2, Exercise 4 gives an injective and K-injective module whose underlying abelian complex fails the K-injective test. The coefficient-comparison theorem consequently needs the adjunction argument just supplied.

The next lesson constructs internal derived Hom and its tensor adjunction. Later, the projection-formula and base-change lesson uses the unit, counit and coherent composition isomorphisms proved here to define the comparison maps.

Sources and licensing: the pullback proofs are taken from the Stacks project, tags 06YJ, 0D5S, 079U and 08DE, in its AI Integrated Stacks Project edition (GFDL), checked and edited by GPT-6.1 Sol (OpenAI), at Ultra. The adjunction and composition arguments correspond to tags 079W and 0D5T; their formal derived-adjoint reference was read in full, and its omitted functoriality is supplied by Lemma 2.1 and Theorem 2.2. The open, Leray, higher-image and coefficient proofs are taken from the Stacks project, tags 08BS, 0D5V, 0BKJ, 08FE, 0D5W, 0D5X, 0D5Y, 08BT and 0D5Z, in that edition (GFDL), checked and edited by the same writing AI. For 0D5Y the omitted inverse verification is replaced by the full coefficient adjunction above. Actual passages: derived pullback, unbounded adjunction, local properties, and deriving adjoints. The exact-couple construction and all its convergence steps are supplied in Exercise 3 rather than cited as a black box. See the combined licence notice and GNU FDL text.





Hom complexes, internal derived Hom and Ext sheaves

Written and edited by GPT-6.1 Sol (OpenAI), in Codex at Ultra, October 2026. Mathematically self-checked by the writing AI. Original contributions are CC0; the combined course is distributed under GFDL-1.2-or-later. Full authorship and source attribution appear in the course notice.

The tensor product combines two inputs, whereas internal Hom records maps from one input to another as an object on the space. Derived internal Hom must detect extensions as well as ordinary maps. Its degree-zero global cohomology recovers maps in the derived category; its other cohomology sheaves record local extensions. These statements involve derived sections, which cannot generally be replaced by ordinary sections of a cohomology sheaf.

The prerequisites are Derived pullback and pushforward, Proposition 3.2 and Theorem 4.1, for restriction and local cohomology; The derived tensor product and Tor sheaves, Lemma 1.1, Lemma 2.1 and Theorem 2.2, for K-flat models and their localization; and K-injective resolutions in Grothendieck categories, Theorems 4.1 and 5.1. We also use maps into K-injectives and their cone closure from Theorem 3.3 and Lemma 3.1 of Injective modules and bounded-below derived functors. The common reading's Theorems 3.1 and 4.2 supply cone triangles and roof cancellation.

Throughout, 𝒪=𝒪X\mathcal O=\mathcal O_X is a sheaf of commutative unital rings on an arbitrary topological space. Complexes are cohomologically indexed and may be unbounded in both directions. Tensor totalization uses sums, Hom totalization uses products, and a cone triangle ends in the negative projection. Write 𝖧(A,B)\mathsf H(A,B) for the sheaf Hom complex, reserving Hom\operatorname{Hom} for a group of maps.

The construction follows the Stacks project authors’ Cohomology of Sheaves, “Hom complexes”, “Internal hom”, “Ext sheaves” and “Global derived hom”, in the AI Integrated Stacks Project edition. Composition is natural in its outer variables and dinatural in the repeated middle variable; Section 4 proves the precise identities. Source attribution and the licence for adapted passages appear in the course notice.


1. The sheaf Hom complex

For two module sheaves define the internal Hom by

ℋom(A,B)(U)=Hom⁡𝒪U(A|U,B|U).\begin{gathered}
\mathcal Hom(A,B)(U)\\
=\operatorname{Hom}_{\mathcal O_U}(A|_U,B|_U).
\end{gathered}
\tag{1.1}
Restriction means restricting a map. Compatible maps on an open cover glue: for each local section of AA, their images agree and glue in BB. The glued assignment respects restriction, addition and scalar multiplication because these properties can be checked on the cover. This proves the sheaf condition. Commutativity gives it its 𝒪\mathcal O-module action by multiplying the output.

For complexes set

𝖧n(A,B)=∏iℋom(Ai,Bi+n),(dϕ)i=dBϕi−(−1)nϕi+1dA.\begin{aligned}
\mathsf H^n(A,B)&=\prod_i\mathcal Hom(A^i,B^{i+n}),\\
(d\phi)^i&=d_B\phi^i\\
&\quad-(-1)^n\phi^{i+1}d_A.
\end{aligned}
\tag{1.2}
The product is the sheaf product; on every open it is the product of the section groups. Applying the differential twice leaves two mixed terms with coefficients −(−1)n-(-1)^n and −(−1)n+1-(-1)^{n+1}, which cancel. The remaining terms contain dB2d_B^2 or dA2d_A^2. Thus this is a complex. A degree-zero cycle is a chain map, and a degree-zero boundary is a null-homotopic map. With the usual shifted differential this proves

HnΓ(U,𝖧(A,B))=Hom⁡K(𝒪U)(A|U,B|U[n]).\begin{gathered}
H^n\Gamma(U,\mathsf H(A,B))\\
=\operatorname{Hom}_{K(\mathcal O_U)}(A|_U,B|_U[n]).
\end{gathered}
\tag{1.3}
Restriction to an open commutes with (1.1) and (1.2): their values on each smaller open are identical. This observation concerns restriction, not passage to a stalk. An infinite product need not commute with stalks, and a germ of a module map need not be an arbitrary map of stalk modules.

Lemma 1.1 (chain identities). Hom complexes respect homotopies. There is a natural currying isomorphism

𝖧(K,𝖧(L,M))≅𝖧(K⊗L,M).\begin{gathered}
\mathsf H(K,\mathsf H(L,M))\\
\cong\mathsf H(K\otimes L,M).
\end{gathered}
\tag{1.4}
Evaluation and composition are chain maps, given on homogeneous elements by

ϕ⊗l↦ϕ(l),ϕ⊗ψ↦ϕψ.\begin{aligned}
\phi\otimes l&\longmapsto\phi(l),\\
\phi\otimes\psi&\longmapsto\phi\psi.
\end{aligned}
\tag{1.5}
Proof. If h:B→B′[−1]h:B\to B'[-1] is a homotopy between two target maps, the induced Hom homotopy is ϕ↦hϕ\phi\mapsto h\phi. If h:A′→A[−1]h:A'\to A[-1] is a homotopy between two source maps, it is ϕ↦(−1)nϕh\phi\mapsto(-1)^n\phi h on degree nn. Substitution into (1.2) gives respectively postcomposition and precomposition with dh+hddh+hd; the mixed terms cancel. Hence both variables descend to homotopy categories.

Currying sends ϕ\phi to the map k⊗l↦ϕ(k)(l)k\otimes l\mapsto\phi(k)(l), with no additional sign. The tensor relation is exactly the linearity in each variable. In degree nn, both sides are the product over pairs of degrees (i,j)(i,j) of ℋom(Ki⊗Lj,Mi+j+n)\mathcal Hom(K^i\otimes L^j,M^{i+j+n}). This uses the universal property that Hom out of a sum is a product, followed by reindexing a product. It uses no exactness assertion about products. For homogeneous kk, their common differential evaluated at k,lk,l is

dMϕ(k)(l)−(−1)nϕ(dKk)(l)−(−1)n+|k|ϕ(k)(dLl).\begin{aligned}
d_M\phi(k)(l)&-(-1)^n\phi(d_Kk)(l)\\
&-(-1)^{n+|k|}\phi(k)(d_Ll).
\end{aligned}
Finally d(ϕ(l))=(dϕ)(l)+(−1)|ϕ|ϕ(dl)d(\phi(l))=(d\phi)(l)+(-1)^{|\phi|}\phi(dl) and d(ϕψ)=(dϕ)ψ+(−1)|ϕ|ϕ(dψ)d(\phi\psi)=(d\phi)\psi+(-1)^{|\phi|}\phi(d\psi). These are precisely the tensor differentials, proving (1.5). All constructions are sectionwise and therefore commute with restriction. ▫\square

We also need the cone signs. For g:B→B′g:B\to B', the two finite blocks give 𝖧(A,C(g))=C(𝖧(A,g))\mathsf H(A,C(g))=C(\mathsf H(A,g)); the identity identification preserves the differential and negative projection. For f:K→Lf:K\to L, put h=𝖧(f,I)h=\mathsf H(f,I). In degree nn, an element of 𝖧(C(f),I)\mathsf H(C(f),I) is a pair (b,a)(b,a), where bb has Hom degree nn on LL and aa has degree n−1n-1 on KK. The isomorphism to C(h)[−1]C(h)[-1] is

(b,a)↦((−1)n+1a,b).(b,a)\longmapsto\bigl((-1)^{n+1}a,b\bigr).
\tag{1.6}
Indeed the source differential is (db,da−(−1)nbf)(db,da-(-1)^nbf), and the shifted cone differential on (x,y)(x,y) is (−dx−hy,dy)(-dx-hy,dy). Formula (1.6) intertwines them. The source-shift identification 𝖧(K[1],I)≅𝖧(K,I)[−1]\mathsf H(K[1],I)\cong\mathsf H(K,I)[-1] multiplies degree nn by (−1)n(-1)^n. Together these formulas turn a source cone triangle into the reversed distinguished Hom triangle, with its connecting map determined by the negative original projection. This verifies exactness in the contravariant variable, including its shift sign.



2. Constructing internal derived Hom

Lemma 2.1. Let II be K-injective. A quasi-isomorphism s:A→Bs:A\to B induces a quasi-isomorphism 𝖧(B,I)→𝖧(A,I)\mathsf H(B,I)\to\mathsf H(A,I).

Proof. On every open UU, the restriction of II is K-injective, by the preceding lesson's Proposition 3.2. Maps into it are unchanged by localization. Thus precomposition by s|Us|_U is a bijection on Hom⁡K(𝒪U)(−,I|U[n])\operatorname{Hom}_{K(\mathcal O_U)}(-,I|_U[n]) for every integer nn. Formula (1.3) gives a quasi-isomorphism of the section Hom complexes on every open. The cohomology sheaf is the sheafification of section-complex cohomology, as proved in that proposition; sheafifying these isomorphisms proves the claim. Applying the argument to every shift is essential: degree zero alone would not prove a quasi-isomorphism. ▫\square

Theorem 2.2. For any L,ML,M, choose a K-injective resolution M→IM\to I. Then

[L,M]:=Rℋom(L,M)=𝖧(L,I).\begin{aligned}
{}[L,M]&:=R\mathcal Hom(L,M)\\
&=\mathsf H(L,I).
\end{aligned}
\tag{2.1}
defines an object of D(𝒪)D(\mathcal O) and a canonical bifunctor, contravariant in LL, covariant in MM, exact in each variable. It commutes with restriction to opens.

Proof. Resolutions exist for every unbounded complex by the earlier K-injective theorem. The map from MM to another resolution determines a unique homotopy class I→I′I\to I' under the maps from MM: maps into a K-injective are the same in the homotopy and derived categories. Such a comparison is a quasi-isomorphism between K-injectives, hence a homotopy equivalence. Lemma 1.1 carries its two homotopy inverses to inverse Hom maps. Comparisons are unique in the homotopy category, so their composites obey the required identity and cocycle laws.

In the source variable Lemma 2.1 inverts every quasi-isomorphism. A roof acts by its numerator and the inverse of its denominator; common refinements give the same action because Hom respects homotopies. In the target variable represent a derived map by the unique homotopy class between K-injective models. Composition of these classes, and commutation with source precomposition, prove bifunctoriality and natural independence of resolutions.

Source cone triangles give reversed Hom triangles by (1.6). A target map between K-injectives has K-injective cone by the earlier cone-closure lemma, so it supplies a model for the entire target triangle. The target cone identity proves exactness there. Shift identifications are those checked after (1.6). Finally restricting M→IM\to I gives a K-injective resolution on each open, and the sectionwise identity for Hom gives the asserted restriction isomorphism, natural in all roofs. ▫\square

Lemma 2.3. If PP is K-flat and II K-injective, then 𝖧(P,I)\mathsf H(P,I) is K-injective.

Proof. For an acyclic complex AA, Lemma 1.1 and degree-zero homotopy classes give

Hom⁡K(A,𝖧(P,I))=Hom⁡K(A⊗P,I)=0.\operatorname{Hom}_K(A,\mathsf H(P,I))
=\operatorname{Hom}_K(A\otimes P,I)=0.
The tensor is acyclic by K-flatness, and the last group vanishes by K-injectivity. This is the defining test for K-injectivity. No injectivity of the individual terms of 𝖧(P,I)\mathsf H(P,I) is required. ▫\square



3. Adjunction, local maps and Ext

Theorem 3.1. There are natural isomorphisms

[K,[L,M]]≅[K⊗𝑳L,M],Hom⁡D(K,[L,M])≅Hom⁡D(K⊗𝑳L,M).\begin{gathered}
{}[K,[L,M]]\cong[K\otimes^{\mathbf L}L,M],\\
\operatorname{Hom}_D(K,[L,M])\\
\cong\operatorname{Hom}_D(K\otimes^{\mathbf L}L,M).
\end{gathered}
\tag{3.1}
For every open UU and integer nn,

Hn(U,[L,M])≅Hom⁡D(𝒪U)(L|U,M|U[n]).\begin{gathered}
H^n(U,[L,M])\\
\cong\operatorname{Hom}_{D(\mathcal O_U)}(L|_U,M|_U[n]).
\end{gathered}
\tag{3.2}
Proof. Resolve LL by a K-flat PP and MM by a K-injective II. Lemma 2.1 permits the model 𝖧(P,I)\mathsf H(P,I) for [L,M][L,M]; Lemma 2.3 makes this model K-injective. Therefore (1.4) is an actual complex isomorphism computing both sides of the first line of (3.1). The complex K⊗PK\otimes P computes the derived tensor even when KK is not K-flat, by Lemma 1.1 of the tensor lesson. Taking homotopy classes and using maps into K-injectives gives the second line.

Naturality holds first for chain maps by currying. For source maps represented by roofs, Lemma 2.1 inverts the source denominators, and tensor invariance inverts the denominators on the other side. Comparison maps between K-flat models can be represented in their localized homotopy category, by the tensor lesson's Lemma 2.1. Target comparisons are homotopy classes between K-injectives. Thus the same commuting chain squares and their inverse denominator squares prove naturality for every derived morphism, not only actual chain maps on fixed resolutions.

For (3.2), restrict these models to UU. Restriction preserves K-flatness and K-injectivity. The K-injective model 𝖧(P,I)|U\mathsf H(P,I)|_U computes derived sections, so (1.3) identifies its cohomology with the stated group of derived maps. ▫\square

Define the Ext sheaves and global derived Hom by

ℰxtn(L,M)=ℋn([L,M]),RHom⁡X(L,M)=RΓ(X,[L,M]).\begin{gathered}
\mathcal Ext^n(L,M)=\mathcal H^n([L,M]),\\
R\operatorname{Hom}_X(L,M)\\
=R\Gamma(X,[L,M]).
\end{gathered}
\tag{3.3}
The global object is a complex over Γ(X,𝒪)\Gamma(X,\mathcal O). Its underlying abelian cohomology can equally be computed by the preceding lesson's coefficient comparison. Formula (3.2) identifies its nn-th cohomology with Hom⁡D(L,M[n])\operatorname{Hom}_D(L,M[n]).

In particular, a derived morphism is represented locally by a degree-zero cycle in a Hom complex into a K-injective target, modulo its degree-zero boundaries. Composition in Proposition 4.1 below induces the usual composition of these classes. For a triangle in either input, Theorem 2.2 gives a triangle of internal Hom objects, and derived sections give the resulting long exact sequence of groups of maps. The source-variable connecting map includes the shift sign in (1.6); the target-variable map includes the negative cone projection. Thus the local extension groups and their boundary operations come from the same proved triangle conventions as the global ones. No choice of an unrelated connecting-homomorphism sign is needed.

The Ext sheaf is the sheafification of the presheaf sending UU to the right side of (3.2). To see this directly, use the model 𝖧(P,I)\mathsf H(P,I); sheafifying its section-complex cohomology gives its cohomology sheaf. This does not identify ordinary sections of ℰxtn\mathcal Ext^n with that derived-map group on an arbitrary open. Sheafification may change sections.

There is also a convenient formula with an arbitrary representative LL: the complex Γ(X,𝖧(L,I))\Gamma(X,\mathsf H(L,I)) computes global derived Hom. Although 𝖧(L,I)\mathsf H(L,I) need not be K-injective, its comparison to 𝖧(P,I)\mathsf H(P,I) is a quasi-isomorphism on sections by (1.3) and the K-injective map test. The latter is a K-injective sheaf complex, so its sections compute the derived sections. For module sheaves F,GF,G in degree zero choose a bounded-below injective resolution G→I≥0G\to I^{\geq0}. Its Hom complex from FF has no negative degrees and degree-zero kernel ℋom(F,G)\mathcal Hom(F,G). Hence ℰxtn(F,G)=0\mathcal Ext^n(F,G)=0 for n<0n<0, and ℰxt0(F,G)=ℋom(F,G)\mathcal Ext^0(F,G)=\mathcal Hom(F,G).



4. Evaluation, composition and their variances

The adjunction gives a safe way to construct canonical maps without asserting that an arbitrary ordinary tensor of Hom complexes computes a derived tensor. Its counit is evaluation

eL,M:[L,M]⊗𝑳L→M.e_{L,M}:[L,M]\otimes^{\mathbf L}L\longrightarrow M.
\tag{4.1}
It is the transpose of the identity of [L,M][L,M]. On models it is (1.5), after any K-flat replacement needed for its tensor factors. Currying and its naturality show that this construction is independent of those replacements.

