Positivity through a moving family of scalar probes

A nonnegative function of position and frequency need not give a nonnegative operator under left
quantization. We construct a positive operator by testing the symbol against translated, modulated and
dilated scalar probes. The construction works with an arbitrary Hilbert space as its coeflicient space.
Its accuracy comes from two separate facts: the probe has no odd moments, and its scale changes slowly
across its frequency window. Keeping those facts separate also identifies the error when frequency and
position derivatives have equal costs.

The Fourier convention is @(§) = [ e ™ %u(z) dz, with inverse coefficient (27r)~", and D = —id. Fourier
inversion and Plancherel were proved in Fourier transforms, finite spectra and convex separation. We use
completeness of Banach spaces, the norm inequality and dominated convergence for Bochner integrals,
scalar Lebesgue integration and Tonelli’s theorem, Taylor’s formula, smooth compact cutoffs, and the
Hahn—Banach norm identity |v| = SUPy,g |¢(v)|. The Banach-space completeness and Hahn-Banach
steps needed below are in Banach estimates, quotient spaces and compact parameter arguments; Sections
17-21 of that chapter supply strong measurability, the full Banach-valued integral and convergence,
both absolute Fubini orders, complete Hilbert-valued L2, the original monomial Schwartz entry and
exact lattice cutoffs, with their original norms and factors. The scalar symbol estimates imported from
Symbols, operators and Sobolev scales are Sections 1-8 of Symbols, operators and Sobolev scales, whose
quantization and composition arguments use Quadratic Fourier multipliers at a moving scale, Sections
7-8 of Quadratic Fourier multipliers at a moving scale. We prove the necessary Banach and Hilbert
space extensions below; no finite-dimensional approximation of an operator-valued symbol is assumed.

1. Banach coefficients and distributional duals

Let B be a complex Banach space. The space §(R™; B) consists of norm-smooth functions with finite
seminorms

sy(u) = ﬁg)}@Sllp(@NH@au(x)HB, N=0,1,... (P1)

All integrals defining their Fourier transforms are Bochner integrals. Integration by parts gives the
usual derivative and coordinate identities, with convergence in the Banach norm. Fourier inversion
follows by applying every ¢ € B’, using scalar inversion, and using norm separation to identify the
two Banach vectors. The scalar estimates for Fourier transformation in Schwartz seminorms give the
corresponding norm estimates by the same argument. Completeness follows by taking the uniform limits
of all derivatives on compact sets and then passing to each weighted bound in (P1).

Use the complex bilinear evaluation (v, ) = ¢(v) for Banach duality. For a reflexive B, define
§'(R"; B) = (S(R™; B'))', (P2)

with the topology of uniform convergence on bounded sets of test functions. Regular functions of
polynomial growth act by integration of this bilinear pairing. This convention has the usual interpretation
as continuous linear maps U : §(R™) — B. Here is an explicit justification, which will also prevent an
incorrect dual space from entering the transpose construction.

If F' is a functional in (P2), then ¢ — F(f¢) is a bounded linear functional on B’. Reflexivity identifies
it with a unique U(f) € B. An estimate |F(v)| < Csy(v) implies |U(f)| < Csy(f), so U is continuous.
Conversely, suppose [U(f)| < Csy(f). Choose a smooth lattice partition >, _ x(z —k) =1, with x
supported strictly inside a fixed cube. Choose a larger cube of side L and a cutoff 8, supported in its
interior and equal to one on supp . Fourier expansion on that larger cube gives, for v € §(B’),

v(z) = Z S (@) fra(@) = 0(x — k)e2mit==R/L, (P3)

k,lezn
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The coefficients are those of x(- — k)v on the cube centered at k. We justify the periodic reconstruction
used here. On the circle of period L, with normalized measure dt/L, set

N-1 2

E : p2migt/L

J=0

KN(t) =

This kernel is nonnegative and has integral one, since the exponentials are orthogonal. The geometric-
sum formula bounds K (t) by 1/(N sin?(7t/L)) away from multiples of L. Hence its mass outside any
fixed neighborhood of zero is O(N~1). The product of these kernels in n coordinates has integral one
and the same concentration property: outside a small product neighborhood at least one coordinate is
separated from zero, and integration in the other coordinates leaves unit mass. For a continuous periodic
scalar function h, split its convolution error into that neighborhood and its complement. Uniform
continuity makes the first part arbitrarily small, and the second is bounded by 2|A|., times a mass
tending to zero. Thus these product convolutions converge uniformly to h.

If h is smooth, periodic integration by parts with (1 — A)™ gives [h(l)] < C,,(I)"2™, so its Fourier
series and every differentiated series converge absolutely and uniformly. Expanding the finite kernel
sum shows that the product convolution has coefficients h(l) H;;l(l —|l;|/N), where . = max(r,0).
These factors are bounded by one and tend to one for each fixed I. Absolute convergence therefore
makes the convolutions converge uniformly to the Fourier sum too. This identifies that sum with h, and
applying the same argument to each derivative gives smooth reconstruction.

For fixed k, the function x(- — k)v vanishes near the cube’s boundary and thus extends smoothly and
periodically. Bochner integration by parts gives the same norm decay of its coefficients, so their series
and all differentiated series converge absolutely in B’, uniformly on the cube. Applying every ¢ € (B’)’
commutes with the coefficients and the sums; scalar reconstruction identifies each scalarized sum with
£(x(- — k)v). Hahn—Banach norm separation identifies the Banach vectors themselves. Multiplication by
6 therefore recovers exactly x(- — k)v. More quantitatively, Bochner integration by parts shows that for
every M, K,

lewll s < CM,KSM+2K+n<U><k>7M<l>72K7 sn(fr) < On ()N (Y. (P4)

Choose M > N +n and 2K > N +n. The series 3, (U(fy), cx) converges absolutely and is bounded
by one Schwartz seminorm of v. It defines F'(v). For each fixed output seminorm, the same estimates
with larger M, K prove convergence of (P3) in that seminorm. Thus finite sums of scalar test functions
times fixed Banach vectors are dense in §(B’). This proves independence of the partition and uniqueness,
since the functional is prescribed on all such finite sums. The two constructions are inverse. In the
absence of reflexivity, the first construction would yield B”-valued maps; that is the reason for the
reflexivity hypothesis in (P2).

Let By, B, be reflexive, and let a be a norm-smooth function with values in £(Bj, B,). Fix

0<p<l, 0<d<1, d<p, k=p—20. (P5)

Proved extension to real parameters. Keep (P5) identifiable as the original range. The calculus,
Hilbert bound, moving-probe construction, moment estimate and lower bound below also hold for

p,0 ER, 0<p<l, o<1, k=p—0>0. (P5e)

There is no lower bound on either parameter. We use the same seminorms, Fourier convention, ordered
coefficient products and original window; the additional arguments are identified below. Constants may



depend on these fixed real parameters. The classical refinements (P10), (P43), (P48) and Section 7
retain their classical scope. This is an extension of this lesson’s statement, without a novelty claim. It
does not identify an undated comparison source with the dated edition in the references. Membership
in S7 5(By, By) means that

pron(a) = max sup(€) 920 a(x, )] < co. (P6)
’ o] HBISN 2.6
Write S” = ST 5. These bounds are global in the position variable. Left quantization is
Op(a)u(w) = (2m) " [ e a(a, €)a¢) de. (1)

Norm integration and the product rule prove continuity §(B;) — S(B,): output derivatives introduce
only polynomial factors and symbol derivatives, while powers of z are removed by frequency integration
by parts. Each output seminorm is bounded by finitely many seminorms of a times one sufficiently
large seminorm of u. This Schwartz action in fact holds without § < p; that restriction is needed for the
calculus used next.

2. Ordered products in Banach operator norm
The symbol product retains the order of its factors. If a takes B, to B3 and b takes B; to By, then
Op(a) Op(b) = Op(a o b), aobe S;’Jgt(Bl, By), (P8)
and for every integer N > 0,
(0¢'a)(Dg)

aob— Y — € SrENE(By, By). (P9)
la|l<N ’

The maps in (P8)—(P9) are continuous in the seminorms (P6). In the classical case the stronger estimate
before restricting the two pairs of variables to the diagonal is also valid: in the notation B(x,&,y,n) of
Section 4 of Symbols, operators and Sobolev scales, the remainder after N terms obeys

|0g0805 0 Ry || < C(nyrN-1e’l (g)t-lel (P10)

We justify the extension rather than inferring it from a matrix formula. A scalar linear estimate
p(Tf)<C Z], q;(f), when its seminorms are weighted suprema of finitely many derivatives, extends

to Banach-valued functions by applying ¢ € E’ of norm at most one and taking the supremum. The
Bochner integral definitions commute with ¢. For the cutoff limits in the Gauss estimates Sections 7-8
of Quadratic Fourier multipliers at a moving scale, the scalar bounds for the difference of two cutoffs
therefore give Cauchy convergence in the Banach norm, on every compact set with each derivative.
Completeness provides the limit in F; its scalarizations are exactly the scalar limits. This applies even
when E = £(B,, B;) is not reflexive.

Apply that observation to the quadratic multiplier used in Section 4 of Symbols, operators and Sobolev
scales, with the Banach-valued input a(z,7)b(y,§). Every input derivative is a finite sum of products in
this fixed order and is bounded by the product of the two relevant operator norms. The metric and
weight calculation in that unit consequently gives (P9) and (P10), with exactly the same exponent losses.
Differentiation before the diagonal restriction gives each seminorm in (P6). For compactly supported
smooth symbols, Bochner Fubini proves the operator identity from its absolutely convergent integral
kernel. Smooth cutoffs give bounded approximants converging locally with all derivatives. The Schwartz
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estimates for (P7), local convergence, and one extra position weight prove convergence on each Schwartz
input in every output Schwartz seminorm. Passing to the limit proves (P8). Thus no approximation by
finite-rank operators, and no norm density of finite-rank operators, enters the proof.

Receiving the real-parameter extension. For (P5e), use exactly

9w (1) = (€)% |y + (&)~ [nl?,
07 (:1) = (1P + (&) P, (Pse)
Wz, &) =()°",  m.(x,€) = (&)

Equations WX1-WX12 in the full original-metric calculation prove slow variation, both ordered
temperateness comparisons, local weight continuity and temperateness of every real-order weight. They
also prove uncertainty and the exact coordinate/directional symbol comparison, with its finite dimension
factors. The metric is unchanged and is invariant under reversal of a tangent frequency direction. The
superscript on its symplectic dual denotes that dual operation; it is separate from the window exponent
introduced in (P28).

The one-metric Weyl product in Section 7 has cross parameter exactly the displayed h and remainder
weight m,m,h"™. The actual Weyl phase retains its factor 1/4, and the induced diagonal metric retains
its derivative comparison 2//2 at order I. Apply the norm-separation construction above to its localized
Gauss series with input a(Y)b(Z): each finite product-rule term has that coefficient order, and the
summable scalar majorant bounds its Banach norm. Completeness gives the Banach-valued sum and
each differentiated sum. Thus the full Weyl estimates, bounded-set local-smooth continuity and all
finite remainders hold without finite-rank approximation.

For the quantization change, the actual phase kp - ¢, for fixed k # 0, has dual 4k~2¢° and parameter
(|k|/2)h. Equations WQ1-WQ5 of Section 8 and A35a—A43 of the full conversion proof therefore give
the norm-valued map T}, = exp(ik(D,,, D;)). Its remainder retains (|k|/2) 2", the finite counting factor
(1 + |k|/2)?", and every actual phase-dependent temperateness constant. At k = 0 it is the identity,
with zero remainder for N > 1 and identity remainder for N = 0. The kernel change and commuting
differential-phase identity in Section 8 give, in the original coefficient order,

aob =T ,5((T_150)#(T_15D)), m,m N = (&), (P9e)

Expand the three conversion maps and the middle Weyl product through degree N — 1. A degree
j coefficient has its proved factor h7; every discarded finite term has at least A", since h < 1. The
commuting scalar phases combine exactly to (Dg, Dy>, so the retained coefficients are precisely those of
(P9), including 1/a!. For N = 0 the sum is empty and the continuous product itself gives the asserted
class. This proves (P8)—(P9) in the extended range.

Use the actual adapted partition in Approximation on compact sets: ay = ZV< N ¢,a, and the
corresponding sums for b. At every point at most the fixed overlap number of supports meet; the full
product rule and the original partition derivative bounds give uniform directional seminorm bounds for
all these finite sums. On any compact set, once its finitely many meeting supports are included, the
sum equals the symbol on a neighborhood. This proves exactly bounded local-smooth convergence. A
position cutoff independent of frequency need not obey the required bounds when § < 0, so it is not
used for this passage. The argument for (P7) uses only finitely many polynomial frequency powers for
each prescribed output seminorm, and so also proves the Schwartz action for negative parameters. On
compact output sets use dominated frequency integration and local symbol convergence; a common
extra output position weight makes the remaining tails uniformly small. This passes the compact-symbol
operator identity to every Schwartz input.
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The reflected base frequency in (P11) preserves all bracket weights. Kernel transposition and the same
T, conversion give every original transpose coefficient and remainder. Equation (P12), the reflexive
identification in Section 1 and the bounded-test estimate then give the stated strong distribution action.
Conjugate kernel transposition gives (P13), with the original Hilbert pairing and no reflected frequency
in its adjoint symbol. Hence (P8)—(P13) hold under (P5e); (P10) is still the specified classical estimate.
No later positivity or operator-summation theorem is used as a prerequisite.

For a Banach operator A : B, — B,, let A" : B, — Bj be its bilinear transpose. Define ¢(z,§) =
a(x,—¢&)'. Transposing the kernel in (P7) gives right quantization of c¢. The right-to-left conversion of
Section 5 of Symbols, operators and Sobolev scales, extended by the scalarization argument just given,
supplies a symbol a® € S;ﬁ(Bé, B1) with

0g DS c
at— ) N: 5a! € S5Ne(By, BY). (P11)
o<

In particular the transpose operates on Bj-valued tests and produces Bj-valued tests. Define the
distributional action by
(Op(a)u,v) = (u,Op(a")v),  veE 8(By). (P12)

The right side is continuous in v, and maps bounded sets of tests to bounded sets, so the resulting
map §'(B;) — &(By) is continuous for (P2). Kernel transposition verifies agreement with (P7) on
regular Schwartz distributions. Transposing twice recovers the original kernel; transposing a product
reverses its order. Therefore (P8) holds on distributions as well. These identities follow first on compact
symbol cutoffs and then by the same distributional convergence; they do not require density of Schwartz
functions in the strong dual topology.

For Hilbert spaces use the inner product linear in its first entry and let a* denote the pointwise Hilbert
adjoint. Its formal adjoint symbol satisfies
02 DS (a*)
¢ -
af = > S8 Op(a)’]s = Oplal)]s. (P13)

|a|<N

This follows either by conjugating (P11) under the Hilbert dual identification or directly by conjugate-
transposing the kernel. In (P11) there is a reflected frequency and no conjugation; in (P13) there is
conjugation and no reflected frequency. Keeping these conventions distinct is essential for distributional
targets and signs.

At p =9, the product and adjoint still belong to the asserted spaces and every finite remainder estimate
remains true, but (P9) and (P13) give no decrease in order. They are not asymptotic expansions with a
vanishing-order tail at this endpoint.

3. Hilbert boundedness independent of dimension

For arbitrary complex Hilbert spaces H;, H,,
a€ S (H,Hy) = Op(a): H*(R";H;) — H*"(R"; Hy) (s €R), (P14)

under (P5e), which includes (P5). The norm is bounded by Cp, ;(a), for a finite L and constants
depending on the displayed parameters and n, not on the dimensions of the Hilbert spaces. The Sobolev
norm is

rw%@—&mw/@MWM@% (P15)
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Hilbert-valued Plancherel follows first for functions taking values in a finite-dimensional span, by an
orthonormal basis and scalar Plancherel. Finite-valued simple functions are dense in Bochner L?(H).
Approximating their scalar components by Schwartz functions and taking the isometric completion
proves Plancherel and Schwartz density for all H, including nonseparable H. This uses only strong
measurability; every particular Bochner function is almost everywhere valued in some separable closed
subspace.

Here are the analytic estimates behind (P14). If K(X,Y) € £(H,, H,) has both marginal integrals of
its operator norm bounded by C, then

|/ ke

Integration in X proves the norm bound C. Truncation and completion define the operator when
necessary. This estimate uses the norm of the actual vector input, not a sum over a basis of the coefficient
space.