Proposition 4.1 (composition). There is a canonical associative, unital composition map

cK,L,M:[L,M]⊗𝑳[K,L]→[K,M].\begin{gathered}
c_{K,L,M}:[L,M]\otimes^{\mathbf L}[K,L]\\
\longrightarrow[K,M].
\end{gathered}
\tag{4.2}
It is natural contravariantly in KK, covariantly in MM, and dinatural in LL: for u:L→L′u:L\to L', the two maps from [L′,M]⊗𝑳[K,L][L',M]\otimes^{\mathbf L}[K,L] to [K,M][K,M] satisfy

cK,L,M∘([u,M]⊗1)=cK,L′,M∘(1⊗[K,u]).\begin{aligned}
c_{K,L,M}\circ([u,M]\otimes1)&\\
\quad=c_{K,L',M}\circ(1\otimes[K,u]).&
\end{aligned}
\tag{4.3}
Proof. Put A=[L,M]A=[L,M], B=[K,L]B=[K,L]. Define (4.2) to be the transpose of successive evaluations

(A⊗𝑳B)⊗𝑳K→A⊗𝑳L→M.\begin{aligned}
(A\otimes^{\mathbf L}B)\otimes^{\mathbf L}K
&\longrightarrow A\otimes^{\mathbf L}L\\
&\longrightarrow M.
\end{aligned}
\tag{4.4}
Here and below association maps are the coherent tensor isomorphisms proved in the tensor lesson. Evaluation is natural in its target. For a source map uu, its defining adjunction gives the identity that evaluating [u,M](a)[u,M](a) on ll equals evaluating aa on u(l)u(l). This is an identity of morphisms in the derived category: transpose either side by (3.1), and both are precomposition of the same identity map by uu. It therefore holds for roofs as well as chain maps.

Postcomposing (4.4) by a map M→M′M\to M' proves target naturality. Precomposing its last tensor factor by a map K′→KK'\to K, and applying the source evaluation identity, proves source naturality. For (4.3), transpose both sides and apply that identity once. Both become successive evaluation with uu inserted between the two evaluations. Symbolically both give a(u(b(k)))a(u(b(k))). The adjunction is a bijection of map groups, so equality of the transposes proves equality of the maps.

For four objects, either order of composition transposes to the same three successive evaluations. The tensor associator satisfies the pentagon, so this proves associativity. The identity of LL corresponds by (3.2) to a morphism 𝟏=𝒪→[L,L]\mathbf1=\mathcal O\to[L,L]. Evaluation with this morphism is the identity on LL, by its transpose; inserting it on either side of (4.4) proves both unit laws. These arguments prove all assertions without changing resolutions in the middle of an unverified diagram. ▫\square

The word dinatural records the opposing variances of the two occurrences of LL. A map L→L′L\to L' induces [L′,M]→[L,M][L',M]\to[L,M] but [K,L]→[K,L′][K,L]\to[K,L']. Thus the source of composition is not a covariant or contravariant one-variable functor of LL. Formula (4.3) is the well-typed compatibility statement. It does not require uu to be invertible.

Proposition 4.2 (other canonical maps). Put L∨=[L,𝟏]L^\vee=[L,\mathbf1]. There are canonical maps

K→[L,K⊗𝑳L],K⊗𝑳[M,L]→[M,K⊗𝑳L],M⊗𝑳L∨→[L,M],[L,M]⊗𝑳K→[[K,L],M].\begin{aligned}
K&\longrightarrow[L,K\otimes^{\mathbf L}L],\\
K\otimes^{\mathbf L}[M,L]
&\longrightarrow[M,K\otimes^{\mathbf L}L],\\
M\otimes^{\mathbf L}L^\vee&\longrightarrow[L,M],\\
[L,M]\otimes^{\mathbf L}K&\longrightarrow[[K,L],M].
\end{aligned}
\tag{4.5}
The first is the adjunction unit, natural in KK and dinatural in LL. The second is natural covariantly in K,LK,L and contravariantly in MM. The third is natural covariantly in MM, contravariantly in LL. The last is natural covariantly in K,MK,M, contravariantly in LL.

Proof. Transpose the identity of K⊗𝑳LK\otimes^{\mathbf L}L to obtain the first. If ηK,L\eta_{K,L} denotes it and u:L→L′u:L\to L', both sides of

[u,K⊗𝑳L′]ηK,L′=[L,K⊗𝑳u]ηK,L.\begin{gathered}
{}[u,K\otimes^{\mathbf L}L']\eta_{K,L'}\\
=[L,K\otimes^{\mathbf L}u]\eta_{K,L}.
\end{gathered}
\tag{4.6}
transpose to 1K⊗u1_K\otimes u. This proves its middle-variable dinaturality; ordinary target naturality proves its KK naturality.

For the second map, transpose 1K⊗eM,L1_K\otimes e_{M,L}. For the third, transpose 1M⊗eL,𝟏1_M\otimes e_{L,\mathbf1}, followed by the unit isomorphism. For the last, its transpose has domain ([L,M]⊗𝑳K)⊗𝑳[K,L]([L,M]\otimes^{\mathbf L}K)\otimes^{\mathbf L}[K,L]. Move KK past [K,L][K,L] using the Koszul symmetry, evaluate [K,L][K,L] on KK, and then evaluate [L,M][L,M] on the result. Each stated naturality follows from the evaluation identities already proved, followed by the naturality of transposition. On homogeneous chain representatives of degrees p,q,rp,q,r, this last construction is

(ϕ⊗k)(h)=(−1)qrϕ(h(k)).(\phi\otimes k)(h)=(-1)^{qr}\phi(h(k)).
\tag{4.7}
The sign comes from moving kk past hh, not past ϕ\phi. Lemma 1.1 and the tensor symmetry prove it is a chain map whenever the chosen models compute these derived constructions. ▫\square

These are maps, with no general claim of invertibility. The perfect-complex lesson proves that the third is an isomorphism when LL is perfect. The final exercise below shows a concrete failure without this hypothesis. The unit in (4.5), just like composition, has a repeated variable with opposite variances; writing its compatibility as (4.6) prevents a second misleading blanket functoriality claim.



5. Worked examples

First, [𝒪,M]≅M[\mathcal O,M]\cong M. Evaluation at 11 identifies 𝖧(𝒪,I)\mathsf H(\mathcal O,I) with II, including its differential. The K-injective resolution identifies this with MM. The corresponding global statement is RHom⁡X(𝒪,M)=RΓ(X,M)R\operatorname{Hom}_X(\mathcal O,M)=R\Gamma(X,M), which may have higher cohomology even when MM is a sheaf.

Let j:U↪Xj:U\hookrightarrow X be open. For any K-injective resolution F→IF\to I, the extension-by-zero adjunction on every open VV gives

𝖧(j!𝒪U,I)(V)=Γ(V∩U,I).\mathsf H(j_!\mathcal O_U,I)(V)
=\Gamma(V\cap U,I).
These identities respect differentials and restrictions. The right side is j*(I|U)(V)j_*(I|_U)(V), and I|UI|_U is K-injective. Consequently

[j!𝒪U,F]≅Rj*(F|U).[j_!\mathcal O_U,F]\cong Rj_*(F|_U).
\tag{5.1}
The ordinary Hom sheaf in degree zero is j*F|Uj_*F|_U, not extension by zero. It can have a nonzero boundary stalk. Higher Ext sheaves describe the higher local cohomology of intersections with UU, through the local pushforward formula of the preceding lesson.

For a second example take X=𝑪X=\mathbf C with holomorphic functions and let kak_a be the skyscraper residue module at aa. The tensor lesson's parameter resolution is

Pa=(𝒪→z−a𝒪).P_a=(\mathcal O\xrightarrow{z-a}\mathcal O).
\tag{5.2}
It lies in degrees minus one and zero. This finite free complex can be used in the source of derived Hom. Indeed 𝖧(𝒪,−)\mathsf H(\mathcal O,-) is the identity, so a finite filtration by its two terms shows 𝖧(Pa,−)\mathsf H(P_a,-) preserves quasi-isomorphisms. Thus comparison with any K-injective resolution of kbk_b proves that 𝖧(Pa,kb)\mathsf H(P_a,k_b) computes [ka,kb][k_a,k_b]. It has kbk_b in degrees zero and one, with differential multiplication by −(b−a)-(b-a). If b≠ab\ne a, this is invertible and the Hom object is zero. If b=ab=a, the differential is zero and

[ka,ka]≅ka⊕ka[−1].[k_a,k_a]\cong k_a\oplus k_a[-1].
\tag{5.3}
In particular, the sheaf Ext in degree one is kak_a; all other positive Ext sheaves vanish. These objects describe the derived Hom of modules over the holomorphic structure sheaf, not Hom of arbitrary skyscraper abelian sheaves. Changing the coefficient ring changes the calculation.

Here is an explicit reason for the stalk warning after (1.3). Let X={0}∪{1,1/2,1/3,…}X=\{0\}\cup\{1,1/2,1/3,\ldots\} with its subspace topology, and use the constant ring sheaf kXk_X for a field. Set A=⨁j≥1kXA=\bigoplus_{j\geq1}k_X and B=kXB=k_X. The sum's universal property gives ℋom(A,B)=∏j≥1kX\mathcal Hom(A,B)=\prod_{j\geq1}k_X: specifying a map on an open means specifying the image of the unit in each summand. For each jj, let fjf_j be the locally constant function which is one at 1/j1/j and zero at every other point. It is locally constant at zero too, since a sufficiently small neighborhood excludes that particular point. Hence (fj)j(f_j)_j is a section of this product on all of XX.

Every individual fjf_j has zero germ at zero. The induced map of stalk modules A0=⨁jk→B0=kA_0=\bigoplus_j k\to B_0=k is therefore zero, since an element of the direct sum uses only finitely many coordinates. But the germ of the section (fj)j(f_j)_j of the Hom sheaf is nonzero: every neighborhood of zero contains some 1/j1/j, where its jj-th coordinate is one. Thus the canonical comparison ℋom(A,B)0→Hom⁡k(A0,B0)\mathcal Hom(A,B)_0\to\operatorname{Hom}_k(A_0,B_0) is not even injective. The issue already appears for ordinary Hom, before any derived construction. Restriction to a fixed open is valid because it preserves the whole sectionwise product; moving to a germ cannot uniformly discard the infinitely many shrinking exceptional points.



6. Exercises with checked solutions

Exercise 1 (easy: the unit). Prove [𝒪,M]=M[\mathcal O,M]=M, and determine the unit K→[𝒪,K⊗𝑳𝒪]K\to[\mathcal O,K\otimes^{\mathbf L}\mathcal O] under the tensor and Hom unit identifications.

Solution. A map 𝒪|V→In|V\mathcal O|_V\to I^n|_V is determined by the image of 11, with every section aa sent to aa times that image. These identifications commute with restriction and the differential, so 𝖧(𝒪,I)=I\mathsf H(\mathcal O,I)=I. For the unit, the adjunction transpose of the identity of K⊗𝑳𝒪K\otimes^{\mathbf L}\mathcal O is the map in question. Evaluation at 11 and the tensor unit both send that identity back to 1K1_K. Hence the unit becomes the identity of KK, in every degree and for every unbounded complex.

Exercise 2 (medium: currying without boundedness). Explain why (3.1) holds without a finiteness condition on any complex. In particular, identify the step where products are needed and distinguish it from an assertion that products of exact sequences are exact.

Solution. Choose a K-flat P→LP\to L and K-injective M→IM\to I. In Hom degree nn, currying identifies the product indexed by i,ji,j of maps Ki⊗Pj→Ii+j+nK^i\otimes P^j\to I^{i+j+n} on both sides. On the tensor side the source in each degree is a direct sum, so specifying a map means independently specifying a map on every summand. Rearranging the resulting products gives exactly the Hom product on the iterated side. Formula (1.4)'s differential calculation proves the identification is a complex isomorphism.

K-flatness makes K⊗PK\otimes P a model for the derived tensor; Lemma 2.3 makes 𝖧(P,I)\mathsf H(P,I) an admissible K-injective target. Consequently both Hom complexes compute the stated derived Hom objects. Quasi-isomorphisms in the first variable are handled on every open by Lemma 2.1, and target comparisons by homotopy equivalences. No step applies a product to an arbitrary exact sequence of sheaves. The product's universal property and the two resolution properties are sufficient.

Exercise 3 (medium: a middle-variable example). Over a field, take K=M=kK=M=k, L=k2L=k^2, L′=kL'=k, and u(x,y)=xu(x,y)=x, all in degree zero. Verify (4.3) and explain why it is the appropriate replacement for one-variable naturality.

Solution. Write a:L′→Ma:L'\to M as multiplication by α\alpha, and b:K→Lb:K\to L as t↦(βt,γt)t\mapsto(\beta t,\gamma t). Precomposing aa by uu gives the row (α,0)(\alpha,0). Its product with the column (β,γ)(\beta,\gamma) is multiplication by αβ\alpha\beta. Postcomposing bb by uu gives multiplication by β\beta, so composing with aa gives the same answer. Bilinearity proves equality on the tensor product. All these vector spaces are flat and injective, so the calculation is also the derived one.

The map on the first factor goes from Hom⁡(L′,M)\operatorname{Hom}(L',M) to Hom⁡(L,M)\operatorname{Hom}(L,M), whereas the map on the second goes from Hom⁡(K,L)\operatorname{Hom}(K,L) to Hom⁡(K,L′)\operatorname{Hom}(K,L'). Their directions oppose each other. Since uu is a noninvertible projection, reversing one direction cannot be done by an inverse. Dinaturality compares the two composites on their common mixed source and does exactly what the calculation verifies.

Exercise 4 (hard: the K-injective target test). Let PP be K-flat and II K-injective. Prove that 𝖧(P,I)\mathsf H(P,I) is K-injective using an explicit correspondence between maps and homotopies. Explain why termwise flatness alone does not justify this argument.

Solution. A chain map A→𝖧(P,I)A\to\mathsf H(P,I) curries to a chain map A⊗P→IA\otimes P\to I by (1.4). A homotopy is a degree-minus-one element whose Hom differential is the difference of the two maps. Since (1.4) is an isomorphism of complexes, it carries exactly such homotopies in either direction. Thus it gives a bijection on homotopy classes. If AA is acyclic, K-flatness makes A⊗PA\otimes P acyclic, and K-injectivity of II says every resulting chain map is null-homotopic. Uncurrying that null-homotopy proves the defining condition for 𝖧(P,I)\mathsf H(P,I).

The flat-resolution lesson, Section 5, gives an unbounded termwise-free complex over the dual numbers whose tensor with an acyclic complex is not acyclic. Termwise flatness therefore cannot supply the crucial implication for an unbounded PP. Bounded-above termwise-flat complexes do supply it, by that lesson's Lemma 2.3; the distinction is between that proved bounded case and the general K-flat condition.

Exercise 5 (hard: a dual map that fails). Let R=k[ε]/(ε2)R=k[\varepsilon]/(\varepsilon^2) on a one-point space and N=R/(ε)N=R/(\varepsilon). Compute N∨N^\vee, compare N⊗R𝑳N∨N\otimes_R^{\mathbf L}N^\vee with [N,N][N,N], and show the canonical degree-zero map is zero.

Solution. The only ideals of RR are 0,(ε),R0,(\varepsilon),R. A map from (ε)(\varepsilon) to RR sends ε\varepsilon to an element killed by ε\varepsilon, necessarily cεc\varepsilon, and extends by multiplication by cc. Maps from the other two ideals extend immediately. Baer's criterion, proved in the bounded-derived lesson's Lemma 2.1, makes RR injective. It is therefore K-injective concentrated in degree zero. Consequently

N∨=Hom⁡R(N,R)=(ε)≅N,N^\vee=\operatorname{Hom}_R(N,R)
=(\varepsilon)\cong N,
concentrated in degree zero. A free resolution of NN has one copy of RR in every nonpositive degree, all negative differentials multiplication by ε\varepsilon, and the quotient augmentation in degree zero. It is exact in negative degrees because the image and kernel of multiplication by ε\varepsilon both equal (ε)(\varepsilon).

Tensoring this bounded-above free resolution with N∨≅NN^\vee\cong N makes all differentials zero. Thus the left object has cohomology NN in every nonpositive degree and zero in positive degrees. Hom from that resolution to NN likewise has zero differential but lies in nonnegative degrees. It computes [N,N][N,N]: a map a:P→Ca:P\to C to any acyclic complex has a null-homotopy constructed downwards. In degree zero, a0a^0 lands in the cycles of C0C^0, and projectivity lifts it through d:C−1→Z0Cd:C^{-1}\to Z^0C to h0h^0. Having chosen hn+1h^{n+1}, the map an−hn+1dPa^n-h^{n+1}d_P lands in ZnCZ^nC by the chain-map equation and the preceding homotopy equation. Lift it to hn:Pn→Cn−1h^n:P^n\to C^{n-1}. This constructs a=dh+hda=dh+hd in every nonpositive degree, with no infinite summation. Applying the same argument to every shift proves Hom⁡•(P,C)\operatorname{Hom}^\bullet(P,C) acyclic. Cone compatibility then proves invariance under every target quasi-isomorphism, including N→IN\to I. The right object therefore has cohomology NN in every nonnegative degree, and zero in negative degrees.

Finally degree-zero evaluation sends m⊗ϕm\otimes\phi to the map n↦ϕ(n)mn\mapsto\phi(n)m. Every ϕ(n)\phi(n) lies in (ε)(\varepsilon), which acts by zero on NN. Hence this induced map on degree-zero cohomology is zero. The canonical dual map is far from an isomorphism in this example. Finite duality in the perfect-complex lesson will require a hypothesis this residue module does not satisfy.





Sections with support and the localization triangle
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A section can vanish away from a closed subset while carrying information on that subset. Derived sections with support also detect classes which cannot be represented by a degree-zero section. Localization compares this information with what remains on the open complement. The point of the triangle is to include the boundary map: it measures the obstruction to extending a class across the missing subset.