([ ) ([iccvmEar). e

Editorial clarification: the actual measurable kernel and its Hilbert receiving map. Equation
(P16) uses a Bochner integral. Its general kernel statement requires measurability of that vector integrand
as well as the displayed norm marginal bounds. The actual packet kernel below has this property. We
prove both its precise integral construction and its comparison with a more general canonical kernel
map, including the nonseparable case.

Let (X, u), (Y,v) be the original sigma-finite Euclidean measure spaces in the application, and retain
complex Hilbert spaces H,, H,, with inner products linear in the first entry. Suppose K(x,y) : H; — H,
is weakly operator measurable: (K (x,y)h,k) is measurable for every fixed h, k. Assume separately that
ko(z,y) = | K (z,y)| is measurable and that its actual marginals satisfy

/ko(az,y) dv(y) < A for a.e. x, / ko(z,y)du(x) < B for a.e. y, (HM1)
Y b'e

with finite A, B > 0. The measures and both constants remain separate. For Bochner L? inputs f and
g, approximation by strongly measurable simple functions shows that (K(z,y)f(y),g(z)) is measurable
on the original product: for each simple pair it is a countable sum of the prescribed measurable scalar
pairings, and the pointwise limit gives the full pairing. Product null sets caused by representatives are
null by sigma-finiteness and Tonelli. Weighted Cauchy—Schwarz on this original product gives

[ st s wtlst vty < ( [] ke o avisint )1/2

1/2
([ otelot? aviwauta)) (M)
< VAB st 9o

Thus the scalar integral by (f,g) of the original pairing is absolutely convergent, independent of
representatives, linear in f, and conjugate-linear in g. The complete Hilbert representation theorem
gives a unique element Ty f € L?(p; H,) with

(Txf.9) = b(f,9),  |Tx| < VAB. (HM3)

Uniqueness proves linearity in f and in the kernel. This is an actual bounded map on the original
Bochner Hilbert spaces, even when a pointwise vector integral has not been constructed. If either
marginal constant is zero, (HM2) makes the pairing and operator zero, with no division by that constant.



The swapped kernel K*(y,xz) = K(x,y)* is weakly operator measurable, its norm is unchanged, and
its marginal constants are B, A. Absolute scalar Fubini, retaining the conjugation convention, gives
TK* == TI*{'

Now impose the extra strong-action hypothesis that (z,y) > K(z,y)h is strongly measurable for every
fixed h € H,. Simple approximation to f and pointwise norm convergence prove strong measurability
of F(z,y) = K(x,y)f(y). For almost every x, the second squared integral in (P16), in its original
order, is finite by Tonelli and the column bound. The row bound and scalar Cauchy—Schwarz give
J|F(z,y)|dv(y) < co. Sections of the strongly measurable product function are strongly measurable
for almost every z, by countable simple approximants and scalar Fubini on their exceptional sets.
Therefore the Bochner integral exists there. On every finite-measure piece £ C X, (HM2) applied to the
nonnegative scalar input 15(x) bounds fEXy |F| by VAB| f|ou(E)'/?. Bochner Fubini on these pieces,
then their sigma-finite exhaustion, proves that

v(x) = / K(z,y)f(y)dv(y) is strongly measurable, [v]3 < AB|f|3. (HM4)
Y

Pairing this actual v with any g, the full absolutely convergent pairing (HM2) and Bochner integration
give (v, g) = by (f,g). Uniqueness in (HM3) proves v = Ty f as the original L? class. Thus (P16)’s vector
integral is exactly the canonical map when its strong-action hypothesis holds. Its original common-bound
case is A = B = (| giving norm at most C.

Here is why the hypothesis cannot be inferred from norm bounds in an arbitrary nonseparable coefficient
space. Take the original Lebesgue spaces X =Y = (0,1), H; = C, H, = ¢2((0,1)), and let e, be the
unit vector at index y. Put K(z,y)z = ze,. Its norm is one, so both original marginals are exactly
one. Every vector in £2((0,1)) has countable support: for each positive integer j, only finitely many
coordinates can have absolute value at least 1/, by its finite squared norm; the support is the countable
union of those sets. Therefore each fixed scalar pairing with e, is supported on a countable set and
is measurable, so K satisfies (HM1)-(HM3). But y = e, is not strongly measurable. Any separable
subspace has a countable dense family, whose supports have countable union S; every vector in the
subspace is supported on S, by norm convergence of the dense family. Outside 5, the unit vector e,
does not belong to that subspace. This contradicts the a.e. separable range of a strongly measurable
function, since S has Lebesgue measure zero. Hence (P16)’s Bochner integral for the constant input one
cannot be formed for this kernel.

Nevertheless its exact canonical map exists and is zero. A Bochner L? test g(z) is a.e. valued in a
separable subspace, by its simple approximants. The preceding support argument gives one countable
set S supporting all those values. Thus (K (x,y)f(y),g(x)) = 0 for almost every pair (x,y), and (HM3)
gives Ty = 0. The precise defect defines a kernel space, rather than an unidentified failure: on the
vector space R of weakly operator measurable kernels with measurable norm and finite marginals, set

N ={K € R:bg(f,g) =0 for all original f,g}. (HM5)

Equation (HM3) proves M = ker(K + Ty ). Consequently [K| — Ty is an injective linear map from
K/M to the actual bounded operators; the norm |[K]| = |Tk| is well defined and is zero only on the
zero class. Equation (HM2) gives its exact upper bound by the original marginals. The exhibited
norm-one kernel belongs to 91. No surjectivity or completeness of this quotient is presumed.

For the actual packet kernel (P17b), there is no strong-measurability defect. The original symbol is
norm-smooth in its original Banach operator space. Its compact-parameter variations in the integral
have a common scalar Schwartz majorant: its zeroth uniform derivative bound and the factors |g(¢)g(#)]
give an integrable majorant. Pointwise operator-norm continuity, including the full scalar phase



eiq'(p/_p)ei[z‘(p/_p>+C'(q_q’>+z'd, and Bochner dominated convergence prove operator-norm continuity of
K, in every packet parameter. Its operator-valued integrand is strongly measurable too: a continuous
image of the separable Euclidean parameter domain is separable, and approximation on countably
many compact cubes supplies measurable simple approximants. The same reasoning applies to every
fixed-vector action of K, and of its swapped adjoint; taking an adjoint preserves operator-norm continuity.

The two inverse Fourier factors in that application can be displayed separately. Set

N\ |af!
- il <N
‘o (,Q) °8 (ol < ),

R,Y,(;(Z, C) = Z (i) j|7‘+|5‘*|7‘ Wz!T)!C’YTZ(ST‘

T8
Ty
The polynomial is exactly e—izfawgeizf, by differentiating (i¢)Ye*¢ with the full product rule. The
expansion of (1 — A_)N has coefficient (—1)1%c,92%; the other operator has the corresponding f3

expansion, retaining those signs before taking absolute values. Define the following finite complete

majorant:
Culg) = // Z cats Z (2a)! (258)!

v 1A 5 15.18.)
=N 20 112173! 0,105165!
|BI<N 61 +0,+63=28

% |R,, 5 (%, 1022 (0)]102g(2)| dz dC.

Here the second derivative group acts on the original symbol, and the first on its exponential; the third
groups act on the two scalar windows. The other cross-window derivatives are exactly zero because
each window depends on only its own variable. Every coefficient, sign, nonzero term and zero case is
therefore accounted for in the original four-factor product rule. The majorant is finite because each
displayed polynomial times the differentiated windows is integrable. Each differentiated symbol has
total order at most 4N, so the original M in (P18) bounds its norm. Integration by parts in the original
integral (P17b), with its full constant phase retained, now gives

|Ka(a.piq' 0" < (2m) " Cy(g)M g —q') 2 {p—p) 72V,

[ @n g i < enoyME, 1= [ Na

(HM6)

The opposite marginal has the same full bound, by integration in ¢, p. Retain the exact original measures
dp = dv = (2m) "™dqdp; I is finite for the original N > n/2. Apply (HM4) with both marginals in
(HM6). Thus the Bochner packet operator, its canonical Hilbert operator, and the swapped-adjoint
kernel operator are the exact maps just proved. The packet isometry and synthesis give the original
Op(a) on Schwartz inputs. This verifies the actual use of (P16) on its full nonseparable Hilbert domain,
with both inverse Fourier factors visible and no coefficient-dimension factor or finite-rank approximation.

Fix a scalar Schwartz function g of L? norm one. The transform Vu(q,p) = [u(z)e?*g(x — q) dx is
an isometry into L?((27) "dqdp; H), by Hilbert-valued Plancherel followed by integration in q. Its
synthesis map has norm one and V*V = I, by polarization. If all symbol derivatives through order 4N
are uniformly bounded in operator norm, the packet kernel of V' Op(a)V* is an operator-valued version
of the double integral in Section 6 of Symbols, operators and Sobolev scales. After writing x = q + z,
& =p’ + (, its amplitude is

(2m) e alg + 2,p" + )g({)g(2)- (P17)
The integration-variable phase is eil= (@ =p)+¢(a=d")] Tt full constant factor must also be retained. Write
9yp(T) = e’PTg(x — q), keep the original linear-first pairing and phase-space measure (27) "dqdp,
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and let K, (q,p;q’,p") be the operator-valued packet kernel with that measure. The original forward
transform gives g,/ (§) = e &P Gg(¢ —p). With 2 = ¢+ z and £ = p’ + , the entire exponent is

(g+2)- 0+ —¢d - C—p-(g+2)=q-p —p)+2z- 0 —p)+¢(¢—¢)+2-( (P17a)

Both coordinate substitutions have Jacobian one. Thus the complete packet kernel, including every
scalar factor and the original coefficient order, is

Ka(q,p; q/,p/) = ei‘I'(P/*P)(QF)fn // etz (' —p)+¢(g—q")]

x e Ca(q+ z,p" +¢)g(¢)g(z) dz d¢.

The double integral converges in operator norm under the displayed uniform zeroth symbol bound
because both scalar windows are Schwartz. Applying the original quantization to g, ,h, pairing with
9gq.pk, and using absolute Fubini proves this equality for every h € Hy, k € H,; separation by these
Hilbert pairings identifies the operator-valued kernel. This is precisely the full scalar phase of EC12-EC14
in the Euclidean lesson, with its Schwartz window renamed to the original g. The factor i@ (' ~P) hag
absolute value one for the real packet parameters and is independent of z, ; it remains present through
all integrations by parts, while the original inverse Fourier multiplier stays (27) ™. Integration by parts
with (1 —A,)N(1—A,)" bounds the kernel norm by

(P17b)

CM{qg—q)\2N(p—p )2V, M= max [020%a]... P18

(a—q) N p—p) \a|+\3\§4N“ 20y al o (P18)

All polynomial factors created by differentiating the exponential in (P17) are absorbed by the two

scalar Schwartz functions. For N > n/2, (P16) bounds the packet operator by C'M. Reconstruction on
Schwartz inputs proves the same bound for Op(a); no prior L? boundedness is used.

For an order-zero symbol under (P5), decompose the frequency variable into dyadic annuli with cutoffs
X, and set a; = ax;. Conjugation by scalar unitary dilation changes the symbol to aj(Q*j”X, 20PZ),
whose derivatives are uniformly bounded: a position derivative contributes 2777279 < 1, and a frequency
derivative contributes 2772797 = 1. Cutoff derivatives obey these bounds because p < 1. Thus (P18)
gives a uniform bound for each piece.

To sum the pieces, use a scalar Schwartz function w with @ compactly supported, equal to one near zero,
and supported in the unit ball. Its integral is one and all its nonconstant moments vanish. Convolve a;
in position at scale \; = 2774 asin

li(r,8) = /w(z)aj(a:—z/)\j,f) dz, ri=a;—{;. (P19)
The norm-valued Taylor formula with K derivatives gives, for each fixed pair «, 3,
10¢057 1l < Cpo,p(a)27 951012 dplal 50151, (P20)

After the preceding dilation, (P18) makes the operator norms of the r; summable, since § < 1. The base
Fourier support of £; lies in a ball of radius 274, Consequently its operator only receives input in the
j-th frequency annulus and has output in a fixed enlargement of that annulus. This support statement
follows in the distributional Fourier formula by testing against disjoint supports; it does not require an
operator-valued pointwise Fourier transform in position. The input annuli and enlarged output annuli
both have bounded overlap. The Hilbert space inequality v, + -+ v [|? < k> |lv;|?, applied at each
output frequency, and Plancherel show that

2

>0l < Cpyr(a)* Y |Ppul3 < Cpo 1.(a)ul3- (P21)
j j
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Here P; is the input annulus projection. The tail of the middle sum tends to zero for each input, proving
strong convergence. Adding (P20) and the single low-frequency term establishes order-zero boundedness.
It includes 0 < p = § < 1. Finally apply (P8) to (D)*~" Op(a)(D)*, whose symbol has order zero. This
proves (P14) for all real r, s, with finite-seminorm control. [J

The same Hilbert proof for negative parameters. In the order-zero annular argument, differenti-
ating ay; gives the complete terms

(3) (0 705a)(9¢x;), v <a (P2le)

For j > 1 the supports have (¢) comparable to 27 and the cutoff bound is Cﬁ‘jw. After the displayed
unitary dilation each term is bounded by its binomial coefficient times C.p 1 (a)270=P)IBIEIe=1  wwhich
is uniformly bounded for every real pair in (P5e). The change of coordinates is still unitary even when
its scale tends in the other direction. In (P19), all nonconstant moments still vanish; the integral Taylor
remainder retains ;%275 9 including its fixed factor 2*%. This is (P20), and its norms are summable
because K (1 —d) > 0. The unchanged frequency-support argument proves (P21) with bounded overlap.
It uses no sign condition on p or 4.

For each real v, 9¢(§)" = O((€)v~1ol), and position derivatives vanish. Since p < 1, this scalar multiplier
belongs to Sg 5> even when p is negative. The already proved ordered calculus therefore puts the Sobolev
conjugate in order zero, proving (P14) under (P5e) with linear finite-seminorm control. This direct
annular proof needs neither the later metric-operator chapter nor the moving-window estimate.

Editorial extension: Hilbert-valued Besov maps in the full signed range. The endpoint
theorem (P14) has a further exact consequence. For every original Hilbert coefficient space H, retain
the original Fourier convention and sharp annuli A, = {[§| < 1}, A; = {2771 <[¢] < 27}, j > 1, of the
Sobolev chapter. On locally Bochner L? Fourier transforms define, for 0 < p < oo,

1/p
Ns,p,H(U) = (Z(st”HjU”L?(HQp) ) Ns,oo,H<U) = igg 278 ||HjuHL2(H)- (HB1)

j=0

Here II; is the actual sharp Fourier projection and each Hilbert L? norm uses the actual original base
measure. The domain is denoted B3 ,(H). For p > 1 this is a norm; for p < 1, d(u,v) = N , y(u—v)?

S
is its translation-invariant metric, by the scalar inequality proved in BQ2 and the Hilbert norm triangle

inequality.

We identify its full distribution domain. Choose arbitrary Bochner F}; € Lz(Aj; H), extended by zero,

with v; = 275 (2q) /2 ||l in the indicated sequence space. Their supports are the original disjoint
annuli, and their countably many essentially separable ranges lie in one separable closed subspace of H;
thus F' = Zj F; is locally strongly measurable and locally L?. The inverse Fourier distribution is the

actual H-valued map
Ute) = 2m Y [ FOp-¢) de. (HB2)
7=0 YA,
Every integral and the series converge in the Hilbert norm. For j > 1, retain |A;| < w,, 27", with
C, = sup£<§>L]$(—f)\, the norm of its full summand is at most (27r)_"/2w71n/22LCLQj("/Z_S_L)vj. Choose
an integer L > n/2 — s, and use v; < Ny, i, also for the supremum case. The complete geometric

tail converges; the low term is bounded by (27)~™/2u,|2| r2(4,)- These estimates prove continuity
S — H. The reflexive identification P2—P4 therefore gives an actual H-valued tempered distribution,
whose Fourier transform is F', with |ILullp2 g = (2m)~"/ ?|F}]l; by the proved Hilbert Plancherel
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theorem. Conversely the original locally Bochner L? Fourier pieces of any element reconstruct that
same distribution by (HB2), since the tested tail tends to zero. No extra generalized elements have been
added to the domain.

Completeness follows on this exact domain. For a Cauchy sequence, every weighted Fourier piece is
Cauchy in its actual Hilbert space and has a limit F};. For finite p, finite sums and their increasing limit
give

. — p
> (235(27r)—n/2||Fj—Hju<r>”2) <Tminf N, , g (u® — u). (HB3)

s,p,H
J
For p = oo, take the supremum of the individual limits instead; it is bounded by the same limiting
supremum of the Cauchy differences. One fixed index and the norm or quasi-triangle inequality give a
finite limiting sequence norm. Equation (HB2) constructs its actual distribution, and (HB3), or the
supremum bound, proves convergence in the original metric or norm. Thus all these spaces are complete.