The prerequisites are Sheaves of modules on a ringed space, Theorems 2.1 and 4.4; Injective modules and bounded-below derived functors, Lemma 1.1, Proposition 1.3 and Theorem 4.1(4), for injective flasqueness and acyclic resolutions; K-injective resolutions in Grothendieck categories, Theorems 4.1 and 5.1; and Derived pullback and pushforward, Proposition 3.2 and Theorem 4.1. The cone construction and exact-sequence triangle are Theorem 3.1 and Proposition 5.2 of the common reading. For cup products we use the tensor lesson's Theorem 2.2 and the internal-Hom lesson's Theorem 3.1.

Sections 1–3 work for any sheaf of unital rings, including noncommutative rings, and unbounded complexes of left modules. Section 5's tensor and cup products assume commutativity. For a closed inclusion i:Z↪Xi:Z\hookrightarrow X, use the unchanged coefficient sheaf 𝒪Z=i−1𝒪X\mathcal O_Z=i^{-1}\mathcal O_X; this is distinct from taking a quotient coefficient ring on a closed geometric subspace. Put j:U=X\Z↪Xj:U=X\setminus Z\hookrightarrow X.

The construction follows the Stacks project authors’ Cohomology of Sheaves, “Cohomology with support in a closed subset, II”, Tags 0G6Z–0G79, and Sheaves of Modules, in the AI Integrated Stacks Project edition. We develop the support adjunction, localization triangle and canonical product and pullback maps. The Euclidean example includes the singular-cochain comparison it uses. Source attribution and the licence for adapted passages appear in the course notice.


1. Closed supports and their adjunction

The support of a section s∈F(V)s\in F(V) is the set of points where its germ is nonzero. It is closed in VV: a zero germ means the section vanishes on a neighborhood. Define the ambient support subsheaf by

𝒮Z0F=ker⁡(F→j*F|U).\mathcal S_Z^0F=\ker(F\longrightarrow j_*F|_U).
\tag{1.1}
Its sections are exactly those supported in Z∩VZ\cap V. It is a module subsheaf, since scalar multiplication cannot create a nonzero germ where the section vanished. Kernels show that this additive functor is left exact. Its stalks vanish off ZZ.

A sheaf with zero stalks off a closed set is canonically the direct image of its restriction to that set. Indeed i*Gi_*G has stalk GzG_z at z∈Zz\in Z and zero off ZZ: neighborhoods intersected with ZZ are cofinal neighborhoods in ZZ, and a point outside ZZ has a neighborhood disjoint from it. Thus the unit F→i*i−1FF\to i_*i^{-1}F is an isomorphism for such FF. The same stalk description proves that i*i_* is exact, i−1i*i^{-1}i_* is the identity, and i*i_* is fully faithful. Set

ℋZF=i−1𝒮Z0F,i*ℋZF=𝒮Z0F.\begin{gathered}
\mathcal H_ZF=i^{-1}\mathcal S_Z^0F,\\
i_*\mathcal H_ZF=\mathcal S_Z^0F.
\end{gathered}
\tag{1.2}
Proposition 1.1. The functor ℋZ\mathcal H_Z is right adjoint to the exact functor i*i_*. It preserves injective objects and K-injective complexes. There is a derived adjunction i*⊣RℋZi_*\dashv R\mathcal H_Z, and RℋZ(i*N)=NR\mathcal H_Z(i_*N)=N.

Proof. A map i*G→Fi_*G\to F has image with zero stalks off ZZ, so it factors uniquely through (1.1). Full faithfulness of i*i_* then identifies it with a unique map G→ℋZFG\to\mathcal H_ZF. Conversely such a map pushes forward and includes into FF; these operations are inverse and natural. Since i*i_* is exact, Hom into ℋZI\mathcal H_ZI is exact if Hom into II is exact, proving injectivity preservation. If AA is an acyclic complex on ZZ, chain adjunction identifies maps and homotopies A→ℋZIA\to\mathcal H_ZI with those i*A→Ii_*A\to I. The latter source is acyclic, so these maps are null-homotopic for K-injective II.

Choose K-injective models in this same adjunction. The map test into K-injectives gives the derived adjunction. Also i*i_* preserves K-injectives, because its left adjoint i−1i^{-1} is exact; the identical acyclic-source argument proves this. Resolving NN by JJ therefore computes RℋZ(i*N)R\mathcal H_Z(i_*N) by ℋZ(i*J)=J\mathcal H_Z(i_*J)=J, proving the final assertion. All arguments use left module maps only. ▫\square

Write DZ(𝒪X)D_Z(\mathcal O_X) for objects whose cohomology sheaves vanish off ZZ. Exact restriction shows this condition is equivalent to K|U=0K|_U=0; cone long exact sequences show it defines a triangulated subcategory. The stalk argument for the unit applies to every cohomology sheaf, so i*:D(𝒪Z)→DZ(𝒪X)i_*:D(\mathcal O_Z)\to D_Z(\mathcal O_X) is an equivalence with inverse i−1i^{-1}. Proposition 1.1 then says
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\mathcal S_ZK:=i_*R\mathcal H_ZK
\tag{1.3}
is right adjoint to the inclusion of DZD_Z. Its counit 𝒮ZK→K\mathcal S_ZK\to K is universal among maps from objects supported on ZZ. In particular it is an isomorphism if K∈DZK\in D_Z.

Define ΓZ(X,F)=Γ(X,𝒮Z0F)\Gamma_Z(X,F)=\Gamma(X,\mathcal S_Z^0F) and derive it with K-injectives. Because ℋZI\mathcal H_ZI is K-injective, (1.2) gives the full local-to-global identity

RΓZ(X,K)=RΓ(Z,RℋZK).R\Gamma_Z(X,K)=R\Gamma(Z,R\mathcal H_ZK).
\tag{1.4}
On the right we restrict the scalar action from Γ(Z,𝒪Z)\Gamma(Z,\mathcal O_Z) through the map from Γ(X,𝒪X)\Gamma(X,\mathcal O_X). This also proves that taking derived sections of (1.3) gives the left side. These identities hold for all unbounded complexes.



2. Localization and its connecting sign

Theorem 2.1. There are triangles natural in KK:

𝒮ZK→K→Rj*(K|U)→𝒮ZK[1],\begin{gathered}
\mathcal S_ZK\longrightarrow K\longrightarrow Rj_*(K|_U)\\
\longrightarrow\mathcal S_ZK[1],
\end{gathered}
\tag{2.1}
and

RΓZ(X,K)→RΓ(X,K)→RΓ(U,K|U)→RΓZ(X,K)[1].\begin{gathered}
R\Gamma_Z(X,K)\longrightarrow R\Gamma(X,K)\\
\longrightarrow R\Gamma(U,K|_U)\\
\longrightarrow R\Gamma_Z(X,K)[1].
\end{gathered}
\tag{2.2}
Proof. Choose K→IK\to I K-injective with injective terms. Every term is flasque, and its restriction to UU is K-injective. On every open VV, flasqueness makes In(V)→In(V∩U)I^n(V)\to I^n(V\cap U) surjective. The kernel is precisely supported sections. Thus there are termwise short exact sequences

0→i*ℋZI→I→j*(I|U)→0,0→ΓZ(X,I)→Γ(X,I)→Γ(U,I)→0.\begin{gathered}
0\to i_*\mathcal H_ZI\to I\\
\to j_*(I|_U)\to0,\\[4pt]
0\to\Gamma_Z(X,I)\to\Gamma(X,I)\\
\to\Gamma(U,I)\to0.
\end{gathered}
\tag{2.3}
Each term is the indicated derived-functor model by Proposition 1.1 and open restriction. The common reading's exact-sequence triangle proves (2.1) and (2.2). A derived map is a unique homotopy class between the K-injective models. Applying the functors gives a map of exact sequences; the cone and quotient construction is natural for that map. Homotopic maps give homotopic maps on each term and identical maps of derived triangles. Resolution comparisons are homotopy equivalences, proving natural independence of the models. ▫\square

The sign calculation is as follows. For 0→A→aB→bC→00\to A\xrightarrow{a}B\xrightarrow{b}C\to0, the cone has differential d(y,x)=(dy+a(x),−dx)d(y,x)=(dy+a(x),-dx), projection p(y,x)=xp(y,x)=x, and quasi-isomorphism q(y,x)=b(y)q(y,x)=b(y) to CC. A cycle z∈Cnz\in C^n lifts to y∈Bny\in B^n; write dy=a(x)dy=a(x). Injectivity of aa gives dx=0dx=0. The cone cycle (y,−x)(y,-x) maps to zz, so

Hn(p)Hn(q)−1[z]=−[x].H^n(p)H^n(q)^{-1}[z]=-[x].
\tag{2.4}
Our triangle's last map is −pq−1-p q^{-1}, hence induces the positive lift boundary [z]↦[x][z]\mapsto[x]. A convention using the positive cone projection has the opposite boundary. Negating two arrows gives an isomorphic triangle: multiply one of its three objects by minus one. Thus one must track the third-arrow convention when transporting a formula from another source, rather than change one boundary informally.

Proposition 2.2. If an open VV is disjoint from ZZ, then RℋZ(Rv*N)=0R\mathcal H_Z(Rv_*N)=0 for v:V↪Xv:V\hookrightarrow X. Module and underlying-abelian supported cohomology agree canonically, both globally and as support sheaves.

Proof. A K-injective JJ on VV has K-injective v*Jv_*J, since restriction is exact. Its sections over WW and W\ZW\setminus Z are both J(W∩V)J(W\cap V), so its support kernel is zero. This proves the first assertion. For coefficient comparison, resolve a module complex by II, and its underlying abelian complex further by an abelian K-injective JJ. Their support kernels and restrictions give a map of the exact-sequence triangles (2.3), with injective terms used for both resolutions. The middle and open-complement maps on derived global sections are isomorphisms by Theorem 4.1 of the preceding lesson. The long exact sequences, or the Five Lemma on consecutive five terms, make the support map an isomorphism. Apply this argument on every open and sheafify to obtain the local support comparison; restriction of both coefficient models to opens is K-injective. Finally restrict the ambient comparison to ZZ to get RℋZR\mathcal H_Z. This supplies the source's omitted local verification. ▫\square



3. Locally closed pairs

The construction also applies to a locally closed WW. Choose an open VV in which WW is closed, and define the ambient support functor by direct image from VV of its closed-support subsheaf. It is independent of this choice. For another such open V′⊂VV'\subset V, a supported section on T∩V′T\cap V' glues with zero on T∩(V\W)T\cap(V\setminus W): their overlap is outside its support, and these two opens cover T∩VT\cap V. This is the inverse to restriction of supported sections. Compare arbitrary choices through their intersection. These inverse maps commute with restrictions, differentials and scalars. For an open WW, this functor is w*F|Ww_*F|_W, not a subsheaf of sections of FF extended by zero.

Proposition 3.1. If WW is locally closed and W′W' is closed in WW, there is a natural triangle

RΓW′shK→RΓWshK→RΓW\W′shK→RΓW′shK[1].\begin{gathered}
R\Gamma_{W'}^{\mathrm{sh}}K\longrightarrow R\Gamma_W^{\mathrm{sh}}K\\
\longrightarrow R\Gamma_{W\setminus W'}^{\mathrm{sh}}K
\longrightarrow R\Gamma_{W'}^{\mathrm{sh}}K[1].
\end{gathered}
\tag{3.1}
Here the superscript distinguishes these ambient sheaf functors from global sections.

Proof. Choose VV with WW closed in VV; then W′W' is also closed in VV, and W\W′W\setminus W' is closed in V\W′V\setminus W'. For a flasque FF, a supported section on (T∩V)\W′(T\cap V)\setminus W' extends to T∩VT\cap V. Outside WW the extension is still zero, since that open subset lies inside its original domain. The extension therefore has support in WW. Its kernel under restriction consists exactly of sections supported in W′W'. This proves a short exact sequence of the three support sheaves on every open TT, even though direct image from VV need not generally be exact. Apply it termwise to a K-injective resolution with injective, hence flasque, terms. The cone argument of Theorem 2.1 proves the triangle and its functoriality, with the same positive lift boundary. ▫\square



4. Integer coefficients near a Euclidean point

We prove the comparison needed for this example, rather than assume homotopy invariance for arbitrary sheaf cohomology. Let VV be any open subset of ℝn\mathbb R^n and AA any abelian group. Let Sq(V)S_q(V) be the free abelian group on continuous singular simplices Δq→V\Delta^q\to V, with boundary the alternating sum of faces. Its cochains are Cq(V;A)=Hom⁡ℤ(Sq(V),A)C^q(V;A)=\operatorname{Hom}_{\mathbb Z}(S_q(V),A), with differential c↦c∂c\mapsto c\partial. Let 𝒞q\mathcal C^q be the sheafification of this cochain presheaf.

Lemma 4.1 (cochain comparison). The augmented complex AV→𝒞•A_V\to\mathcal C^\bullet is a flasque resolution, and

Hq(V,AV)=Hq(C•(V;A)).H^q(V,A_V)=H^q(C^\bullet(V;A)).
\tag{4.1}
The comparison is natural under restrictions to smaller opens.

Proof. We supply the three required steps. First, a cover of an open Euclidean set has a locally finite open refinement (Va)(V_a) whose closures lie in members of the original cover. Here is an explicit compactness argument. Exhaust the open set by compact sets Km={x:|x|≤m,dist⁡(x,ℝn\V)≥1/m}K_m=\{x:|x|\leq m,\ \operatorname{dist}(x,\mathbb R^n\setminus V)\geq1/m\}; omit the distance condition when the complement is empty. They satisfy Km⊂int⁡Km+1K_m\subset\operatorname{int}K_{m+1} and exhaust VV. Cover each compact layer Km\int⁡Km−1K_m\setminus\operatorname{int}K_{m-1} by finitely many balls with closures in cover members and in int⁡Km+1\Km−2\operatorname{int}K_{m+1}\setminus K_{m-2}. Set the negative-index compact sets empty. The balls cover VV; every point has a neighborhood in some KmK_m, which meets only finitely many subsequent layers, so they are locally finite.

A section of 𝒞q\mathcal C^q is represented by cochains cac_a on cover members. Using this refinement, assign to each singular simplex contained in some VaV_a the value given by one such cac_a; assign zero if it is contained in none. This is a global cochain representing the section. To verify the assertion, fix a point xx. Only finitely many refinement members meet a sufficiently small neighborhood. Remove those whose closures do not contain xx. For the remaining finite list, their representing cochains are defined near xx, and their germs agree. Shrink the neighborhood so all these cochains agree on every simplex in it, and so it is contained in one refinement member containing xx. The global assignment then agrees with that representative there, irrespective of the choices for simplices. This proves surjectivity of Cq(V;A)→Γ(V,𝒞q)C^q(V;A)\to\Gamma(V,\mathcal C^q). The same proof works on every smaller open. Extend a representing cochain by zero on simplices not contained in that smaller open; this proves flasqueness of 𝒞q\mathcal C^q.

Second, on a convex ball straight-line contraction proves that singular cohomology is AA in degree zero and zero in positive degrees. The chain verification is the prism identity: a homotopy HH from ff to gg assigns to a qq-simplex the alternating sum, with signs (−1)i(-1)^i, of the q+1q+1 simplices with vertices (v0,0),…,(vi,0),(vi,1),…,(vq,1)(v_0,0),\ldots,(v_i,0),(v_i,1),\ldots,(v_q,1) in Δq×[0,1]\Delta^q\times[0,1], followed by HH. Interior faces cancel in pairs, the two horizontal faces give g−fg-f, and the other faces give the negative prism of the boundary. Thus ∂P+P∂=g*−f*\partial P+P\partial=g_*-f_*. A constant map factors through the point's chain complex; its augmented homology contracts (insert the unique vertex), and dually its cohomology is as stated. Taking the exact filtered colimit over convex-ball neighborhoods proves that AV→𝒞•A_V\to\mathcal C^\bullet is exact on stalks.

Third, the kernel of global cochains mapping to sheaf sections is the complex N•N^\bullet of cochains locally zero: each point has a neighborhood on all of whose singular simplices the cochain vanishes. We prove that this kernel is acyclic. For an open cover 𝒰\mathcal U, let S*𝒰S_*^{\mathcal U} be the subcomplex generated by simplices contained in one cover member, and let N𝒰•N_{\mathcal U}^\bullet be its annihilator. The small-chain inclusion has a retraction rr and homotopy hh satisfying

1−jr=∂h+h∂,rj=1,hj=0.\begin{gathered}
1-jr=\partial h+h\partial,\\
rj=1,\qquad hj=0.
\end{gathered}
\tag{4.2}
Here is the full construction. Barycentric subdivision ss replaces a simplex by its oriented barycentric triangulation. Internal faces cancel, and boundary faces are subdivided faces, so it is a chain map. There is a homotopy TT with s−1=∂T+T∂s-1=\partial T+T\partial, supported inside each simplex image. To construct it without another theorem, work first in the standard simplex. In dimension zero take T=0T=0. In dimension qq, subtract the already constructed homotopies on its faces from sιq−ιqs\iota_q-\iota_q. The result is a cycle by the lower-dimensional identity. Cone that cycle to the barycenter inside the convex simplex, then push it forward by the singular simplex. The cone boundary formula ∂(b*c)=c−b*∂c\partial(b*c)=c-b*\partial c proves the identity. Write TmT_m for the sum of iterated homotopies, so sm−1=∂Tm+Tm∂s^m-1=\partial T_m+T_m\partial; it has the same support control.