On every original annulus, 277(¢) € [1/2,v/2], including the low piece. For real t put a, = min(27*, 2%/2),
b, = max(27%,2%/2). The original Sobolev norm (P15) gives

at2jt ||Hju||L2(H) < HH]‘U”Ht(H) < bt2thHju”L2(H)7

2 (HB4)
HUHQHS‘,(H) < mNs,p,H(u)Q (3_ < S).

The second line follows by summing the disjoint original squared Fourier pieces and bounding each v; by

its sequence norm. It proves actual convergence of the annular input partial sums in the lower endpoint

for every p, including infinity.

Let T be the actual consistent map from H*-(H,) to H*-""(H,) and from H*+(H,) to H*+ "(H,), with
norms M_, M, , where s_ < s < s,. The first line of (HB4), applied at both endpoints, gives

2H(s) HHkTHjuHL2(H2> < Cey_j 27 ”]'_'[ju“Lz(Hl)’ € = min(2l<s_s’>a 2l(s—s+))’ (HB5)

where €' = max(M_b, /a, _,,M,b, [a, _.). Every original Fourier factor is already retained in both
Hilbert norms. For finite annular input sums, apply the target Hilbert triangle inequality at each k. If
0 < p < 1, raise the scalar sum to p, use (a + b)? < a” 4 b?, and then sum over k. If 1 < p < oo, the
fP triangle inequality for translations gives the convolution bound; it follows for arbitrary summable
nonnegative kernels by finite sums and their increasing limits. For p = oo, take the supremum directly.
In all cases the resulting exact bound is

‘]\fs—r,p,H2 (TU) S C"Dp]\[s,p,Hl (’LL), (HB6)
where
9—p(s—s_) 9—P(s.—s)
Db =1+ ==y + s (0<p<1,
9—(s—s_) 9—(s,—s)
by =1t it 1w (sp=)

These are the complete sums on 7, with both tails, central term and positive denominators retained.
For an arbitrary input, (HB4) defines the actual Tu at the lower endpoint. Its finite annular input sums
converge there, so every fixed target projection converges in Hilbert L2, by the positive lower Sobolev
weight on that original annulus. Pass the estimate first to a finite set of output indices, then to all
indices by increasing sums or the supremum. This proves (HB6) for the actual endpoint operator. It
does not require density of finite annular sums in the infinity Besov norm.

Take T'= Op(a) from the proved theorem (P14). We have consequently proved
Op(a) : B; ,(H,) — B3/ (Hy) (0<p<oo, s,reR) (HB7)
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for every original a € 57 s(H, Hy) under the entire signed range (P5e), including p <0 and p =6 < 1.
The constants are controlled by finitely many original operator-norm symbol seminorms and the displayed
scalar constants, independently of both Hilbert dimensions. We have used the proved signed-parameter
Hilbert endpoints, rather than substituting a scalar symbol theorem with a smaller parameter range.

The original smooth-cutoff comparison is valid on these Hilbert domains as well. With a smooth
partition ¢, bounded by M, meeting A; only when [j — k| < L, the two identities in BQ6 are actual
Hilbert Fourier multiplier identities. For p < 1, their complete bounds are respectively M p2p‘S‘L(2L +1)
and 2P15/L(2L 4- 1) on the sums of p-th powers, by the Hilbert triangle inequality followed by its scalar
p-power bound. For p > 1, each individual translation has factor at most M2/5I% in the forward direction,
and 2I” in the reverse direction; summing the at most 2L + 1 translations gives these factors times
2L + 1, including the supremum endpoint. This proves equivalence to the same smooth dyadic spaces
without a basis or finite-rank argument. In dimension zero only the original low piece exists; (HB1) is
the original Hilbert norm and the maps are the one-point coefficient maps. These standard editorial
consequences do not assert a Banach-coefficient Plancherel or positivity theorem and carry no novelty
claim.

There is no assertion here that this L? theorem holds for arbitrary reflexive Banach coefficient spaces.
The preceding calculus does; the present proof uses Hilbert-valued Plancherel at its central step.
4. A positive scalar probe and its moving copies

Choose an even ¢ € C2°(R*") with [¢|2gen) = 1. Even means simultaneous inversion of both variables.
Let B = Op(y), acting on scalar functions. Its kernel is Schwartz. The kernel

Ko(r.2) = / KoL o) Kyt 2) di (P22)

is Schwartz as well: differentiate under the integral and use the rapid decay of the two factors with any
desired polynomial weights. Fourier transformation in z — z therefore defines a unique 1 € $(R?"*) with

Op(¢)) = B*B. (P23)

Conjugation by parity u(z) > u(—x) fixes B because ¢ is even. It fixes B*B to00, so uniqueness of the
Schwartz kernel symbol proves that ¢ is even. The function 1 need not be real or pointwise nonnegative:
the property being imposed is positivity of its quantization.

The normalization is precisely

/w(x,ﬁ) drdg = 1. (P24)

Indeed Fourier inversion on the diagonal gives (27)™" [¢ = [ Kg(z,2) dz. By (P22) the latter equals
[[ 1K g(t,z)* dt dz. Scalar Plancherel in the kernel formula for B makes this (27) "|¢|3. Cancelling
the common factor proves (P24). This computation uses ordinary integrals of Schwartz kernels, and
needs no trace-class theorem.

For ¢ > 0 define the scalar unitary

(Uy.q0) (@) = @2 0(q(x — y)). (P25)

Changing variables in (P7) gives

Uy Op()U; o = Op(¥(q(x —y), (€ —n)/q)) - (P26)
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These scalar operators act on H-valued functions too, by the same kernels. A bounded coefficient
A € £(H) commutes with them. If A > 0, then for u € S(H),

(UB*BU*Au,u) = (ABU*u, BU*u) , , > 0. (P27)

No diagonalization of A, finite rank condition, or separability assumption on H is used.

Put
o=——, q(n)=n°, 0<o<l (P28)

For the separate extension (P5e), retain exactly the same definition, with its wider exponent range,
o=(p+d)/2<1,  qn)=m7>0 (P28e)

The original positive-exponent case (P28) remains identifiable. Now the window may shrink as frequency
grows. For every fixed real o and multiindex -, the full power-function derivative rule gives |07¢(n)| <
C,Yy(,(n)"*‘"/'; the constants can depend on that exponent. In (P30) the factor ¢-™ is retained, and
1 — o > 0 makes arbitrary Schwartz decay dominate this factor and every further derivative power.
Thus (P29) and its local norm-smooth convergence hold throughout (P5e). For a norm-valued symbol b,

and any Schwartz function v on phase space, define

w6 = [ o(atme = ST s dyan (P29)

This is an absolutely convergent Bochner integral for every symbol of finite order. To see this, first
integrate its scalar majorant in y. For every large M, the result is at most

Cu / ( Kq(n;ﬂ) - (P30)

For large |n| with ¢ fixed, the parenthesis grows like (n)179, so an arbitrarily large M dominates the
remaining polynomial factors. Differentiating the integrand only creates further polynomial factors
and Schwartz derivatives. The same reasoning gives local uniform convergence of every differentiated
integral, hence norm smoothness.

For a nonnegative a(x,§) € £(H) in any finite-order symbol class, set a, = J,a. Then

(Op(ay)u,u) = // a(y,n BUy*nq yu, BU o >dyd7720. (P31)

We verify convergence of the quadratic integral, since its parameter domain is unbounded. A direct
Fourier transformation gives

y77q

BU; pqu(®) = (2m) " [ 050 9,(t,6)a( + 06) . (P32)

For the original nonnegative range, both ¢ and € in this integral lie in fixed compact sets. As |n| — oo,
q(n) = o(|n]), so |n + qf| > |n|/2 there. Integrating by parts in 6 gives arbitrary powers of (t + qy)~!;
the derivatives of u still decrease faster than any frequency power, and the factors ¢ they create have
polynomial growth in 7. Since ¢ > 1, this proves an arbitrary product decay in (y) and (n) for the
L?(H) norm of (P32). Bounded 7 is handled by the same integration by parts. This decay makes
(P31) absolutely convergent even after the factor |a(y,n)| < C(n)". For compact parameter cutoffs,

(P26), Fubini and polarization prove the equality in (P31). Letting the cutoffs tend to one, (P30),
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(P32), and dominated convergence prove the displayed equality for all Schwartz inputs. Thus (P31)
constructs positivity as a quadratic-form statement, without asserting a bounded operator when the
order is positive.