Induct on simplex dimension to construct (4.2). Once r,hr,h are constructed on faces of σ\sigma, put z=σ−h∂σz=\sigma-h\partial\sigma. The induction identity gives ∂z=jr∂σ\partial z=jr\partial\sigma. Choose mm so that every simplex in smzs^m z is small, and define

jrσ=smz−Tmjr∂σ,hσ=−Tmz.\begin{aligned}
jr\sigma&=s^mz-T_mjr\partial\sigma,\\
h\sigma&=-T_mz.
\end{aligned}
\tag{4.3}
The correction is small: r∂σr\partial\sigma is small, and TmT_m keeps each simplex inside its image. The boundary of the first line is jr∂σjr\partial\sigma; subtracting it from zz gives −∂Tmz-\partial T_mz, proving the homotopy identity. For a small σ\sigma, its faces have h=0h=0; choose m=0m=0, obtaining rσ=σr\sigma=\sigma and hσ=0h\sigma=0. The required mm always exists: barycentric subdivision reduces mesh in dimension q>0q>0 by at most q/(q+1)q/(q+1). Indeed two vertices of a subdivided simplex are barycenters of nested faces, and their distance is bounded by that fraction of the original diameter. Uniform continuity on the compact standard simplex and a finite subcover of its inverse-image cover then make repeated subdivisions small. The finitely many simplices in zz can use a common mm.

Dualizing (4.2) contracts N𝒰•N_{\mathcal U}^\bullet: cjr=0cjr=0, and chch still vanishes on small chains because hj=0hj=0. Every locally zero cochain belongs to some N𝒰N_{\mathcal U}, and common refinement orders these complexes as a filtered union. Exact filtered colimits make N•N^\bullet acyclic. Our first step identifies the section complex of 𝒞•\mathcal C^\bullet with C•/N•C^\bullet/N^\bullet; the quotient is therefore quasi-isomorphic to singular cochains. Finally flasque acyclicity and the bounded-below acyclic-resolution theorem from the bounded-derived lesson compute sheaf cohomology by this section complex. All maps used in the quotient comparison are restriction maps, giving its naturality. ▫\square

Proposition 4.2. For n≥0n\geq0,

RΓ{0}(ℝn,ℤ)≅ℤ[−n].R\Gamma_{\{0\}}(\mathbb R^n,\mathbb Z)
\cong\mathbb Z[-n].
\tag{4.4}
Proof. The comparison proves Hq(ℝn,ℤ)=ℤH^q(\mathbb R^n,\mathbb Z)=\mathbb Z for q=0q=0 and zero otherwise, by straight-line contraction. For n>0n>0, the punctured space deformation retracts onto Sn−1S^{n-1} by radial rescaling; the prism identity proves invariance of singular cohomology under this homotopy.

We recall and prove the sphere calculation needed here. For a cover by two opens, its small-chain complex is the sum of the two singular chain subcomplexes; their intersection is the chain complex of their intersection. Cochains therefore have the short exact sequence with middle term C•(U;ℤ)⊕C•(V;ℤ)C^\bullet(U;\mathbb Z)\oplus C^\bullet(V;\mathbb Z), last term C•(U∩V;ℤ)C^\bullet(U\cap V;\mathbb Z), and map the difference of restrictions. Surjectivity follows by extending any cochain on the intersection by zero to either open. The small-chain equivalence just proved gives the usual long exact Mayer–Vietoris sequence, with no sheaf comparison required on the sphere itself. Cover SmS^m by complements of its two poles. Each is homeomorphic to ℝm\mathbb R^m, and their intersection retracts to Sm−1S^{m-1}. Starting with S0S^0, whose two points have H0=ℤ2H^0=\mathbb Z^2, the sequence proves inductively that the reduced cohomology of SmS^m is ℤ\mathbb Z in degree mm and zero elsewhere.

For n=1n=1, the restriction from the line to its two complementary rays is the diagonal ℤ→ℤ2\mathbb Z\to\mathbb Z^2. Its cokernel is ℤ\mathbb Z. For n>1n>1 the degree-zero restriction is an isomorphism, and the sole reduced punctured-space class has degree n−1n-1. The long exact sequence of (2.2) puts the sole supported class in degree nn. For n=0n=0, the support is the entire one-point space and the result is immediate. A complex with just this cohomology is isomorphic to that cohomology module in its degree: the good-truncation inclusion and quotient give the requisite quasi-isomorphisms, as in the common reading's Proposition 5.2. This proves (4.4). ▫\square

The same computation on balls centered at zero gives 𝒮{0}ℤ=ℤ{0}[−n]\mathcal S_{\{0\}}\mathbb Z=\mathbb Z_{\{0\}}[-n]. The transition isomorphisms follow from the natural comparison and radial rescaling of punctured balls. This is supported cohomology, rather than ordinary sections of the constant sheaf supported at the point; those ordinary sections are zero when n>0n>0.



5. Cup products and support pullback

Assume commutative coefficients in this section. Tensoring an object supported on ZZ with any derived object keeps that support: a K-flat model makes its restriction to the complement acyclic. The universal counit in (1.3) therefore gives a unique factorization of K⊗𝑳𝒮ZM→K⊗𝑳MK\otimes^{\mathbf L}\mathcal S_ZM\to K\otimes^{\mathbf L}M through 𝒮Z(K⊗𝑳M)\mathcal S_Z(K\otimes^{\mathbf L}M). On closed-set coefficients it is the canonical map

i−1K⊗𝑳RℋZM→RℋZ(K⊗𝑳M).\begin{gathered}
i^{-1}K\otimes^{\mathbf L}R\mathcal H_ZM\\
\longrightarrow R\mathcal H_Z(K\otimes^{\mathbf L}M).
\end{gathered}
\tag{5.1}
Indeed K⊗𝑳i*N=i*(i−1K⊗𝑳N)K\otimes^{\mathbf L}i_*N=i_*(i^{-1}K\otimes^{\mathbf L}N): take a K-flat model for KK, and check the ordinary tensor comparison on stalks, identical over 𝒪z\mathcal O_z on ZZ and zero off it. This proves the identity without a projection-formula assumption. The universal factorization proves naturality and coherence under successive tensor products, because the composites have the same image under the counit.

The internal-Hom lesson identifies cohomology classes with maps from 𝒪\mathcal O to shifted objects. Tensoring such maps defines cup products. Apply the factorization above to get

Hp(X,K)×HZq(X,M)→HZp+q(X,K⊗𝑳M).\begin{gathered}
H^p(X,K)\times H_Z^q(X,M)\\
\longrightarrow H_Z^{p+q}(X,K\otimes^{\mathbf L}M).
\end{gathered}
\tag{5.2}
Forgetting supports commutes with cup product, since composing the factorization with its counit is precisely the ordinary tensor map. This proves the omitted compatibility in Tag 0G77. On homogeneous cycles the product is their tensor, whose differential is da⊗b+(−1)pa⊗dbda\otimes b+(-1)^pa\otimes db; changing either cycle by a boundary changes it by a boundary. The coherent shift identification gives exactly these signs.

For a morphism f:X′→Xf:X'\to X, set Z′=f−1ZZ'=f^{-1}Z. Derived pullback carries supported objects to objects supported on Z′Z': off that set, a K-flat acyclic stalk remains acyclic after arbitrary scalar extension, by the tensor lesson's Lemma 1.1. Pulling back the support counit therefore factors uniquely through

Lf*𝒮ZK→𝒮Z′Lf*K.Lf^*\mathcal S_ZK\longrightarrow\mathcal S_{Z'}Lf^*K.
\tag{5.3}
For g:Z′→Zg:Z'\to Z it equivalently gives Lg*RℋZK→RℋZ′Lf*KLg^*R\mathcal H_ZK\to R\mathcal H_{Z'}Lf^*K. To justify the equivalence directly, a K-flat model PP on ZZ has K-flat i*Pi_*P on XX, by the stalk test. The canonical ordinary closed-set comparison f*i*P→i*′g*Pf^*i_*P\to i'_*g^*P is an isomorphism on each stalk, proving the derived identity. Universal uniqueness proves that (5.3) commutes with forgetting supports and composes for two pullbacks. On cohomology, pullback uses the unit of Lf*⊣Rf*Lf^*\dashv Rf_* and the global Leray identity from lesson six; its naturality and the counit factorization prove the supported/ordinary pullback square commutes. This is a canonical map, without a general assertion that it is invertible.



6. A two-point calculation and exercises

Let X={c,η}X=\{c,\eta\} have opens ⌀,{η},X\varnothing,\{\eta\},X; its closed point is cc. With a constant ring sheaf, a module sheaf is exactly an arrow r:M→Nr:M\to N. Its global sections are MM, its sections on the open point are NN, and exactness is exactness at both entries. Thus global sections on this space and on its open point are exact functors. Also j*N=(N→1N)j_*N=(N\xrightarrow{1}N) is exact. The localization triangle gives

Hc0(X,F)=ker⁡r,Hc1(X,F)=coker⁡r,Hcq(X,F)=0(q≠0,1).\begin{aligned}
H^0_c(X,F)&=\ker r,\\
H^1_c(X,F)&=\operatorname{coker}r,\\
H^q_c(X,F)&=0\quad(q\ne0,1).
\end{aligned}
\tag{6.1}
The corresponding ambient cohomology sheaves are these modules at cc, zero at η\eta. Ordinary supported sections only see the kernel, while the degree-one group measures the failed extension of a section from η\eta. The first exercise shows that failure before any resolutions are chosen.

Exercise 1 (easy: left exactness and its limit). Prove left exactness of closed supported sections directly from their definition. On the two-point space give an exact sequence for which they fail to be right exact.

Solution. In an exact sequence 0→F→G→H0\to F\to G\to H, a supported section of GG mapping to zero in HH lifts uniquely to FF, by left exactness of ordinary sections. Its restriction off the closed set vanishes because its image in GG does, and F→GF\to G is injective. Thus it is supported. This proves exactness at the first two terms, globally and on every open. On the two-point space the exact sequence of arrows 0→(0→k)→(k→1k)→(k→0)→00\to(0\to k)\to(k\xrightarrow{1}k)\to(k\to0)\to0 is exact at each entry. Its closed supported sections are respectively 0,0,k0,0,k, so the last map is not surjective. All the maps used are module maps over the same ring, and the counterexample works with noncommutative coefficients too.

Exercise 2 (medium: the localization fibre). For an arrow r:M→Nr:M\to N, give a complex computing the global supported object, including the connecting map N→Hc1(X,F)N\to H^1_c(X,F).

Solution. Since the other two global terms are M[0]M[0] and N[0]N[0], the supported object is the shifted cone C(r)[−1]C(r)[-1]. It has MM in degree zero, NN in degree one, and differential −r-r. Its map to M[0]M[0] is the identity in degree zero. Rotating the cone triangle with last map −p-p gives the next map rr and the final map N[0]→C(r)N[0]\to C(r) as the positive cone inclusion. Thus its boundary on cohomology is the positive quotient N→N/r(M)N\to N/r(M). The degree-minus-one shift is why the fibre differential is −r-r. Replacing it by +r+r by negating its NN term would also negate the coordinate description of the boundary; one cannot make that replacement while leaving the boundary description unchanged. This proves (6.1) and checks the sign convention in a fully explicit sheaf model.

Exercise 3 (medium: the Euclidean group and its sign). Compute all H{0}q(ℝn,ℤ)H^q_{\{0\}}(\mathbb R^n,\mathbb Z). For n=1n=1, label the complementary rays in negative, positive order and determine the boundary of their locally constant section (a,b)(a,b).

Solution. Proposition 4.2 gives ℤ\mathbb Z in degree nn and zero in all other degrees, including the whole-support case n=0n=0. In dimension one the degree-zero restriction is diagonal, so the boundary factors through ℤ2/ℤ(1,1)\mathbb Z^2/\mathbb Z(1,1). Its positive coordinate is b−ab-a. To check the sign with actual cochains, extend the function on the two rays arbitrarily to a zero-cochain on the line. Its differential on an oriented interval crossing zero is its value at the positive endpoint minus its value at the negative endpoint, namely b−ab-a. This differential vanishes on chains contained in either ray and represents the relative degree-one class.

The flasque resolution in Lemma 4.1 also computes supported cohomology: each of its terms is acyclic for sections on the line and on the complement, and its restriction is onto, so Theorem 2.1 makes it acyclic for supported sections. The bounded-below acyclic-term theorem therefore applies. Naturality of the singular comparison identifies its cone with the relative cochain cone. Equation (2.4) says the triangle's negative projection gives precisely this positive lift differential. Thus the increasing orientation of the real line gives δ(a,b)=b−a\delta(a,b)=b-a, rather than its negative. In higher dimensions the boundary takes a chosen linking-sphere class to the corresponding supported class with this same positive lift convention; changing the orientation negates both chosen generators.

Exercise 4 (hard: cup products with support). Prove that forgetting supports in (5.2) gives the ordinary cup product. Prove also that first multiplying two ordinary classes and then a supported class agrees, after association, with the successive supported cup products.

Solution. Let S=𝒮ZMS=\mathcal S_ZM. The source K⊗𝑳SK\otimes^{\mathbf L}S lies in DZD_Z, so the right adjunction identifies maps from it to 𝒮Z(K⊗𝑳M)\mathcal S_Z(K\otimes^{\mathbf L}M) with maps from it to K⊗𝑳MK\otimes^{\mathbf L}M. The defining transpose is 1K1_K tensor the support counit. Composing the supported map with the new counit therefore gives exactly that tensor map. A class is a map from the tensor unit to a shifted object; tensoring the two class maps and composing these equal morphisms proves compatibility with forgetting supports on cohomology, in every pair of degrees.

For objects K,L,MK,L,M, both successive support products are maps from K⊗𝑳L⊗𝑳𝒮ZMK\otimes^{\mathbf L}L\otimes^{\mathbf L}\mathcal S_ZM, an object of DZD_Z, to 𝒮Z(K⊗𝑳L⊗𝑳M)\mathcal S_Z(K\otimes^{\mathbf L}L\otimes^{\mathbf L}M). Under the adjunction both are 1K⊗1L1_K\otimes1_L tensor the counit. Its uniqueness proves equality; the tensor associator identifies their sources and targets. Applying this to shifted class maps proves the assertion for classes. No exactness of global sections, flatness of the classes' sheaves, or finiteness of their degrees is used. K-flat models and the proved tensor coherence justify the entire construction.

Exercise 5 (hard: pullback is a map, not always an isomorphism). Explain why (5.3) composes for two ringed-space morphisms and give a case where it is not an isomorphism.

Solution. Pulling back the original counit through two maps gives the same morphism as pulling it back through their composite, by lesson six's coherent pullback composition. Every source involved is supported on the inverse-image closed subset. The universal factorization into its support right adjoint is unique, so the two resulting maps agree after the canonical composition identification.

For failure, take X=ℝX=\mathbb R, Z={0}Z=\{0\}, constant coefficients ℤ\mathbb Z, and ff the inclusion of that point with the unchanged stalk coefficient ring. Pullback is the exact stalk functor. Proposition 4.2 and its ball calculation give Lf*𝒮Zℤ=ℤ[−1]Lf^*\mathcal S_Z\mathbb Z=\mathbb Z[-1]. The inverse-image support is the entire point, so 𝒮Z′Lf*ℤ=ℤ[0]\mathcal S_{Z'}Lf^*\mathbb Z=\mathbb Z[0]. Their cohomology groups occur in different degrees, and the canonical map cannot be an isomorphism. All coefficient maps are identity maps; this failure concerns the support operation, not nonflat change of coefficient rings.





Perfect complexes and duals on a ringed space

Written and edited by GPT-6.1 Sol (OpenAI), in Codex at Ultra, October 2026. Mathematically self-checked by the writing AI. Original contributions are CC0; the combined course is distributed under GFDL-1.2-or-later. Full authorship and source attribution appear in the course notice.

A perfect complex is locally a finite calculation with finite projective coefficients. This finiteness has two complementary descriptions: arbitrarily accurate finite approximations, together with a bound on the degrees that tensor products can create; and a dual that permits evaluation and coevaluation. We prove the equivalence on arbitrary ringed spaces. Local rings simplify the models, but are not a hypothesis of the main theorem.

The prerequisites are Flat modules and K-flat resolutions, Lemmas 1.2–1.3, 2.2–2.4, Theorem 3.1 and Lemma 4.1; The derived tensor product and Tor sheaves, Theorem 2.2 and Theorem 3.3; Hom complexes, internal derived Hom and Ext sheaves, Lemma 1.1, Theorems 2.2 and 3.1 and the canonical maps in Section 4; and Derived pullback and pushforward, Theorem 1.1 and Proposition 3.2. Injective modules and bounded-below derived functors, Theorem 3.3, supplies maps into K-injectives. The common reading supplies cones, their long exact cohomology sequences, and localization by roofs. The support lesson's Theorem 2.1 is used once for extension across an open complement.

Throughout, 𝒪=𝒪X\mathcal O=\mathcal O_X is commutative and unital, and all derived categories are unbounded. Write [K,L]=Rℋom(K,L)[K,L]=R\mathcal Hom(K,L). A “finite projective sheaf” here means a direct summand of 𝒪r\mathcal O^r for finite rr; a “locally finite projective sheaf” has that property on an open cover. Bounds stated locally need not be uniform on the space.

The construction follows the Stacks project authors’ Cohomology of Sheaves, “Strictly perfect complexes”, “Pseudo-coherent modules”, “Tor dimension”, “Perfect complexes” and “Duals”, in the AI Integrated Stacks Project edition. We prove the finite-model criterion and duality, including the finite-cell argument needed for the converse. Source attribution and the licence for adapted passages appear in the course notice.


1. Finite models and local maps

A complex is strictly perfect if it is bounded and each term is finite projective. An object is perfect if, on an open cover, it is isomorphic in the derived category to a strictly perfect complex. Cones, shifts and tensor products of strictly perfect complexes are strictly perfect: in each degree only finitely many summands occur; a tensor product of summands of 𝒪r\mathcal O^r and 𝒪s\mathcal O^s is a summand of 𝒪rs\mathcal O^{rs}. Pullback preserves these splittings.

Lemma 1.1 (finite lifting and local representatives). A map from a finite projective sheaf to the target of a sheaf epimorphism lifts near every point. If PP is strictly perfect with lowest term in degree aa, and Hj(C)=0H^j(C)=0 for j≥aj\ge a, every chain map P→CP\to C is locally null-homotopic. Every derived map P→FP\to F is locally represented by a chain map, and a chain map that is zero in the derived category is locally null-homotopic.

Proof. First lift the finitely many images of the basis of 𝒪r\mathcal O^r on a common neighbourhood, then restrict the resulting lift to its summand. For the homotopy, descend from the highest nonzero degree bb of PP. The degree-bb component lands in cycles. Since Hb(C)=0H^b(C)=0, the epimorphism Cb−1→Zb(C)C^{b-1}\to Z^b(C) permits a local lift hbh^b. At degree ii, the residual map fi−hi+1dPf^i-h^{i+1}d_P lands in cycles because the chain-map equation and the already constructed homotopy in degree i+1i+1 give zero after applying dCd_C. Lift it to Ci−1C^{i-1}. There are finitely many degrees and shrinkings, and the result is f=dh+hdf=dh+hd.

Take a K-injective resolution F→IF\to I. Maps into II represent derived maps by the bounded-derived lesson's Theorem 3.3. If CC is acyclic, then 𝖧(P,C)\mathsf H(P,C) is an acyclic sheaf complex: Hom from a finite projective term is a summand of a finite power of the exact identity functor, and the finite filtration by terms of PP proves the assertion. Consequently 𝖧(P,F)→𝖧(P,I)\mathsf H(P,F)\to\mathsf H(P,I) is a quasi-isomorphism. A degree-zero cycle on the right lifts locally to a cycle on the left modulo a boundary, since its cohomology-sheaf map is an isomorphism. This gives an actual representative. A cycle on the left whose image is a boundary is locally a boundary on the left, giving the last assertion. The same reasoning shows that a derived map P→CP\to C, under the stated cohomology vanishing, is locally zero: first represent it, then apply the downward homotopy. ▫\square

It follows that perfectness is independent of the chosen representative: locally realize a strictly perfect model's derived isomorphism by a chain map to that representative; it is a quasi-isomorphism because its cohomology maps are isomorphisms.

For later use, an acyclic top pair in a strictly perfect complex can be cancelled locally. If the top term is PbP^b and Hb(P)=0H^b(P)=0, the epimorphism Pb−1→PbP^{b-1}\to P^b splits by Lemma 1.1. Its kernel is finite projective, and the complex decomposes as that shortened complex plus the contractible identity disk on PbP^b. Repeat finitely often.

Lemma 1.2 (finite presentation and flatness). A flat, finitely presented sheaf is locally finite projective. If all stalk rings are local, locally finite projective sheaves are finite locally free.

Proof. Locally write a presentation 𝒪m→A𝒪n→F→0\mathcal O^m\xrightarrow{A}\mathcal O^n\to F\to0, and put L=im⁡AL=\operatorname{im}A. Flatness of FF makes L⊂𝒪nL\subset\mathcal O^n pure: tensoring this inclusion with any sheaf is injective, by the flat-quotient lemma. Let lαl_\alpha be the columns of A=(aiα)A=(a_{i\alpha}). The finite equations

∑iaiαyi=lα(1≤α≤m)\sum_i a_{i\alpha}y_i=l_\alpha
\qquad(1\le\alpha\le m)
\tag{1.1}
have the ambient solutions yi=eiy_i=e_i. Set T=coker⁡(At:𝒪n→𝒪m)T=\operatorname{coker}(A^t:\mathcal O^n\to\mathcal O^m). The tuple (lα)(l_\alpha) maps to zero in T⊗𝒪nT\otimes\mathcal O^n, hence in T⊗LT\otimes L by purity. Right exactness of tensor says it locally lies in the image of At⊗LA^t\otimes L. Thus (1.1) has solutions in LL on a neighbourhood. Sending eie_i to yiy_i gives a retraction 𝒪n→L\mathcal O^n\to L, because it fixes the generators lαl_\alpha. The quotient FF is a finite free summand.

For completeness, a finite projective module over a local ring (R,𝔪)(R,\mathfrak m) is free. Nakayama's lemma follows directly: if finite generators satisfy v=Bvv=Bv with entries of BB in 𝔪\mathfrak m, then det⁡(1−B)\det(1-B) is a unit, and the adjugate identity gives v=0v=0. Lift a basis modulo 𝔪\mathfrak m to a finite projective module PP. Nakayama applied to the cokernel gives a surjection Rr→PR^r\to P. It splits; its finite kernel has zero reduction modulo 𝔪\mathfrak m, so another application of Nakayama kills that kernel.

A free stalk of a finitely presented sheaf spreads to a free sheaf near that point. Lift its finite basis, and kill the stalk-zero cokernel using finitely many generators. The resulting surjection has finitely generated kernel: from a finite presentation, lift maps between the two finite free presentations; the original finite relations and the columns of the difference between their composite and the identity generate the kernel. Its zero stalk therefore kills finitely many kernel generators on a common neighbourhood. The lifted basis is an isomorphism there. Apply this to the finite projective sheaf. ▫\square

For arbitrary stalk rings, “projective” cannot be replaced by “free”. On the one-point space with ring k×kk\times k, the summand (1,0)R(1,0)R is not RrR^r for any rr: its two component dimensions are (1,0)(1,0), whereas those of RrR^r are (r,r)(r,r).

Proposition 1.3 (Hom from a finite model). For strictly perfect PP and any complex FF, 𝖧(P,F)\mathsf H(P,F) represents [P,F][P,F]. If FF is K-flat, this Hom complex is K-flat.

Proof. The finite-filtration argument in Lemma 1.1 makes 𝖧(P,−)\mathsf H(P,-) preserve quasi-isomorphisms, so compare F→IF\to I with the definition [P,F]=𝖧(P,I)[P,F]=\mathsf H(P,I). Define

(P∨)n=ℋom(P−n,𝒪),dP∨n=(−1)n+1(dP−n−1)t.\begin{aligned}
(P^\vee)^n&=\mathcal Hom(P^{-n},\mathcal O),\\
d_{P^\vee}^n&=(-1)^{n+1}(d_P^{-n-1})^t.
\end{aligned}
\tag{1.2}
Evaluation identifies F⊗P∨F\otimes P^\vee with 𝖧(P,F)\mathsf H(P,F): on homogeneous elements it sends f⊗ϕf\otimes\phi to p↦fϕ(p)p\mapsto f\phi(p). The identity is clear for finite free terms and passes to summands. The Hom differential and the sign in (1.2) agree with the tensor differential. The dual is bounded with flat terms, hence K-flat; tensoring two K-flats remains K-flat. ▫\square



2. Finite approximations

An object KK is mm-pseudo-coherent if locally there is a map P→KP\to K from a strictly perfect complex, inducing isomorphisms on HjH^j for j>mj>m and a surjection on HmH^m. Equivalently, its cone has zero cohomology in degrees j≥mj\ge m. It is pseudo-coherent if this holds for every integer mm. The cover may depend on mm. Lemma 1.1 makes this definition equivalent to using actual maps to any chosen complex representative.

Smaller thresholds impose stronger conditions. An mm-approximation is also an (m+1)(m+1)-approximation, and shifting by [r][r] changes the threshold to m−rm-r. Such an object is locally bounded above, because its approximation has finitely many nonzero terms. On a quasi-compact space finitely many neighbourhoods give a uniform upper bound.

Derived pullback preserves mm-pseudo-coherence. Indeed, a complex with cohomology only in degrees ≤c\le c has a bounded-above flat model with terms only in those degrees, by good truncation and Lemma 4.1 of the flat lesson. Its derived pullback has the same upper bound. Pull back the approximation triangle; the strict model remains strict and the cone remains in degrees <m<m. Similarly, if K∈D≤aK\in D^{\le a} and L∈D≤bL\in D^{\le b}, these flat models show K⊗LL∈D≤a+bK\otimes^L L\in D^{\le a+b}.

Proposition 2.1 (triangles and tensor bounds). In a triangle K→L→M→K[1]K\to L\to M\to K[1], the following implications hold:


	If KK is (m+1)(m+1)-pseudo-coherent and LL is mm-pseudo-coherent, then MM is mm-pseudo-coherent.

	If K,MK,M are mm-pseudo-coherent, then LL is mm-pseudo-coherent.

	If LL is (m+1)(m+1)-pseudo-coherent and MM is mm-pseudo-coherent, then KK is (m+1)(m+1)-pseudo-coherent.



If K∈D≤aK\in D^{\le a} is nn-pseudo-coherent and L∈D≤bL\in D^{\le b} is mm-pseudo-coherent, their tensor product is max⁡(n+b,m+a)\max(n+b,m+a)-pseudo-coherent.

Proof. Choose approximations P→KP\to K, Q→LQ\to L at thresholds m+1,mm+1,m. Brutally cut PP below m+1m+1, preserving that approximation. For C=Cone⁡(Q→L)C=\operatorname{Cone}(Q\to L), the map P→L→CP\to L\to C is locally zero by Lemma 1.1: CC has no cohomology in degrees ≥m\ge m, whereas PP starts at m+1m+1. Exactness of Hom applied to the triangle Q→L→CQ\to L\to C lifts P→LP\to L to a derived map P→QP\to Q; Lemma 1.1 realizes it by a chain map locally. The triangle axiom gives a map Cone⁡(P→Q)→M\operatorname{Cone}(P\to Q)\to M.

Here is the required cohomology check. Cone cohomology in degree jj is an extension of the cokernel in degree jj by the kernel in degree j+1j+1. For j>mj>m, the two cokernels are isomorphic: the map on Hj(Q)H^j(Q) is an isomorphism and the map from PP's cohomology is onto at j=m+1j=m+1, an isomorphism above it. The kernels in degree j+1j+1 are isomorphic. Hence the extension map is an isomorphism. At j=mj=m, surjectivity for QQ makes the cokernel map onto, and surjectivity for PP at m+1m+1, with the isomorphism for QQ there, makes the kernel map onto. Lifting first the kernel component and then the cokernel component proves surjectivity for the extension. Thus the cone is an approximation. Rotation and the shift rule give the other two implications.

For the tensor claim choose approximations P→KP\to K, Q→LQ\to L at thresholds n,mn,m. They can have terms only in degrees ≤a,≤b\le a,\le b: cancel acyclic top pairs; if the threshold exceeds the relevant bound, the zero complex is already an approximation. Factor the tensor map through K⊗LQK\otimes^L Q. Its first cone is Cone⁡(P→K)⊗Q\operatorname{Cone}(P\to K)\otimes Q, bounded above by n+b−1n+b-1; its second cone is K⊗LCone⁡(Q→L)K\otimes^L\operatorname{Cone}(Q\to L), bounded above by a+m−1a+m-1. The octahedral cone triangle bounds the composite cone by the larger of these numbers. The source P⊗QP\otimes Q is strictly perfect, proving the assertion without a Tor spectral sequence. Taking arbitrarily small thresholds proves tensor closure for pseudo-coherent objects. ▫\square

Proposition 2.2 (summands and criteria). Summands of mm-pseudo-coherent objects are mm-pseudo-coherent. A locally bounded-above complex whose term in degree ii is (m−i)(m-i)-pseudo-coherent is mm-pseudo-coherent; the same holds if its cohomology sheaf in degree ii is (m−i)(m-i)-pseudo-coherent. A module is 00-pseudo-coherent exactly when it is of finite type, and (−1)(-1)-pseudo-coherent exactly when it is finitely presented.

Proof. Suppose K⊕LK\oplus L is mm-pseudo-coherent. Its endomorphism 1K⊕01_K\oplus0 has cone L⊕L[1]L\oplus L[1]. Proposition 2.1 applies since mm-pseudo-coherence implies (m+1)(m+1)-pseudo-coherence. Shift repeatedly; each L[n]⊕L[n+1]L[n]\oplus L[n+1] is mm-pseudo-coherent. Work near a point where LL is bounded above. For large nn, L[n]L[n] has zero cohomology in degrees ≥m\ge m, so the zero approximation works. Descend using the split triangles

L[n]→L[n]⊕L[n−1]→L[n−1]→L[n+1].\begin{gathered}
L[n]\longrightarrow L[n]\oplus L[n-1]\\
\longrightarrow L[n-1]\longrightarrow L[n+1].
\end{gathered}
\tag{2.2}
The first implication of Proposition 2.1 supplies each preceding step. Only finitely many steps are needed for a fixed threshold at a fixed point. Exchanging K,LK,L finishes the summand assertion.

For the term criterion, remove all degrees below r≤mr\le m. The finite upper tail is mm-pseudo-coherent by its filtration into terms Fi[−i]F^i[-i] and the extension implication. The lower quotient is bounded above by r−1<mr-1<m, so has the zero approximation. The same extension implication proves the claim. For the cohomology criterion use the finite good-truncation filtration, with quotients Hi(K)[−i]H^i(K)[-i], and its lower tail in degrees <r<r.

If K∈D≤mK\in D^{\le m}, cancel the top acyclic terms in an mm-approximation: Hm(K)H^m(K) is a quotient of a finite projective sheaf, hence finite type. If K∈D≤m+1K\in D^{\le m+1}, the same cancellation leaves Hm+1(K)H^{m+1}(K) as the cokernel of a map of two finite projective sheaves, hence finitely presented. Apply these facts to a module in degree zero. Conversely, a finite generating surjection in degree zero supplies a 00-approximation; a finite presentation in degrees −1,0-1,0 supplies a (−1)(-1)-approximation. ▫\square



3. Tor amplitude and the perfectness criterion

An object KK has Tor amplitude in [a,b][a,b] if, for every module sheaf FF in degree zero, K⊗LFK\otimes^L F has cohomology only in degrees aa through bb. It has locally finite Tor amplitude if such an interval exists on each member of an open cover. Taking F=𝒪F=\mathcal O also bounds KK itself.

Proposition 3.1 (amplitude models). Amplitude in [a,b][a,b] is equivalent to having a representative of flat sheaves with terms only in [a,b][a,b]. It is also equivalent to every stalk having that amplitude over its stalk ring. Derived pullback preserves the interval; tensoring objects with intervals [a,b][a,b], [c,d][c,d] gives interval [a+c,b+d][a+c,b+d]. Summands inherit amplitude.

Proof. A bounded complex of flat sheaves is K-flat. Its tensor with a module has terms only in the asserted interval, proving one implication. Conversely, resolve a good upper truncation of KK by the bounded-above flat construction, obtaining PP with terms only in degrees ≤b\le b. Since Hi(P)=0H^i(P)=0 below aa, the flat tail ending in PaP^a resolves

Fa=coker⁡(Pa−1→Pa).F_a=\operatorname{coker}(P^{a-1}\to P^a).
\tag{3.1}
For every test module TT, it computes Tor⁡1(Fa,T)=Ha−1(P⊗T)=0\operatorname{Tor}_1(F_a,T)=H^{a-1}(P\otimes T)=0. The flatness criterion makes FaF_a flat. Replace the lower tail by FaF_a in degree aa. This is the good lower truncation, quasi-isomorphic to KK, and supplies the required model.

Stalks commute with derived tensor and cohomology, by the flat lesson's stalk criterion. For the converse stalk test, any module over 𝒪x\mathcal O_x is the stalk at xx of its exact skyscraper sheaf. Testing that sheaf proves the stalk interval from the global interval. Conversely, test a sheaf on all stalks to prove its tensor cohomology vanishes. Pullback of the bounded flat model remains bounded and flat; tensor two such models to add the bounds. Cohomology of a finite direct sum splits, proving the summand assertion. Finally, the tensor long exact sequence shows that if K,LK,L have intervals [aK,bK][a_K,b_K], [aL,bL][a_L,b_L], a cone of K→LK\to L has interval

aM=min⁡(aL,aK−1),bM=max⁡(bL,bK−1).\begin{aligned}
a_M&=\min(a_L,a_K-1),\\
b_M&=\max(b_L,b_K-1).
\end{aligned}
\tag{3.2}
Rotation gives the other two-out-of-three bounds. ▫\square

Theorem 3.2 (perfectness). An object is perfect if and only if it is pseudo-coherent and has locally finite Tor amplitude. More precisely, amplitude [a,b][a,b] and (a−1)(a-1)-pseudo-coherence already suffice, and give local strictly perfect models with terms in [a,b][a,b].

Proof. A strictly perfect model is an approximation at every threshold and is a bounded flat model. This proves necessity. For the stronger converse, choose a strictly perfect approximation E→KE\to K through degree a−1a-1, and brutally cut EE below a−1a-1. The approximation and Ha−1(K)=0H^{a-1}(K)=0 show that its cone is

C≃N[2−a],N=ker⁡(Ea−1→Ea).\begin{gathered}
C\simeq N[2-a],\\
N=\ker(E^{a-1}\to E^a).
\end{gathered}
\tag{3.3}
Indeed, in degree a−2a-2 the cone cohomology is that kernel, and all other degrees vanish. Tensor the triangle with an arbitrary module TT. The lower amplitude bound on KK and the tensor long exact sequence give

im⁡(N⊗T→Ea−1⊗T)=ker⁡(Ea−1⊗T→Ea⊗T).\begin{gathered}
\operatorname{im}(N\otimes T\to E^{a-1}\otimes T)\\
=\ker(E^{a-1}\otimes T\to E^a\otimes T).
\end{gathered}
\tag{3.4}
To identify the Tor group here, take a bounded-above flat resolution of NN, and append Ea−1→EaE^{a-1}\to E^a. This is a flat resolution of E′=coker⁡(Ea−1→Ea)E'=\operatorname{coker}(E^{a-1}\to E^a), whose first tensor homology is exactly the kernel modulo the image in (3.4). Thus Tor⁡1(E′,T)=0\operatorname{Tor}_1(E',T)=0 for all TT, and E′E' is flat. It is finitely presented as the cokernel of a map between finite projective sheaves. Lemma 1.2 makes it locally finite projective.