Convergence when the window shrinks. The identity (P32), including (27)~™¢"/2, holds for every
positive q. If [t| < T, the bracket triangle inequality gives (qy) < (1+7T)(t+qy), while (qy) > min(1, ¢)(y).
Consequently

(t+aqy)™ < (1+T)Mmax(1,¢ M) (y)™,  max(1,q(n)~) = (M0 (P32e)

Integration by parts in the compact 6 variables, using sufficiently high even derivative order, gives the
desired (t + qy)~™ bound with the same coefficient ¢"/? and all differentiated factors of g. They are
finite powers of (n). Since ¢ = o(|n|), the entire shifted compact support satisfies | + ¢6| > |n|/2 for
sufficiently large |n|. For every prescribed M, N, choose the input Fourier Schwartz order larger than all
these powers, the explicit power in (P32¢), and N. The fixed compact ¢ volume then gives

1BU; gy ullzz ) < Crrvuy) M), (P32f)

On bounded 7, ¢ is bounded above and away from zero, and the same integration-by-parts argument
gives this estimate after increasing the constant. Multiplication of its square by the original C'(n)"
coefficient bound is integrable once 2M > n and 2N > n + r. Thus the full quadratic integral (P31)
converges under (P5e), with the unchanged nonnegative integrand, unitary maps and measure. On
compact parameter cutoffs (P26) gives its equality; (P30), (P32f) and dominated convergence pass both
sides to the original unbounded parameter domain. This proves the extended positive quadratic form
without any assertion of boundedness for positive order.

5. Two cancellations and the full error

Let v € 8(R*") be even and let ¢, = [v. For every Banach-valued b € S) s

Tb:=7J,b—c,be S5 (P33)

Every seminorm of this difference is bounded by finitely many seminorms of b and v. The estimate
includes k = 0, when it asserts order r, with no positive gain. We first prove its undifferentiated form
and then derive exact identities for all derivatives.

Write A = (£) and Q = \?. Separate the integral into | —&| > A/2 and its complement. The first region
contributes O(A~1) for every desired L, using finitely many Schwartz seminorms. Here is the original
nonnegative-exponent estimate behind that assertion. If || < 4, then ¢(n) < CA? and the ratio in
(P30) is at least cA'~7; its arbitrary negative power absorbs the region’s polynomial volume and symbol
weight. If |n| > 4\, the ratio is at least ¢(n)!~7, and integration of the resulting power gives the same
conclusion. The estimate also holds after inserting any fixed polynomial in y — x and 1 — &: integrate
the position polynomial against the Schwartz decay first, and increase M. This will allow us to replace
truncated polynomial moments by full moments.

Uniform far-region bounds for every real exponent. Put o, = max(c,0), 0_ = max(—o,0), and
r, = max(r,0). In the original far region with |n| < 4,

q(n) < C, A%, q(n)~" < C, A", (m" < CL ™. (P33e)

These follow from 1 < (1) < /17, with the sign of each exponent retained. The ratio in (P30) is at
least ¢, A\179+. The region’s volume is at most w, 4™ \", so its full absolute majorant is bounded by

CM)\n+n0',+r+fM(lfa'+)' (P33f)
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Here 1 — o, > 0. In the other far region, |n| > 4, the ratio is at least ¢, (n)' . With an additional
position moment of degree b > 0 and frequency moment of degree a > 0, the position substitution retains
precisely ¢ "% and |n — £]* < C,(n)®. Choosing M so the exponent is below —n, radial integration of
the full majorant gives

CM7a7bAn—t—’r—O—a—a(n—&-b)—M(l—a)_ (ngg)

Indeed its integrand is bounded by C <7]>’”+"_"("+b>_M (1=9) "and on this region the bracket and radius
are comparable; the complete radial integral is bounded by its lower-end power divided by the negative
exponent plus dimension. In the first far region, inserting the same moments changes (P33f)’s exponent
ton+ (n+b)o_+r, +a— M(1—o,). Thus both regions give every requested O(A\~%), with their
position Jacobian, moments, symbol weight and coordinate volume retained. A fixed differentiation of
the kernel or symbol adds only finitely many such polynomial powers and Schwartz derivatives, so the
same estimates apply. The corresponding fixed-scale Schwartz tails have |0] > A79/2; their moments
are also smaller than every prescribed inverse power after all finite () powers are included.

In the near region, A/2 < (1) < 3A\/2, and the same bounds hold along the connecting frequency segment.
Every fixed real power is therefore comparable to its original A power. The change (P34) still has
Jacobian exactly one, and R and R~! remain bounded positive numbers, with constants depending on
the fixed real exponent. Consequently every derivative, scale correction, parity cancellation and moment
estimate in (P35)—(P40) holds unchanged, including x = 0. The inequalities in (P40) use precisely
p < 1, with no lower parameter bound.

In the complementary region, (n), (£), and the weights along their connecting segment are comparable.

Set
c=Qu-w. 0-(-9/Q.  r=1EE00 (P34)

The Jacobian dy dn is dz df. Evenness replaces the kernel by v(Rz,0/R). The ratios R, R~! are bounded
in this region. Taylor’s formula for ¢, using 97q = O(A\7~ 1), gives

R—1=Vq(€)- -0+0(\N*20?), |R—1] < CX19). (P35)
Define the scalar differential operator
Lv(z,0) = z-0,v—0-0pv. (P36)

Uniformly for bounded positive R, R~!, Taylor expansion in the scalar dilation parameter implies, for
every M,
U(RZ, Q/R) = U<Z7 9) + (vq<€> ’ 0)’51}(27 9) + Ef(zv 0)7
| Ee(2,0)] < Crg A7 %((2,0)~M|0]%. (P37)
Indeed the first and second dilation derivatives of v(Rz,0/R) are Schwartz with uniformly controlled

seminorms on a compact interval of R’s; then use both parts of (P35). This proves (P37) without
treating the moving scale as a constant.

The zeroth moment of Lv is zero, by integration by parts and equality of the two dimensions. Also v
and Lv are even. Consequently the ordinary degree-one moments of v, and the integral of 6;£v, vanish.
Write M, 5 for the kernel moment with factor (n —&)*(y — x)P, restricted to the complementary region.
Equations (P34)-(P37), together with the tail estimate, yield
Myy = ¢, + O(N*772),
| Mg < CQUEIPINTY - (Ja] + 18] = 1), (P38)
| Mgl < CQPEI (leel + 8] = 2).
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For the first line the fixed zeroth moment is c,, the linear scale correction integrates to zero by parity,
and (P37) controls the remainder. For the second line the fixed moment vanishes, the scale correction is
O(A°71), and its second-order remainder is smaller since o < 1. For the third line an absolute Schwartz
moment bound suffices. Thus the first cancellation comes from odd symbol moments and the second
comes from the scale correction to total mass.

Expand b(y,n) at (x,£) through total degree two. In the scaled variables, a position increment

contributes Q'A% = A"/2, and a frequency increment contributes QA" = A~*/2. The integral
remainder is therefore bounded in norm by
CX™=352(|2] + |6])>. (P39)

This estimate is uniform in position because the symbol bounds are global there; the frequency segment
stays in the comparable-weight region. Multiplication by the actual kernel and integration leaves the
same power of A.

The constant term after subtraction of ¢,b is at most CA"*2°~2. Each linear term is at most C\"—*/2+o~1;
each quadratic term is at most CA" ™. Since

20 —2 < —k, o—1<—k/2, (P40)

both inequalities being equivalent to p < 1, these terms and (P39) prove |T,b(x,&)| < CA™*. When
k=0, (P39) is simply O(\"), as required; we never replace it by a decreasing power.