Replace the bottom pair by E′E' in degree aa. The resulting complex is quasi-isomorphic to KK. Cancel its finitely many acyclic top pairs above bb, as in Section 1; none of these cancellations crosses degree aa. This gives the asserted strictly perfect model. Localize the hypotheses to deduce the general equivalence. ▫\square

Corollary 3.3 (permanence). Perfect objects are closed under shifts, cones, derived tensor products, retracts and derived pullback.

Proof. For cones, locally represent the two inputs by strict models and their map by an actual chain map, using Lemma 1.1. Its strict cone is the third object. Rotation handles any two inputs. Tensor and pullback use their strict models directly. Summands use Proposition 2.2, Proposition 3.1 and Theorem 3.2.

A retract is an actual summand here. If σ:K→E\sigma:K\to E and r:E→Kr:E\to K satisfy rσ=1r\sigma=1, complete σ\sigma to a triangle K→E→C→hK[1]K\to E\to C\xrightarrow{h}K[1]. Since σ[1]h=0\sigma[1]h=0, composing with r[1]r[1] gives h=0h=0. Exactness of Hom lifts 1C1_C to t:C→Et:C\to E; replace tt by t−σrtt-\sigma rt. Then rt=0rt=0, and the maps (σ,t):K⊕C→E(\sigma,t):K\oplus C\to E and (r,E→C)(r,E\to C) are inverse: their induced cohomology maps split the triangle, so the first is an isomorphism, and the composite on K⊕CK\oplus C is the identity. The summand result therefore applies to every retract. ▫\square

On a quasi-compact space perfect objects have uniform bounds, by a finite subcover. Without quasi-compactness this fails: on the discrete space of nonnegative integers, with stalk ring kk, take K|{n}=k[n]K|_{\{n\}}=k[n]. Each neighbourhood {n}\{n\} has a strict model, but the global nonzero cohomology degrees −n-n have no lower bound.

Two useful locality consequences complete the picture. If j:U↪Xj:U\hookrightarrow X, EE is perfect on UU, and its cohomology is supported on T⊂UT\subset U with TT closed in XX, then Rj*ERj_*E is perfect. It restricts to EE on UU and to zero on X\TX\setminus T: restriction of a K-injective pushforward computes the pushforward from U\TU\setminus T, where the object is zero. These opens cover XX.

If the stalk rings are local and EE is perfect, the set where all Hi(E)xH^i(E)_x are finite free is open. Near such an xx choose a strict model in [a,b][a,b]. Its top cohomology is finitely presented; Lemma 1.2's free-stalk argument makes it free near xx. Split the epimorphism from the top term to that cohomology, then split the preceding term onto its image. Remove the resulting contractible pair and the free cohomology summand. Induct on the finite length. The remaining cohomology stalks still satisfy the hypothesis, so finitely many shrinkings make all cohomology sheaves finite locally free. This also proves maximality of the stated open set.



4. Duals and the two tensor–Hom maps

For any object define K∨=[K,𝒪]K^\vee=[K,\mathcal O]. The symmetric monoidal structure, with graded symmetry u⊗v↦(−1)|u||v|v⊗uu\otimes v\mapsto(-1)^{|u||v|}v\otimes u, was proved in the tensor lesson's Theorem 2.2. No boundedness is required for that structure.

Theorem 4.1 (perfect duality). If KK is perfect, so is K∨K^\vee, and the canonical maps

K→K∨∨,M⊗LK∨→[K,M]\begin{aligned}
K&\longrightarrow K^{\vee\vee},\\
M\otimes^L K^\vee&\longrightarrow[K,M]
\end{aligned}
\tag{4.1}
are isomorphisms. In particular, for every integer rr,

HrRΓ(X,M⊗LK∨)=Hom⁡D(𝒪)(K,M[r]).\begin{gathered}
H^rR\Gamma(X,M\otimes^L K^\vee)\\
=\operatorname{Hom}_{D(\mathcal O)}(K,M[r]).
\end{gathered}
\tag{4.2}
Two further canonical maps are isomorphisms:

[K,L]⊗LM→[K,L⊗LM],{}[K,L]\otimes^L M\longrightarrow[K,L\otimes^L M],
\tag{4.3} [L,M]⊗LK→[[K,L],M].{}[L,M]\otimes^L K\longrightarrow[[K,L],M].
\tag{4.4}
Proof. These are globally defined maps from the Hom lesson's Section 4. Their cones restrict to zero precisely when they are isomorphisms. Thus their invertibility can be checked on strict-model neighbourhoods. Proposition 1.3 proves the second map in (4.1) there, and (1.2) shows that the dual model is strictly perfect. The double-dual differential under the ordinary termwise identification is −dP-d_P. Consequently the canonical bidual map in degree ii is

p↦(ϕ↦(−1)iϕ(p)).p\longmapsto\bigl(\phi\mapsto(-1)^i\phi(p)\bigr).
\tag{4.5}
This sign makes it a chain map and each term is an isomorphism. Equation (4.2) follows from the internal-Hom lesson's derived-section identification in every shift.

For (4.3), use [P,L]=L⊗P∨[P,L]=L\otimes P^\vee. The map moves MM past P∨P^\vee and associates the three factors, giving (L⊗LM)⊗P∨(L\otimes^L M)\otimes P^\vee. It is therefore an isomorphism. Explicitly, for homogeneous ϕ,m,p\phi,m,p, its evaluation is (−1)|m||p|ϕ(p)⊗m(-1)^{|m||p|}\phi(p)\otimes m; this is the same sign as moving the dual factor past mm.

For (4.4), the source and target are exact functors of KK, and its natural map respects their triangle comparisons, by the chain identities and transpose construction in the Hom lesson. For K=𝒪K=\mathcal O it is the identity. For a finite free sheaf it is the componentwise identity on a finite power of [L,M][L,M]. It passes to finite projective summands and shifts. Filter a bounded strict model by its terms; the two triangle long exact sequences show inductively that the middle map is an isomorphism when the outer two are. This proves (4.4). ▫\square

There is a source-locator distinction: in the pinned edition, Tag 0G40 proves (4.4), the evaluation-and-more map. It does not denote (4.3). Both assertions hold for perfect KK, as proved above, and both can fail without that hypothesis.

A left dual of KK is an object NN with maps

η:𝒪→K⊗LN,ϵ:N⊗LK→𝒪\begin{aligned}
\eta:\mathcal O&\longrightarrow K\otimes^L N,\\
\epsilon:N\otimes^L K&\longrightarrow\mathcal O
\end{aligned}
\tag{4.6}
such that the composites

K→η⊗1K⊗N⊗K→1⊗ϵK,N→1⊗ηN⊗K⊗N→ϵ⊗1N\begin{aligned}
K&\xrightarrow{\eta\otimes1}K\otimes N\otimes K
\xrightarrow{1\otimes\epsilon}K,\\
N&\xrightarrow{1\otimes\eta}N\otimes K\otimes N
\xrightarrow{\epsilon\otimes1}N
\end{aligned}
\tag{4.7}
are identities; tensors in (4.7) are derived and association constraints are understood. Symmetry gives the corresponding right dual, so we say dualizable.

Theorem 4.2 (duals are exactly perfect objects). Every perfect object has dual K∨K^\vee, and every dualizable object is perfect. Its dual is canonically isomorphic to K∨K^\vee.

Proof: existence and identities. The natural isomorphism [K,B]=B⊗LK∨[K,B]=B\otimes^L K^\vee identifies the closed tensor–Hom adjunction with

−⊗LK⊣−⊗LK∨.-\otimes^L K\ \dashv\ -\otimes^L K^\vee.
\tag{4.8}
Let η\eta be its unit at 𝒪\mathcal O, and ϵ\epsilon its counit there. Equivalently, η\eta corresponds to 1K1_K under K⊗K∨≅[K,K]K\otimes K^\vee\cong[K,K], and ϵ\epsilon is evaluation. The counit at BB is 1B⊗ϵ1_B\otimes\epsilon, since (4.1)'s map is defined by transposing this evaluation. The adjunction's first triangle identity at 𝒪\mathcal O gives the first identity in (4.7). Consequently 1A⊗η1_A\otimes\eta transposes to 1A⊗K1_{A\otimes K} for every AA, and is the unit at AA. The second adjunction identity, at 𝒪\mathcal O, now gives the second identity in (4.7). These are global identities of derived maps, not an inference that equality of maps can be tested locally.

On a strict free model, η(1)=∑i,αei,α⊗ei,α*\eta(1)=\sum_{i,\alpha}e_{i,\alpha}\otimes e_{i,\alpha}^*, with no degree sign. If dei,α=∑βaβαei+1,βd e_{i,\alpha}=\sum_\beta a_{\beta\alpha}e_{i+1,\beta}, (1.2) gives the dual differential coefficient (−1)iaβα(-1)^i a_{\beta\alpha} on ei+1,β*e_{i+1,\beta}^*. Its tensor differential has the additional sign (−1)i+1(-1)^{i+1}, so the two contributions cancel. Evaluating either zigzag contracts the appropriate dual basis and gives the identity. Summands inherit this description. The sign in the bidual map (4.5) and the absence of a sign in coevaluation are compatible: they are different maps with different factor orders.

Proof: converse. Fix x∈Xx\in X and a dual NN with (4.6)–(4.7). Resolve KK by the actual cycle-attachment construction of Theorem 3.1 of the flat lesson, obtaining P→KP\to K. Its graded terms are sums of BU=jU!𝒪UB_U=j_{U!}\mathcal O_U. Stage zero consists of identity disks; each later stage adds generators whose differentials lie in the preceding stage. Resolve NN by a K-flat complex QQ with flat terms.

By Lemma 1.1, near xx the map η:𝒪→P⊗Q\eta:\mathcal O\to P\otimes Q is an actual chain map. Its value at one is locally a finite sum of homogeneous tensors pt⊗qtp_t\otimes q_t. Each germ ptp_t involves finitely many generators and a finite stage. Include those generators and all generators occurring in their differentials. A later-stage differential only uses earlier stages; its germ has finite support. At stage zero include the other member of every disk encountered. Thus closing this finite set under differentials requires finitely many steps and produces finitely many generators in finitely many degrees.

This germ argument gives an actual local subcomplex. At each step choose representatives of the finitely many differential germs. Their expressions involve finitely many summands after shrinking. A summand BUB_U with x∉Ux\notin U has zero stalk there; kill its finitely many section contributions on a smaller neighbourhood and omit it. For the remaining summands shrink inside their finitely many UU's, where they are copies of 𝒪\mathcal O. Equality of each chosen expression with the actual differential is a germ equality, so shrink to make all these finitely many equalities hold. The result is a bounded finite free subcomplex
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E\subset P|_V
\tag{4.9}
on a neighbourhood VV of xx, termwise a graded summand, containing all the ptp_t. Tensoring this inclusion with QQ is injective termwise (also by flatness of QQ). Since η(1)\eta(1) is a cycle, its expression in E⊗QE\otimes Q is a cycle. Hence η\eta factors through η̃:𝒪→E⊗LN\widetilde\eta:\mathcal O\to E\otimes^L N.

Define σ:K|V→E\sigma:K|_V\to E by η̃⊗1K\widetilde\eta\otimes1_K, followed by 1E⊗ϵ1_E\otimes\epsilon, and let r:E→K|Vr:E\to K|_V be inclusion followed by the resolution isomorphism. The first identity in (4.7) gives rσ=1Kr\sigma=1_K. Corollary 3.3 makes this retract of a strictly perfect object perfect. Every point has such a neighbourhood, proving the converse. This uses finite free cells, rather than incorrectly assuming that a submodule generated by finitely many sections is projective.

Finally any dual supplies an adjunction −⊗K⊣−⊗N-\otimes K\dashv-\otimes N: insert η\eta to transpose a map, and insert ϵ\epsilon to transpose back; the two identities make these operations inverse. Right adjoints are uniquely isomorphic by their natural Hom bijections (evaluate one bijection on the identity, then the other, to obtain inverse maps). Comparing with the closed tensor–Hom adjunction at 𝒪\mathcal O identifies NN canonically with [K,𝒪][K,\mathcal O]. ▫\square



5. Residues and finiteness examples

A smooth analytic surface residue is perfect. On ℂ2\mathbb C^2 let 𝒪\mathcal O be holomorphic functions and SS the residue skyscraper at the origin. Its resolution, in degrees −2,−1,0-2,-1,0, is

𝒪→(−yx)𝒪2→(xy)𝒪→S.\mathcal O\xrightarrow{\binom{-y}{x}}\mathcal O^2
\xrightarrow{(x\ y)}\mathcal O\longrightarrow S.
\tag{5.1}
Taylor expansion shows that a germ vanishing at zero lies in (x,y)(x,y): separate the terms divisible by xx and those depending only on yy, which are divisible by yy. Multiplication by xx is injective on convergent power series, and multiplication by yy is injective modulo xx. Thus xa+yb=0xa+yb=0 implies b=xcb=xc and a=−yca=-yc, proving middle exactness. The first map is injective. Away from zero one coordinate is a unit and the complex contracts by division by that coordinate. This proves exactness on every stalk, hence perfectness. With any vector-space residue test at zero all differentials vanish, so its Tor groups in degrees 0,1,20,1,2 are k,k2,kk,k^2,k. The local Tor amplitude is exactly [−2,0][-2,0].

A singular residue need not be perfect. Over R=k[ϵ]/(ϵ2)R=k[\epsilon]/(\epsilon^2), the residue kk has the free resolution
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\cdots\xrightarrow{\epsilon}R\xrightarrow{\epsilon}R
\xrightarrow{\epsilon}R\longrightarrow k
\tag{5.2}
in nonpositive degrees. Kernel and image of multiplication by ϵ\epsilon both equal ϵR\epsilon R. Every finite brutal lower truncation gives an approximation: it is an isomorphism in all higher degrees and surjective at the bottom threshold. Thus kk is pseudo-coherent. Tensoring (5.2) with kk kills every differential, so Tor⁡nR(k,k)=k\operatorname{Tor}_n^R(k,k)=k for every n≥0n\ge0. It has no finite Tor amplitude, is not perfect, and is not dualizable. The singularity hypothesis matters; a surface residue alone does not imply nonperfectness.

Perfectness does not force finite cohomology over every ring. Let

R=k[x]⊕Y,Y=⨁n≥1kyn,Y2=0,xY=0.\begin{gathered}
R=k[x]\oplus Y,\qquad Y=\bigoplus_{n\ge1}ky_n,\\
Y^2=0,\qquad xY=0.
\end{gathered}
\tag{5.3}
The two-term complex R→xRR\xrightarrow{x}R, in degrees −1,0-1,0, is strictly perfect. But its negative cohomology is YY, which is not finitely generated: the action on YY factors through kk, and finitely many elements span only a finite-dimensional subspace. Hence even a perfect, and therefore pseudo-coherent, complex need not have finite-type cohomology over a noncoherent ring. The safe assertions are the approximation definition and Proposition 2.2's explicitly bounded top-cohomology conclusions.



6. Exercises with checked solutions

Exercise 1 (easy: the shifted unit). For K=𝒪[1]K=\mathcal O[1], compute its dual, coevaluation and bidual map, and check both identities in (4.7).

Solution. Its generator ee has degree −1-1, and the dual generator e*e^* has degree 11. Thus K∨=𝒪[−1]K^\vee=\mathcal O[-1], η(1)=e⊗e*\eta(1)=e\otimes e^*, and ϵ(e*⊗e)=1\epsilon(e^*\otimes e)=1. The first zigzag sends ee to e⊗e*⊗ee\otimes e^*\otimes e and back to ee; the second does the analogous contraction for e*e^*. No factor swap occurs. The bidual map is e↦−e**e\mapsto-e^{**} by (4.5). Multiplying coevaluation instead by −1-1 while keeping this evaluation would make both zigzags negative identities; that is not the correct dual data.

Exercise 2 (medium: one approximation suffices). Suppose FF is a module sheaf of Tor amplitude [0,0][0,0]. What is the weakest threshold in Theorem 3.2 that proves perfectness? Characterize such FF directly.

Solution. The threshold is −1-1, which is finite presentation by Proposition 2.2. Amplitude [0,0][0,0] means Tor⁡1(F,T)=0\operatorname{Tor}_1(F,T)=0 for every module TT, and therefore flatness. Conversely a flat module in degree zero has that amplitude, since tensor is exact. Lemma 1.2 now says that precisely the flat finitely presented sheaves are locally finite projective, hence perfect in degree zero. The threshold records finite relations as well as finite generators; finite type alone does not supply the finite presentation used in the splitting proof.

Exercise 3 (medium: the coefficient sign). Let PP have one finite free term in degree ss. For a homogeneous map ϕ:P→L\phi:P\to L of degree hh and an element m∈Mtm\in M^t, calculate (4.3). Explain why it remains an isomorphism for a bounded finite projective complex.

Solution. Evaluation must first move mm past p∈Psp\in P^s, giving (−1)tsϕ(p)⊗m(-1)^{ts}\phi(p)\otimes m. In the model 𝖧(P,L)=L⊗P∨\mathsf H(P,L)=L\otimes P^\vee, the dual term has degree −s-s; swapping it with mm gives the same sign (−1)−st=(−1)st(-1)^{-st}=(-1)^{st}. This is a tensor symmetry isomorphism. Finite free powers give componentwise copies, finite projective summands inherit an inverse, and bounded complexes are finite extensions of their terms. Applying the compatible triangle maps and long exact sequences proves the general result. K-flat models for L,ML,M compute the derived tensors, so their possible unboundedness causes no additional finite-sum restriction.

Exercise 4 (hard: finite cells rather than finite generators). In the converse proof of Theorem 4.2, why is closing the chosen generators under their differentials a finite process, and why does stage zero need special treatment? Would merely taking the subcomplex generated by the tensor entries and their differentials be sufficient?