To obtain all derivatives, put F;(n) = q(n)~'9;q(n) € Sy . Direct differentiation of the kernel, followed
by integration by parts in y or n, gives the exact identities

0, J,b=7,0,0), 0 T,b=17,0b)+7,(Fb). (P41)

For the second identity, the sum of differentiation in §; and 7); of the kernel is F; times the kernel with
v replaced by £Lv. Boundary terms vanish by (P30) with larger exponents. Since ¢, = 0, subtraction
gives

8$ijb = Tv((?ij), 8§ijb = Tv(ﬁgjb) + T, (F;0). (P42)

Iterating (P42) produces finitely many terms with even Schwartz kernels £*v. Each position differen-
tiation increases the input order by J; each frequency differentiation either decreases it by p on b, or
introduces a factor of order minus one. Derivatives of those factors decrease their orders further. Since
p <1, every term after « frequency and (3 position derivatives has input order at most r — p|a| + J|5].
Applying the undifferentiated estimate just proved to each term proves (P33) with its full differentiated
bounds. Every step uses only finitely many input derivatives and Schwartz moments for any specified
output seminorm. [

For clarity in the signed range, the scalar factor in this exact derivative recursion is

Fi(n) =on;(m)~2,  |07F;(n| < C, ("<, (n bl (P42e)

The last comparison is valid even when p < 0. The complete multiindex product rule bounds each
9y (F;b) by the sum over v <« with its coefficient (7); each term has order at most 7 — 1 — p|y|. Since
—1 < —p, multiplication by F} costs at least the required frequency derivative order. Each iterated
application of (P42) produces finitely many products of these differentiated factors, derivatives of b, and
even Schwartz kernels £*v. Their original ordered factors and product-rule multiplicities are retained.
Applying the just-proved absolute moment estimate to each term gives, for every a, 3,

102 02T, b(x, )| < Co gy s (b)(E)" oI5, (P42f)
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with finite J and finitely many Schwartz seminorms of the fixed kernel. This proves the entire assertion
(P33) under (P5e), without dropping the shrinking-window factors or inventing an order gain at equality.

There is a useful more precise classical estimate. With (p,d) = (1,0), so Q = A'/2, (P38) gives for total
degree at most two a coefficient bounded by CA*~1, except that the zeroth coefficient is understood
after subtracting c,. Retaining the derivatives of b instead of bounding them by its order gives

IT,b(z, O <C; > Aogalb(x, )| + Cyp,. 1, (B)A 732, (P43)
|| +|B]<2

Here L is finite, C', Cy depend on the chosen kernel, dimension and order, and the high-frequency tail
has been included by choosing sufficiently many of its powers. Formula (P43) is an estimate by actual
derivatives at the specified point, together with a controlled higher-derivative remainder. It is stronger
than the order assertion alone.

6. Lower bounds for real and complex symbols

Theorem. Let H be any complex Hilbert space, let the parameters satisfy (P5e), and let m € R. If

0 € ST ), Rea(s,g) = W0 ABOTS (P44)
then there are a finite L and a constant C, depending only on m, n, p,d and the fixed construction, such
that

Re(Op(a)u,u) > —Cpap (@ uldm e u € SR H). (P45)

In particular the constant can be chosen uniformly on a bounded subset of the indicated symbol space.

First suppose a = a* > 0. By (P24), (P31), and (P33), a = a, + ay, where Op(a, ) is nonnegative on
Schwartz functions and a, € ngg. Its seminorms are bounded linearly by finitely many seminorms of a.
Taking r = 2m,s = m in (P14) gives

(OB (ap)tts w)| < Cip e 1 (@) 120 ) (P46)

The pairing here is the H~", H™ dual pairing, which equals the integral pairing for Schwartz inputs.
Thus (P45) follows in this case.

For general a, write a = A+ iB, with A = A* > 0 and B = B*. The first case applies to A. By (P13),
Op(B)* — Op(B) has a symbol of order 2m, with finite-seminorm control. Moreover

Re(i Op(B)u,u) =  (Op(B) — Op(B)")u, u). (P47)

Estimate its absolute value by (P14), just as in (P46), and add the two bounds. This proves (P45) for
accretive complex operator-valued symbols. [

The theorem’s extension includes every real pair in (P5e). Apply the full differentiated (P33) to the
original order 2m + k: a — a, has order 2m with linear finite-seminorm control. The extended (P14)
proves the exact H~™, H™ estimate (P46), keeping the Fourier factor in (P15). For the imaginary
selfadjoint part, the extended (P13) has first remainder order 2m, so the same estimate controls the full
i/2 expression (P47). These are the unchanged receiving maps proving (P45); no new sign convention or
coefficient commutation is used. At p = § < 1, including nonpositive values, the order is still 2m, and
the bound follows already from (P14). This is same-order control, not a positive gain. The endpoint
and classical qualifications in the original discussion below remain in force.
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For the classical parameters, the input order in (P44) is 2m + 1. At 0 < p =46 < 1, it is 2m: (P45) is
then already a consequence of (P14), even without positivity. The moving-probe construction remains
valid there, but it yields a correction of the same order as the input. Neither argument supplies a
positive order gain at equality. The excluded corner (p,d) = (1,1) is not obtained by taking a limit:
both the band summation and the decay in (P32) used a strict inequality below one.

For a nonnegative classical symbol a € S?(H, H), the same construction yields a, = a — a L €S Y(H, H)
and
Op(a) — Op(ag) > 0,

lag(z. &)l < Cy Y (O 0g0Falz, &) + Copy 1 (a) (€)', (P48)

el +[B[<2

This is (P43) with r = 2. For a fixed symbol, or for a bounded family in S?, the last seminorm can
be incorporated into one constant, giving exactly a square-root growth residual. It would be incorrect
to claim that the entire right side depends only on the displayed derivatives through order two: the
residual constant uses finitely many additional seminorms. All differentiated order-one estimates remain
available from (P42).

7. High-frequency estimates and operator norms

Let A be a bounded subset of classical S°(H;, H,). There is a constant C, depending on finitely many
bounds for this set, such that whenever 0 < e < 1, a € A, and

a(xz,§) =0 forelé] <1, (P49)

one has
1 Op(a) ] L2 (a1, 220, < sup la(z, £)] + (Ce)/2. (P50)

T,

When H, = H, and Rea > 0, one also has

Re(Op(a)u,u) > —Celul3. (P51)

To prove (P51), the family of all a/e satisfying (P49) is bounded in S!. Indeed, every derivative of
a vanishes in the same open frequency ball, and outside it e ™! < |¢| < (£). The weighted order-one
seminorm of a/e is therefore bounded by the corresponding order-zero seminorm of a, uniformly in e.
Apply (P45) with the classical parameters and m = 0, then multiply the result by e.

For the norm estimate put M = sup |al. Choose a fixed smooth real function x with 0 < y < 1, zero on
|€] < 1/2, and one on [£| > 1. The symbol

ds(l‘a 5) = M2X<5£)21H1 - a(x, 5)*CL(.’L‘, g) (P52)

is nonnegative: on the support where a can be nonzero, xy = 1 and a*a < M?I; elsewhere only the first,
nonnegative term remains. The symbols (P52) form a bounded subset of S°(H,, H;), since derivatives
of the cutoff have their appropriate inverse-frequency bounds on its transition annulus. They vanish for
|€] < (2¢)7L. If e < 1/2, (P51) with parameter 2e gives

M?|ul; — Re(Op(a*a)u, u) > —Ce|lul3, (P53)
because x(eD)? is a positive contraction by Plancherel.
Equations (P8), (P9), and (P13) give

Op(a)* Op(a) = Op(a*a +r,), r, bounded in S1. (P54)
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The remainder has the same exact right-frequency vanishing as a. One way to see this is to use the
product formula before diagonal restriction: its right factor is a(y, £), which is identically zero for the
frequencies in (P49). Thus (a' o a)(x, &) = 0 there, as is a*a. Equivalently Op(a) kills every input with
Fourier support in that open ball, as does its product with its adjoint on the left; the partial Fourier
kernel then gives the same symbol vanishing. This argument does not assert that the adjoint symbol
alone has preserved support.

It follows that 7, /e is bounded in S°: on its support use e 1(£)~! < 1, and elsewhere all its derivatives
vanish. Equation (P14) gives | Op(r,)| < Ce. Combining this with (P53) proves
| Op(a)ull3 < (M? + Ce)|ul3. (P55)

For 1/2 < e < 1, ordinary bounded-set L? continuity supplies (P55) after increasing the same constant,
since € > 1/2. Finally VM? 4 Ce < M + v/Ce¢, proving (P50). All constants are uniform over the
bounded set and the whole interval of €’s. [J

Original coordinate windows at x=0, £ =v255, (§) =16

Classical parameters Negative parameters
p=1,6=0 0=1/2, k=1 p=-1,06=-2,0==-3/2, k=1

[ Original metric unit ball 116 [ original metric unit ball
= Frozen window ellipse =1 Frozen window ellipse

16 1

1/64

-1/64 A

Original frequency increment n—§&
Original frequency increment n—§&

-1/16 -

T T T T T T T T T T
-1 -1/4 0 /4 1 -256 -64 [ 64 256

Original position increment y — x Original position increment y — x
Q =4: window radii (1/4, 4) Q =1/64: window radii (64, 1/64)
Metric radii (1, 16); window boundary g =1/16 Metric radii (256, 1/16); window boundary g =1/16

Figure 1: Two original coordinate windows inside their frozen metric ellipsoids

The figure uses n = 1, x = 0, £ = /255, hence A\ = 16, for the classical pair (p,d) = (1,0) and the
signed pair (—1,—2). It draws the original tangent coordinates (y — z,n7 — &). The inner ellipse is
Q*(y — 1) + Q 2(n—&)? < 1, and the outer one is the original frozen Y(z,¢)-unit ball. Their radii
are respectively (1/4,4), (1,16) in the first panel and (64, 1/64), (256,1/16) in the second. Both inner
ellipses have area m, both outer ellipses have area 16m, and the inner boundary has original metric
squared length 1/16. These follow directly by inserting each parameter pair in (P8e), (P28e) and (P34);
no coordinate rescaling is substituted in the proof. This is a frozen window comparison, not the support
of the Schwartz seed or a claim that the moving R in (P34) is constant. The complete moving-scale
error is proved in (P35)—(P42f). This extension has no novelty claim.

8. Worked examples

A positive symbol with a negative quadratic form. In one dimension let f(z) = 2 + sinz and
a(z,€) = f(x)€2. This is a nonnegative classical order-two symbol. For real or complex compactly
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supported smooth u, integration by parts gives

Rt = [ A= [ = [iv/Fore -5 [ e (P36)

Take a nonzero real ¢ € C2°(R) and ug(z) = ((z/R) f(z)~'/2. The first term in the last expression is
R7Y|¢’|3. The second is —5 [((f’/f)(x))*¢(z/R)*dz, which is a negative constant times R, up to O(1).
To justify that last assertion, subtract the positive mean of the smooth periodic function (f’/f)2. Its
zero-mean part has a bounded periodic primitive; one integration by parts bounds its integral against
((z/R)? by a constant independent of R. Thus the quadratic form is negative for all sufficiently large
R. The positivity of a alone did not remove the derivative term in (P56).

An infinite-rank positive coefficient. Let H = L?(0, 1), and let A be multiplication by 1 + t. For
a nonnegative scalar b € Sifg“’“, the symbol a(z,£) = b(x, &) A satisfies (P44), and (P45) applies to
H-valued Schwartz functions. The coefficient A is not a norm limit of finite-rank operators: for every
finite-rank F', choose a unit vector in its kernel, obtaining ||(A — F')v| = |Av| > 1. The proof by scalar
probes still applies to this coefficient exactly.

Equal derivative costs. Choose a smooth annular cutoff x and a scalar h € Cp°(R™), both nonnegative.
For 0 < r < 1, a dyadic sum a(z,§) = Zj>1 X(277€)h(27"x) belongs to S} ,: each point meets finitely
many frequency annuli, frequency derivatives cost at most 277 < 279", and position derivatives cost
277, Tts boundedness follows from (P14). The moving scale in (P28) is (n)", and the Taylor increment
in (P39) is of order one. This example makes visible why no decreasing order was produced at equality,
even though an operator bound still holds.

9. Exercises and solutions

1. Why impose evenness on the seed? Suppose an arbitrary Schwartz kernel has total mass one
but a nonzero first frequency moment. Determine the leading order of its averaging error for classical
symbols at scale ¢ = (n)1/2.

Solution. At frozen scale use the kernel coordinates z = Q(x — y), 0 = (£ —1)/Q. Before the scale
correction, the linear frequency Taylor term is —Qaéjb i 0,v(z,0)dzdf. For b € S" its possible size is

A/2\r=1 = \r=1/2 The first position moment has the same possible order Qflamib = O(A""1/2). These
are larger than the desired A\"~1. Evenness eliminates both fixed first moments. It also eliminates the

first correction to the zeroth moment, —Vgq(¢) - [ £v, which would otherwise again have size A2,
Thus normalization alone is insufficient; two different uses of parity are needed.

2. Choose the window. For a symbol in S; 5> suppose a phase-space cell has position radius A™* and
frequency radius A°. Find the value of s that maximizes the smaller of the two Taylor gains.

Solution. A position increment has gain s — §; a frequency increment has gain p — s. Their minimum
increases up to their intersection and decreases afterwards. Hence the optimum is s = (p + ¢)/2, with
common gain (p — 0)/2. Quadratic Taylor terms then have gain p — 6. The variation of the chosen
window contributes an additional factor A*~!, which is no larger than A~(?=9/2 precisely when p < 1.
This recovers both the balanced scale and the parameter condition used in (P40).

3. Check the distributional transpose on a first-order operator. In one dimension take
a(x,&) = A(z)¢, where A(z) : B; — B, is smooth with bounded derivatives. Compute the bilinear
transpose acting on tests, including its zeroth-order term.

Solution. Direct integration by parts in [(ADu, v)dz gives —D(A'v). Thus the transpose is —A'D +
i(A"Y), acting from B to B]. In (P11), ¢(x,&) = —A(x)'€. The zeroth term is —A'¢; the first correction
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is 0. D,c = i(A")’, and all higher terms vanish. The two calculations agree. This test detects both the
reflected frequency and the factor of <.

4. Track a shrinking high-frequency support. Let a range over a bounded subset of S° and vanish
for |¢] < e7!. Prove that a/e is uniformly bounded in S'. Explain why ordinary order-zero boundedness
applied to a cannot by itself yield an O(e) lower error.

Solution. For each «, 3, the required weighted norm is sup e~ (&) =1+ H@g‘afaw. It is zero inside the
open ball and bounded by the original order-zero seminorm outside it, because e 1(£)~! < 1. At the
boundary the same estimate holds by smoothness. In contrast, the order-zero seminorms of a need
not tend to zero: a cutoff that equals one sufficiently far out has supremum one for every €. Ordinary
boundedness would give only a fixed lower bound by the operator norm. Positivity and the order-one
estimate for a/e are what supply (P51).

5. Locate the square-root residual. Explain why the final power in (P48) is (¢£)'/2, and whether it
follows merely from the assertion a, € S?.

Solution. With the classical balanced window, each scaled increment in a third-order Taylor remainder
costs A™1/2. An order-two input therefore leaves \2~3/2 = \/2. The degree-zero, degree-one and degree-
two terms were retained as actual pointwise derivatives, with coefficients A*/=1. This is why the residual
has that particular power. Membership in S! alone supplies only O()\) and gives no decomposition
into those low derivatives and a smaller residual. Higher seminorms of the original symbol control the
residual constant.

6. Which part is Hilbertian? Does the proof establish the same L? and positivity results for all
reflexive Banach spaces? Identify exactly which constructions survive without a Hilbert structure.

Solution. Norm-valued Schwartz and symbol estimates, the Bochner integrals, the vector-distribution
description (P2)—(P4), the transpose on Banach duals, and the ordered products and all differentiated
remainders in (P8)—(P12) survive for reflexive Banach coefficient spaces. Equation (P13) requires the
Hilbert adjoint and a Hilbert structure. The moment lemma (P33) is Banach-valued too. The L2
argument uses Hilbert-valued Plancherel and the packet isometry. The positivity statement additionally
uses a Hermitian quadratic form and the operator ordering A > 0 in (P27). Those are extra structures,
so the claimed Banach calculus must not be read as a Banach L? boundedness or positivity theorem.
Reflexivity resolves the dual target in (P2); it does not substitute for a Hilbert norm.

Further questions

The moving-window proof here uses the explicit scale in (P28). Lerner’s metric treatment gives Wick
positivity and a lower bound for arbitrary Hilbert coefficients in broader metric geometry, while the
calculation here identifies the particular moving-window error (P48). Derezifiski’s fixed semiclassical
scale supplies a related comparison, with different differentiated scale dependence.

Further work can ask which second-order moment tensors are attainable by a normalized positive seed
and how constants vary with the window family. The stronger scalar Fefferman—Phong estimate needs
a separate argument; it does not follow from the operator-valued estimate (P48). General admissible
metrics likewise need their own localization and summation proofs.
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