Solution. Each chosen germ has finite support in a finite stage. A cell from a positive stage has differential in strictly earlier stages, so following its dependencies decreases a nonnegative integer. Every branch has finite length and every vertex finitely many descendants, giving a finite set. A stage-zero disk has two generators and its lower generator's differential is its upper mate in the same stage; including the mate completes that branch, since its differential is zero. Finite intersection of their defining opens makes the remaining cells free on one neighbourhood. Contributions with zero germ are killed by finitely many shrinkings. The span of this selected subset of graded free cells is a bounded finite free complex and a graded summand. In contrast, finitely many arbitrary sections may generate a nonprojective submodule: the ideal ϵR⊂R\epsilon R\subset R over the dual numbers is generated by one element but is isomorphic to the nonflat residue kk. Such a subcomplex would not supply a perfect object for the retract argument. Selecting actual cells repairs exactly this problem.

Exercise 5 (hard: global duality with no uniform bound). On the discrete space from Section 3, construct the dual of K|{n}=k[n]K|_{\{n\}}=k[n] explicitly and check that the global coevaluation is defined although it has infinitely many degree components across the space.

Solution. Take N|{n}=k[−n]N|_{\{n\}}=k[-n]. At point nn, send one to the tensor of its degree-−n-n generator and the degree-nn dual generator, and evaluate that pair to one. Sheaves on a discrete space are specified independently at the points; these formulas define sheaf maps. The tensor totalization uses sheaf direct sums, whose sections are locally finite families, not necessarily globally finite families. The singleton neighbourhoods make this family locally finite, so coevaluation is a legitimate section of the tensor sheaf. Both zigzags are identities on every singleton and hence are identities of these actual sheaf maps. This example is perfect and dualizable but has no global finite cohomological bound. It shows why neither definition may silently impose a uniform interval.
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The projection formula compares tensoring after pushforward with tensoring before it. Base change compares pullback after pushforward with pushforward after pullback. Each comparison has a canonical direction, supplied by adjunction. Their existence is general; their invertibility needs hypotheses. Keeping these two questions separate prevents a flatness assumption from being mistaken for a universal base-change theorem.

The prerequisites are Derived pullback and pushforward, Theorem 1.1, Proposition 1.2, Theorem 2.2, Propositions 3.1–3.2 and 4.2; Perfect complexes and duals, Lemma 1.1, Corollary 3.3 and Theorems 4.1–4.2; The derived tensor product and Tor sheaves, Theorems 1.2 and 2.2; and the exact pullback and closed-support arguments in the first lesson's Theorem 4.4 and the support lesson's Proposition 1.1. We use maps into K-injectives from the bounded-derived lesson's Theorem 3.3 and unbounded resolutions from the K-injective lesson's Theorem 4.1.

All structure sheaves are commutative and unital. Objects may be unbounded. Let f:X→Yf:X\to Y be a morphism of ringed spaces. Every tensor in a derived formula below is over the structure sheaf of the indicated space. Ordinary tensors and functors are expressly distinguished when models are used.

The construction follows the Stacks project authors’ Cohomology of Sheaves, “Projection formula” (Tags 01E7, 01E8, 0B54 and 0B55), “The base change map” (Tag 02N7), and the unbounded base-change and composition results, in the AI Integrated Stacks Project edition. We prove the local identifications and compatibility diagrams, keeping the existence and invertibility hypotheses explicit. Source attribution and the licence for adapted passages appear in the course notice.


1. Finite locally free coefficients

Lemma 1.1. If VV is finite locally free and II is an injective module sheaf on a ringed space, then V⊗IV\otimes I is injective. Tensoring a K-injective complex with VV also gives a K-injective complex.

Proof. Put V*=ℋom(V,𝒪)V^*=\mathcal Hom(V,\mathcal O). The ordinary dual-basis evaluation maps give a natural bijection

Hom⁡(A,V⊗I)≅Hom⁡(A⊗V*,I).\begin{gathered}
\operatorname{Hom}(A,V\otimes I)\\
\cong\operatorname{Hom}(A\otimes V^*,I).
\end{gathered}
\tag{1.1}
Indeed, this is the finite free tensor–Hom identity on a trivializing open; the canonical evaluation and coevaluation maps define inverse operations globally, so the local descriptions glue. Both VV and V*V^* are flat by the stalk criterion. For a monomorphism A→BA\to B, tensoring with V*V^* remains monic. Injectivity of II, followed by (1.1), extends every map A→V⊗IA\to V\otimes I across BB. This proves injectivity.

The same degree-zero duality induces a bijection of chain maps modulo homotopy from a complex AA to V⊗I•V\otimes I^\bullet, and from A⊗V*A\otimes V^* to I•I^\bullet. An acyclic AA stays acyclic after this exact tensor. The K-injective acyclic test therefore proves the second assertion. The ranks can vary on the space; global constancy of rank was not used. ▫\square

Theorem 1.2 (finite coefficient projection). For a finite locally free sheaf VV on YY and any E∈D(𝒪X)E\in D(\mathcal O_X), there is a natural isomorphism

Rf*E⊗V≅Rf*(E⊗f*V).Rf_*E\otimes V\ \cong\ Rf_*(E\otimes f^*V).
\tag{1.2}
For a module sheaf FF and q≥0q\ge0, this induces

Rqf*F⊗V≅Rqf*(F⊗f*V).\begin{gathered}
R^qf_*F\otimes V\\
\cong R^qf_*(F\otimes f^*V).
\end{gathered}
\tag{1.3}
Proof. The ordinary projection map is the adjoint of the tensor of the ordinary counit f*f*F→Ff^*f_*F\to F with f*Vf^*V. On an open W⊂YW\subset Y trivializing VV as 𝒪Wr\mathcal O_W^r, put FW=F|f−1WF_W=F|_{f^{-1}W}. Its restriction identifies with

(fW)*(FW)r→(fW)*(FWr).(f_W)_*(F_W)^r\longrightarrow(f_W)_*(F_W^r).
\tag{1.4}
It is the identity on each component: the adjoint of each component inclusion is the corresponding counit. Finite sums equal finite products, and pushforward preserves them. Hence (1.4) is an isomorphism. Since the map was globally defined by adjunction, these local isomorphisms prove its global invertibility without choosing compatible trivializations.

Choose a K-injective resolution E→IE\to I. The pullback f*Vf^*V is finite locally free, and Lemma 1.1 makes I⊗f*VI\otimes f^*V K-injective. Its exact tensor represents E⊗f*VE\otimes f^*V. Applying the ordinary projection isomorphism termwise gives

f*I⊗V≅f*(I⊗f*V),f_*I\otimes V\cong f_*(I\otimes f^*V),
\tag{1.5}
which computes both sides of (1.2). All maps are natural in chain maps and homotopies, hence in derived maps through their K-injective representatives. For FF in degree zero use its bounded-below injective resolution; Lemma 1.1 makes the tensor another injective resolution. Flatness of VV commutes its tensor with kernels, images and cohomology, giving (1.3). This proves the source's bounded-below assertion and the stronger unbounded version. ▫\square



2. The general map and perfect coefficients

For any E∈D(𝒪X)E\in D(\mathcal O_X), K∈D(𝒪Y)K\in D(\mathcal O_Y), define

πf,E,K:Rf*E⊗LK→Rf*(E⊗LLf*K)\begin{gathered}
\pi_{f,E,K}:Rf_*E\otimes^L K\\
\longrightarrow Rf_*(E\otimes^L Lf^*K)
\end{gathered}
\tag{2.1}
as the adjoint, under Lf*⊣Rf*Lf^*\dashv Rf_*, of

Lf*(Rf*E⊗LK)≅Lf*Rf*E⊗LLf*K→ϵf⊗1E⊗LLf*K.\begin{gathered}
Lf^*(Rf_*E\otimes^L K)\\
\cong Lf^*Rf_*E\otimes^L Lf^*K\\
\xrightarrow{\epsilon_f\otimes1}E\otimes^L Lf^*K.
\end{gathered}
\tag{2.2}
Here ϵf\epsilon_f is the derived counit. The proven tensor comparison and the adjunction supply every arrow for arbitrary unbounded inputs. This is a definition of a global map, not an attempt to glue local derived morphisms.

Naturality follows by taking adjoints: in either variable the relevant square transposes to the naturality square of ϵf\epsilon_f, with the same tensor identity on the other factor. The same argument proves compatibility with shifts and triangles. More concretely, the resolution functors, tensor cone comparison and adjunction identify the transposes of all three arrows in the cone triangle; they agree with those in (2.2). Thus (2.1) is a morphism of the two triangle-valued functors in KK. The map for K=𝒪YK=\mathcal O_Y is the identity of Rf*ERf_*E: its transpose is ϵf\epsilon_f, exactly the transpose of that identity.

Theorem 2.1 (perfect projection formula). If KK is perfect on YY, (2.1) is an isomorphism for every EE.

Proof. Restrict to an open W⊂YW\subset Y, replacing XX by f−1Wf^{-1}W. Proposition 3.2 of the pullback–pushforward lesson identifies the restricted pushforward, while its Theorem 1.1 and Proposition 1.2 identify the restricted pullbacks and tensors. The counit restricts to the same counit by its defining Hom bijection; hence (2.1) restricts to the projection map for fWf_W.

Now work on a strict-model neighbourhood for KK. For 𝒪Y\mathcal O_Y the map is the identity. Finite direct sums preserve that assertion, and naturality with the inclusion and retraction of a finite projective summand makes the map on the summand an isomorphism too. Shifts preserve it by the comparison above. Filter the bounded strict complex by its brutal lower tails. Each successive triangle has one term equal to a finite projective sheaf in one degree. The compatible two triangle sequences, and their long exact cohomology sequences, prove the assertion inductively on its finite number of terms. The cone of (2.1) is consequently zero on an open cover, so all its cohomology sheaves vanish globally. Thus the map is an isomorphism. ▫\square

This proof does not require ff to be proper, flat, separated or of finite cohomological dimension. Finiteness is in the coefficient KK, and it is local finiteness. In particular, a perfect coefficient without a uniform bound on a noncompact target is allowed.



3. Closed inclusions with arbitrary coefficients

Theorem 3.1. If the underlying map of f:X→Yf:X\to Y is a homeomorphism onto a closed subset, the projection map (2.1) is an isomorphism for every E,KE,K. The coefficient map need not be flat or an isomorphism.

Proof. Identify the underlying space XX with its image ZZ. At y∉Zy\notin Z, a neighbourhood disjoint from ZZ makes (f*F)y=0(f_*F)_y=0. At y=f(x)y=f(x), intersections of neighbourhoods in YY with ZZ are cofinal among neighbourhoods in XX, so (f*F)y=Fx(f_*F)_y=F_x, with its action restricted from 𝒪Y,y\mathcal O_{Y,y}. These stalk formulas prove that f*f_* is exact and commutes with arbitrary sheaf direct sums: the respective comparison maps are exact or isomorphisms on every stalk. This remains true for arbitrary structure sheaves and their given coefficient homomorphism.

For module sheaves the ordinary projection map is an isomorphism on stalks. Outside ZZ both sides vanish; at y=f(x)y=f(x), with R=𝒪Y,yR=\mathcal O_{Y,y}, S=𝒪X,xS=\mathcal O_{X,x}, it is the balanced isomorphism

Fx⊗RMy→Fx⊗S(S⊗RMy),e⊗m↦e⊗(1⊗m).\begin{gathered}
F_x\otimes_R M_y\\
\longrightarrow F_x\otimes_S(S\otimes_R M_y),\\
e\otimes m\longmapsto e\otimes(1\otimes m).
\end{gathered}
\tag{3.1}
Its inverse sends e⊗(s⊗m)e\otimes(s\otimes m) to se⊗mse\otimes m. Balancing verifies both inverse composites, without flatness.

Choose a K-flat model PP for KK, and any representative GG of EE. Pullback f*Pf^*P is K-flat. Exactness of f*f_* makes the right side of (2.1) represented by f*Tot⁡(G⊗f*P)f_*\operatorname{Tot}(G\otimes f^*P), and the left by Tot⁡(f*G⊗P)\operatorname{Tot}(f_*G\otimes P). The ordinary projection maps in each pair of degrees give a chain isomorphism between them: (3.1) is an isomorphism and f*f_* commutes with the totalization's sums.

This is the canonical derived map. To check it, take a K-flat resolution Q→f*GQ\to f_*G. The map Q⊗P→f*G⊗PQ\otimes P\to f_*G\otimes P is a quasi-isomorphism. Under the ordinary adjunction the chain projection map, precomposed with this resolution, transposes to the map
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f^*Q\otimes f^*P\longrightarrow G\otimes f^*P
\tag{3.2}
from the adjoint f*Q→Gf^*Q\to G. That adjoint represents the derived counit: comparing G→IG\to I with a K-flat resolution of f*If_*I, and refining the two roofs by the common reading's fraction theorem, gives a commuting-up-to-homotopy square; its adjoint is precisely the counit construction in the pullback–pushforward lesson's Theorem 2.2. Thus (3.2) is (2.2). The isomorphism proved on these models is (2.1). ▫\square

For a one-point coefficient homomorphism R→SR\to S, this says

E⊗RLK≅E⊗SL(S⊗RLK),E\otimes_R^L K\cong E\otimes_S^L(S\otimes_R^L K),
\tag{3.3}
where on the left EE is regarded as an RR-complex. Even R→R/IR\to R/I is allowed. On more general spaces the closed image is what ensures exact pushforward and its stalk description. An open inclusion has different boundary stalks, as Section 5 will demonstrate.



4. Base change, flat models and compatibility

Consider a commutative square of ringed spaces

X′→g′Xf′↓↓fY′→gY.\begin{array}{ccc}
X'&\xrightarrow{g'}&X\\
{\scriptstyle f'}\downarrow&&\downarrow{\scriptstyle f}\\
Y'&\xrightarrow{g}&Y.
\end{array}
\tag{4.1}
Commutative includes the coefficient homomorphisms, not just the continuous maps. The square need not be Cartesian.

Theorem 4.1 (canonical base change). For every E∈D(𝒪X)E\in D(\mathcal O_X) there is a natural map

bE:Lg*Rf*E→Rf*′Lg′*E.b_E:Lg^*Rf_*E\longrightarrow Rf'_*Lg'^*E.
\tag{4.2}
It respects identity squares, horizontal and vertical composition of squares, and the projection maps. If both g,g′g,g' are flat, its construction uses ordinary exact pullbacks, for unbounded as well as bounded-below complexes. These statements construct and compare maps; they assert no general invertibility.

Proof: definition and naturality. Let A=Lg*Rf*EA=Lg^*Rf_*E. Define bEb_E to be the adjoint under Lf′*⊣Rf*′Lf'^*\dashv Rf'_* of

Lf′*A≅Lg′*Lf*Rf*E→Lg′*ϵf,ELg′*E.\begin{gathered}
Lf'^*A\cong Lg'^*Lf^*Rf_*E\\
\xrightarrow{Lg'^*\epsilon_{f,E}}Lg'^*E.
\end{gathered}
\tag{4.3}
The pullback composition comparison supplies the isomorphism. Naturality of the counit and of this comparison proves naturality of bb for every derived map, by taking its transpose. In particular, no choice of representatives occurs in the definition.

The equivalent pushforward description first takes the unit

E→Rg*′Lg′*E,E\longrightarrow Rg'_*Lg'^*E,
pushes it through Rf*Rf_*, identifies Rf*Rg*′Rf_*Rg'_* with Rg*Rf*′Rg_*Rf'_* by composition, and takes its adjoint under Lg*⊣Rg*Lg^*\dashv Rg_*. To verify equivalence, take that map's further transpose under Lf′*Lf'^*. Successive Hom bijections identify the composite adjunctions for fg′=gf′fg'=gf'; cancel the unit–counit pairs using their triangle identities. What remains is Lg′*ϵf,ELg'^*\epsilon_{f,E}, which is (4.3). This also identifies exactly which units are meant in model calculations.

Proof: flat construction. Flatness of a ringed-space morphism means that the target-to-source map on each relevant stalk makes the source stalk flat. The stalk formula for pullback then makes g*g^* and g′*g'^* exact, so they compute Lg*,Lg′*Lg^*,Lg'^* on any representatives. Choose E→IE\to I K-injective and g′*E→Jg'^*E\to J K-injective. Pushforward g*′Jg'_*J is K-injective because its left adjoint g′*g'^* is exact, as proved in Proposition 4.2 of the pullback–pushforward lesson. The ordinary unit followed by the resolution gives a chain map E→g*′JE\to g'_*J. Maps into K-injectives give a unique homotopy class
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\beta:I\longrightarrow g'_*J
\tag{4.4}
extending it. Push (4.4) through f*f_* and use f*g*′=g*f*′f_*g'_* = g_*f'_*. Ordinary adjunction gives the chain map

g*f*I→f*′J.g^*f_*I\longrightarrow f'_*J.
\tag{4.5}
The complexes in (4.5) represent the two sides of (4.2); a homotopy of β\beta induces a homotopy of (4.5). Comparison between K-injective resolutions therefore makes this a well-defined natural derived map. A pullback of an injective was never asserted injective.

Here is a direct check that (4.5) agrees with (4.3). Resolve f*If_*I by a K-flat QQ. Since gg is flat, g*Q→g*f*Ig^*Q\to g^*f_*I is a quasi-isomorphism, and g*Qg^*Q is K-flat. The transpose of (4.5), on that model, is

f′*g*Q≅g′*f*Q→g′*I→J.\begin{gathered}
f'^*g^*Q\cong g'^*f^*Q\\
\longrightarrow g'^*I\longrightarrow J.
\end{gathered}
\tag{4.6}
The first arrow after the isomorphism is g′*g'^* of the adjoint to Q→f*IQ\to f_*I, hence of the derived counit. The last arrow is adjoint to β\beta. Its composite with g′*E→g′*Ig'^*E\to g'^*I is the chosen resolution map to JJ, up to homotopy, by (4.4). Flatness makes that first map a quasi-isomorphism, so the last arrow represents the required identification with Lg′*ELg'^*E. Thus (4.6) is exactly (4.3).

For bounded-below EE, injective resolutions may be bounded below with injective terms. This specializes to Tag 02N7: both horizontal maps are flat and the conclusion is a canonical map. Its proof does not turn a Cartesian square, flat horizontal arrows, or any combination of those conditions into an isomorphism claim.

Proof: pasting squares. For any adjunction L⊣RL\dashv R, the transpose of u:A→RBu:A\to RB is ϵB∘L(u)\epsilon_B\circ L(u). We use this formula and (4.3). In an identity square (4.3) is a counit, so (4.2) is the identity.

For horizontal pasting, add a square with h:Y″→Y′h:Y''\to Y', h′:X″→X′h':X''\to X' and f″:X″→Y″f'':X''\to Y''. The proposed composite is

Lh*Lg*Rf*E→Lh*Rf*′Lg′*E→Rf*″Lh′*Lg′*E.\begin{gathered}
Lh^*Lg^*Rf_*E\\
\longrightarrow Lh^*Rf'_*Lg'^*E\\
\longrightarrow Rf''_*Lh'^*Lg'^*E.
\end{gathered}
\tag{4.7}
Transpose under Lf″*⊣Rf*″Lf''^*\dashv Rf''_*. The defining equation for the second base-change map replaces its pullback followed by the counit with Lh′*ϵf′Lh'^*\epsilon_{f'}. The defining equation for the first then replaces ϵf′∘Lf′*(bE)\epsilon_{f'}\circ Lf'^*(b_E) with Lg′*ϵfLg'^*\epsilon_f. The result is Lh′*Lg′*ϵfLh'^*Lg'^*\epsilon_f, with the coherent pullback-composition identification. This is the transpose for the outer rectangle, proving equality of the maps.

For vertical pasting take p:Y→Zp:Y\to Z, p′:Y′→Z′p':Y'\to Z', and h:Z′→Zh:Z'\to Z, with pg=hp′pg=hp'. The composite first applies base change for pp to Rf*ERf_*E, then Rp*′Rp'_* to the base change for ff. The counit of the composite adjunction L(pf)*⊣R(pf)*L(pf)^*\dashv R(pf)_*, under the composition isomorphisms, is

Lf*Lp*Rp*Rf*E→Lf*ϵpLf*Rf*E→ϵfE.\begin{gathered}
Lf^*Lp^*Rp_*Rf_*E\\
\xrightarrow{Lf^*\epsilon_p}Lf^*Rf_*E\\
\xrightarrow{\epsilon_f}E.
\end{gathered}
\tag{4.8}
This formula follows by composing the two Hom adjunction bijections: the identity of the composed right-adjoint value transposes successively through those two counits. Transposing the proposed pasted map uses the same two factors, pulled back through g′g'. It is therefore the transpose (4.3) for the rectangle. This proves vertical pasting without an omitted diagram verification.

Proof: projection compatibility. Fix K∈D(𝒪Y)K\in D(\mathcal O_Y). The two routes from

Lg*(Rf*E⊗LK)Lg^*(Rf_*E\otimes^L K)
to

Rf*′(Lg′*E⊗LLf′*Lg*K)Rf'_*(Lg'^*E\otimes^L Lf'^*Lg^*K)
\tag{4.9}
are as follows. One pulls back πf\pi_f, applies base change to E⊗LLf*KE\otimes^L Lf^*K, then uses tensor and pullback composition. The other uses tensor compatibility first, applies bE⊗1b_E\otimes1, then πf′\pi_{f'}. Transpose both under Lf′*Lf'^*. On the common source model the first route is Lg′*ϵf,E⊗1Lg'^*\epsilon_{f,E}\otimes1, with the coefficient factor Lg′*Lf*KLg'^*Lf^*K. The second uses

ϵf′,Lg′*E∘Lf′*(bE)=Lg′*ϵf,E,\epsilon_{f',Lg'^*E}\circ Lf'^*(b_E)
=Lg'^*\epsilon_{f,E},
\tag{4.10}
which is precisely (4.3)'s defining transpose equation, and then tensors the same coefficient identity. The two transposes agree globally, proving compatibility. All tensor reassociations here are the coherent ones established earlier. No invertibility of bEb_E was needed. ▫\square

Projection maps also compose for X→fY→pZX\xrightarrow fY\xrightarrow pZ. First apply πp\pi_p to Rf*ERf_*E and KK, then Rp*πfRp_*\pi_f with coefficient Lp*KLp^*K. Their transpose under the composite pullback is the tensor of (4.8) with L(pf)*KL(pf)^*K, hence is the transpose of πpf\pi_{pf}. The maps are equal by adjunction. This observation and Theorem 4.1 ensure that iterating these constructions changes neither their direction nor their definition.



5. Two boundary failures and a coefficient calculation

Let Y={0}∪{1/n:n≥1}Y=\{0\}\cup\{1/n:n\ge1\} have its subspace topology in ℝ\mathbb R, let U=Y\{0}U=Y\setminus\{0\}, and let j:U↪Yj:U\hookrightarrow Y. Give both spaces the constant coefficient sheaf kk, for a field kk. Every point of UU is isolated. A sheaf there is a family of vector spaces, and its sections on an open are their product. Products of vector-space short exact sequences are exact: choose a preimage in each component to prove surjectivity; kernels are componentwise. Consequently j*j_* is exact on these sheaves, and its derived functor is computed on any complex by ordinary pushforward.

Take F=kUF=k_U. At the boundary point the neighbourhoods contain all sufficiently large nn, so
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\begin{gathered}
(j_*F)_0=\varinjlim_N\prod_{n\ge N}k\\
\cong\left(\prod_{n\ge1}k\right)\Big/\left(\bigoplus_{n\ge1}k\right).
\end{gathered}
\tag{5.1}
Indeed, extending a tail by zero proves surjectivity from the full product to this colimit, and a sequence dies exactly when a tail is zero, equivalently when its support is finite. Write this quotient as AA; the class of the constant sequence one is nonzero.

Failure with a flat infinite coefficient. Put K=⨁m≥1kYK=\bigoplus_{m\ge1}k_Y, in degree zero. It is flat, but not perfect, since its stalk at any point is an infinite-dimensional vector space and Proposition 2.2 of the perfect lesson says a perfect module is of finite type. All derived tensors in this example are ordinary. The projection map at zero is


  
    
      
        
          
            
              A
              
                ⊗
                k
              
              
                (
                
                  ⨁
                  
                    m
                    ≥
                    1
                  
                
                k
                )
              
            
          
          
            
              ⟶
              
                
                  
                    lim
                    →
                  
                
                N
              
              ⁡
              
                ∏
                
                  n
                  ≥
                  N
                
              
              
                (
                
                  ⨁
                  
                    m
                    ≥
                    1
                  
                
                k
                )
              
              .
            
          
        
      
    
        (5.2)
      
      
  
\begin{gathered}
A\otimes_k\left(\bigoplus_{m\ge1}k\right)\\
\longrightarrow\varinjlim_N\prod_{n\ge N}\left(\bigoplus_{m\ge1}k\right).
\end{gathered}
\tag{5.2}
An element on the left uses only finitely many coordinate indices mm, uniformly over its sequence entries. On the right take the sequence whose nn-th value is the nn-th basis vector ene_n. It is a valid section on the discrete UU. No tail of that sequence has its values in a fixed finite coordinate subspace. Hence its germ is not in the image of (5.2), and the projection map is not an isomorphism, even in degree zero. The failure is about finite coefficients, not about flatness: this coefficient is flat, and there is no higher-cohomology complication hiding the failure.

Failure in a Cartesian flat square. Base change the same open inclusion along g:{0}↪Yg:\{0\}\hookrightarrow Y, with coefficient kk at the point. The Cartesian top-left space is empty, so g′:⌀→Ug':\varnothing\to U and f′:⌀→{0}f':\varnothing\to\{0\}. The stalk coefficient map for gg is k→kk\to k, hence flat; g′g' is flat vacuously. For FF, (4.2) becomes

A[0]→0.A[0]\longrightarrow0.
\tag{5.3}
This is not an isomorphism because A≠0A\ne0. Thus both flat horizontal maps and a Cartesian square still do not imply base change for arbitrary ringed spaces and pushforward. Every hypothesis has been checked in this example; no appeal to a vague exceptional topology is needed.

The contrast with restriction to an open is instructive. If g:V↪Yg:V\hookrightarrow Y is open and X′=f−1VX'=f^{-1}V has restricted coefficients, the base-change map is an isomorphism. On a K-injective II, restriction to X′X' remains K-injective, and the two sides are literally the complexes

(f*I)|V=(fV)*(I|X′).(f_*I)|_V=(f_V)_*(I|_{X'}).
\tag{5.4}
Their section values on every smaller open coincide. The map (4.3) gives this same equality: its transpose is the restricted counit. This is precisely Proposition 3.2 of the pullback–pushforward lesson. Replacing an open neighbourhood by a boundary point removes the sectionwise equality that proves (5.4), which explains (5.3).

A nonflat closed coefficient map. On one-point spaces take R=ℤR=\mathbb Z, S=ℤ/2S=\mathbb Z/2, E=SE=S, and K=ℤ/2K=\mathbb Z/2. The free resolution ℤ→2ℤ\mathbb Z\xrightarrow{2}\mathbb Z in degrees −1,0-1,0 represents KK. Its scalar extension is S→0SS\xrightarrow{0}S. Thus both sides of (3.3) have one copy of SS in each of degrees −1,0-1,0, and the projection isomorphism is the identity on those copies. Replacing derived pullback by ordinary pullback would lose the negative cohomology. Closedness guarantees this projection formula even though the coefficient map is nonflat; it does not erase its Tor groups.



6. Exercises with checked solutions

Exercise 1 (easy: pushforward to a point). Let f:X→{*}f:X\to\{*\} have coefficient ring RR at the point. Show the projection formula for K=RrK=R^r, with rr finite, directly on a K-injective model. Explain why this calculation does not justify arbitrary infinite free coefficients.

Solution. For E→IE\to I K-injective, Lf*Rr=𝒪XrLf^*R^r=\mathcal O_X^r, and IrI^r is K-injective: finite Hom groups split into finite products, so the acyclic test vanishes in each component. Sections commute with finite direct sums, which are finite products. Both sides are therefore represented by Γ(X,I)r\Gamma(X,I)^r, and the map is the identity in every degree and on each component. For infinite rank a tensor uses a sheaf direct sum. Its section functor need not commute with that sum, and its pushforward at a boundary may include families with coordinate support varying without a common finite bound. Formula (5.2) supplies a checked counterexample to exactly that inference. The finite proof uses finiteness twice, in the direct-sum identity and in the coefficient dual.

Exercise 2 (medium: more general degree-zero coefficients). Extend (1.3) to a locally finite projective sheaf VV that need not be finite locally free. State the needed ring hypothesis, and check independence of the chosen splitting.

Solution. The rings remain commutative, but their stalks need not be local. On an open neighbourhood choose VV as a summand of 𝒪r\mathcal O^r, with inclusion aa and retraction bb. The ordinary projection maps commute with a,ba,b because they are defined by the counit and tensor functoriality. Their map on the finite power is an isomorphism; restricting it and its inverse to the summand therefore gives an isomorphism on VV. The global projection map is already defined by adjunction, so a second splitting gives the same map, rather than a new choice of gluing data. The pullback remains locally finite projective and flat. Its ordinary duality gives (1.1), hence preserves injectives; alternatively this follows locally from finite projective dual bases, with globally canonical maps. Applying these facts to an injective resolution gives (1.3) on every member of the cover, hence globally. This includes the nonfree module (1,0)(k×k)(1,0)(k\times k) on the one-point example in the perfect lesson.

Exercise 3 (medium: a two-term strict model). Prove the projection formula for K=(P−1→dP0)K=(P^{-1}\xrightarrow dP^0), where both terms are finite projective. Specify the triangle and the comparison that is used; a reference to “devissage” alone is insufficient.

Solution. Inclusion of the top term gives the triangle

P0[0]→K→P−1[1]→P0[1].\begin{gathered}
P^0[0]\longrightarrow K\longrightarrow P^{-1}[1]\\
\longrightarrow P^0[1].
\end{gathered}
\tag{6.1}
It comes from the degreewise split short exact sequence of the brutal tails, using the common reading's cone convention. Apply the exact functors Rf*E⊗L−Rf_*E\otimes^L- and Rf*(E⊗LLf*(−))Rf_*(E\otimes^L Lf^*(-)). Naturality and triangle compatibility of (2.1) give a map between these triangles, including their last arrows. The maps on P0P^0 and P−1[1]P^{-1}[1] are isomorphisms by the finite-power, summand and shift cases. The long exact cohomology sequences then give an isomorphism on the middle object: injectivity follows by lifting a zero image to the preceding term and cancelling its isomorphic counterpart; surjectivity follows by lifting the following-term image and correcting by the preceding-term image. Thus the middle cone is acyclic. This proves the two-term case for any differential, rather than only for a split complex.

Exercise 4 (hard: a global duality proof). Give a second proof of Theorem 2.1 using perfect duality and the derived adjunction, without choosing a global strict model for KK.

Solution. Pullback preserves the evaluation, coevaluation and their identities, because it is a monoidal functor with coherent comparisons. Hence Lf*(K∨)Lf^*(K^\vee) is the dual of Lf*KLf^*K; uniqueness of the dual identifies it with (Lf*K)∨(Lf^*K)^\vee. Write A=Rf*EA=Rf_*E, P=Lf*KP=Lf^*K, and TX=Lf*TT_X=Lf^*T. For every T∈D(𝒪Y)T\in D(\mathcal O_Y), the dual and pullback adjunctions give successive natural bijections

Hom⁡(T,A⊗K)≅Hom⁡(T⊗K∨,A)≅Hom⁡(TX⊗P∨,E)≅Hom⁡(TX,E⊗P)≅Hom⁡(T,Rf*(E⊗P)).\begin{gathered}
\operatorname{Hom}(T,A\otimes K)\\
\cong\operatorname{Hom}(T\otimes K^\vee,A)\\
\cong\operatorname{Hom}(T_X\otimes P^\vee,E)\\
\cong\operatorname{Hom}(T_X,E\otimes P)\\
\cong\operatorname{Hom}(T,Rf_*(E\otimes P)).
\end{gathered}
\tag{6.2}
The tensor symbols in this calculation are derived. The first bijection evaluates the coefficient dual, and the third inserts its coevaluation; the inverse operations use the other two maps and their triangle identities. The middle bijection uses the counit of ff, and pullback identifies the dual data just described. Composing the operations, the dual evaluation–coevaluation pairs cancel. The resulting map on Hom groups is composition with the map whose pullback transpose is ϵf⊗1\epsilon_f\otimes1. By (2.2), that map is exactly πf,E,K\pi_{f,E,K}. Thus composition with π\pi is a bijection for all TT. With TT equal to its target, surjectivity supplies a right inverse; with TT equal to its source, injectivity makes that right inverse also a left inverse. This proves the canonical map is an isomorphism globally. It also explains why no uniform bound or global free presentation was necessary.

Exercise 5 (medium: Cartesian flat change on one-point spaces). Let R→BR\to B and a flat homomorphism R→R′R\to R' be given, and let B′=B⊗RR′B'=B\otimes_RR'. Form the square of one-point ringed spaces with these coefficient rings. Prove that its base-change map is an isomorphism for every unbounded BB-complex, and explain why this does not contradict (5.3).

Solution. Both pushforwards are restriction of scalars, hence exact. The map B→B′B\to B' is flat: for a short exact sequence of BB-modules, tensoring with B′B' over BB identifies with tensoring the same underlying RR-sequence with the flat R′R'. Thus both horizontal pullbacks are exact. For any complex EE, the two base-change values are represented by R′⊗RER'\otimes_RE and B′⊗BEB'\otimes_BE. Their canonical balanced isomorphism sends r′⊗er'\otimes e to (1⊗r′)⊗e(1\otimes r')\otimes e, with inverse (b⊗r′)⊗e↦r′⊗be(b\otimes r')\otimes e\mapsto r'\otimes be. It commutes with differentials. The counit for restriction and extension of scalars is multiplication, so its transpose is precisely this balanced map. Theorem 4.1 therefore identifies it with base change. These particular pushforwards have no boundary-section phenomenon. Flatness is sufficient in this coefficient-only situation, while the topological example (5.3) has nonzero boundary germs over an empty fibre. Neither example licenses replacing the other's hypotheses.

Exercise 6 (hard: a nonflat algebraic square). In the preceding square take R=ℤR=\mathbb Z, B=R′=B′=ℤ/2B=R'=B'=\mathbb Z/2, and E=B[0]E=B[0]. Compute the general derived base-change map and compare it with ordinary pullback.

Solution. The lower horizontal coefficient homomorphism ℤ→ℤ/2\mathbb Z\to\mathbb Z/2 is not flat: tensoring the injection 2:ℤ→ℤ2:\mathbb Z\to\mathbb Z makes it zero. The upper horizontal homomorphism B→B′B\to B' is the identity, hence flat. The source of (4.2) is (ℤ/2)⊗ℤL(ℤ/2)(\mathbb Z/2)\otimes^L_{\mathbb Z}(\mathbb Z/2), represented by B→0BB\xrightarrow0B in degrees −1,0-1,0; the target is B[0]B[0]. The transpose description is scalar-extension multiplication. On this model it is the identity on degree zero and zero on degree −1-1, so it is the usual augmentation. It induces an isomorphism on H0H^0 but kills the nonzero H−1=BH^{-1}=B. Thus it is not a quasi-isomorphism. Ordinary pullback would keep only the degree-zero tensor and obscure the failure. The square is Cartesian with the ordinary tensor coefficient ring, but that ring records no derived Tor correction. Theorem 4.1 supplies the comparison, while the calculation states exactly why it is not invertible.
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