Global boundary operators, compressed wave fronts, and normal ex-
tension

Written and dedicated to the public domain by Codex, September 2026 (CCO0).

The local half-space calculus already tells us how a totally characteristic operator acts near one boundary
chart. On a manifold, the same calculation must survive changes of coordinates, corners in the operator
kernel, and the distinction between an ordinary normal derivative and a vector field tangent to the
boundary. This lesson builds that global calculus, proves its wave-front rules, and then uses the exact
boundary trace to extend solutions of noncharacteristic equations. A final argument shows when
conormal regularity is genuine smoothness up to the boundary.

We keep the original Fourier convention D = —i0, with inverse factor (27)~™. A supported distribution
is always represented on the closed half-space; a restricted interior distribution is a different object.
Matrix products retain their input and output order. All orders of symbols and conormal distributions
are real unless a theorem specifies an integer normal order.

The named prerequisites are Singularities along a submanifold and smooth boundary passage, Totally
characteristic operators on the half space, From symbol estimates to operators on every Sobolev scale,
and Detecting regularity without choosing coordinates. The proofs below reproduce their particular
formulas when used, so the global construction remains readable from these exact entry points.

1. Stretched kernels and compressed covectors
1.1. The real projective blowup

Let Y be a smooth embedded submanifold of codimension k& > 1 in X. In coordinates (z,y), Y = {y = 0},
y € R*. Replace the normal origin by its lines:

{(z,L,v): L € RP¥1 v e L}, B(z, L,v) = (z,v). (GL1)

Here v is the actual normal vector, with both signs. Equivalently the model is (z,s,w), w € S¥71,
modulo (s,w) ~ (—s, —w), with v = sw. For the chart in which the i-th component of the line is nonzero,
represent that line by a vector w with w; = 1. Coordinates are (z,s,w; : j # i), and y = sw. On
overlaps, ‘ ‘ '

8; = s;wj, wéj) = wéz)/wy). (GL2)
These are smooth invertible changes where w; # 0, including s, = 0. They give a smooth manifold; the
exceptional set is its projectivized normal bundle, and the projection is a diffeomorphism away from Y.
For k =1, there is one line and the local projection is the identity.

To prove independence of coordinates, let 4(z,y) be another normal coordinate system vanishing on Y.
Hadamard’s formula gives

1
Joy) = Az, Aleyy) = / 0,5(z \y)dA,  A(z,0) € GL(k.R). (GL3)
0

In a chart y = sw, choose an index j for which (A(z,0)w); # 0. The new coordinates are 5 =
s(A(z, sw)w);, w, = (A(z, sw)w),/(A(z, sw)w);, and the actual transformed tangential coordinate
Z(z,sw). The denominator stays nonzero locally; all these functions are smooth at s = 0. The inverse
coordinate change has the same construction. The maps agree away from the exceptional set, and
therefore everywhere by continuity, so their cocycle identities hold. This proves coordinate independence
and identifies the exceptional transition with the actual normal derivative.
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If f,g vanish on Y, their pullbacks have the form sF, sG by the same integral formula. Wherever
the normal derivative of g on the line is nonzero, G(z,0,w) # 0, and f/g = F /G extends smoothly.
These ratio charts are thus intrinsic. No positive-ray quotient replaces the projective quotient in this
construction.

1.2. The positive corner and its exact coordinates

For boundary charts on two manifolds, keep «x,,,y, > 0 and their positive normal rays. The projective
interior normal cone at the corner is (R? \ {0})/R.,. Its coordinate and the radial coordinate are
Ny —
b Tt 2@ ) ey i1 —r/2), £30, —2 << 2. (GL4)
2 Ty, + Yy,
At t =0, r records the ray; the projection collapses this interval to the original corner. The two side
faces are r = —2, where z,, = 0, and r = 2, where y,, = 0.

Boundary coordinate changes have normal parts z, = «a(x)z,, ¥, = 7(¥)y,, with a,7 > 0. Set
a=1+71/2,b=1—r/2. Their exact lifted law is

; __ 2[a(z)a —~(y)b]

t=—la(x)a+ b], r= . GL5

5 [a(@)a+7(y)d] al@)a T2 (GL5)

The denominator is strictly positive on the entire closed interval: a,b > 0, a+b = 2, and both coefficients
are positive. The tangential coordinates are the original coordinate changes evaluated at z,, = ta,y,, = tb.
Thus the full lift is smooth up to every face and corner, and its inverse is the lift of the inverse changes.
It preserves each side face and multiplies ¢ by a smooth positive function. These laws glue the stretched
product intrinsically.

Xpn=t(14+7r2), yu=t(1-7/2)

Original positive normal quadrant Stretched normal rectangle
2.00
1.00 A
1757 Lifted diagdnal: r=0
1.507 0.751
[=] (=]
1.25 1 Il ]
S < =
= 1.00 1 -T— 0.50 1
K
Jl
0.75
0501 0.251
0.25 1
0.00 1
0.00 New face r=0: each point retains a normal ray
0.00 0.25 0.50 0.75 1.00 1.25 150 1.75 2.00 -2 -1 0 1 2
X =2 = yu )/ (X0 +yn)

Along the lifted diagonal: §(x, —y,)=tér; ordinary covectors map by (z',z,) - (£ =1, p=17,).

Figure 1: The original positive normal quadrant and its stretched rectangle

Figure GL-F1. The two panels retain the exact coordinates in (GL4). The new face retains the ray when
both normal variables vanish. The lifted diagonal crosses that face. Only the two normal variables are
drawn; tangential coordinates and covectors retain their full dimensions in (GL7)-(GL10). Reproducible
source: ../figures/global compressed_ corner_geometry.py.



For the square of one manifold the interior diagonal lifts to
A={z' =y, r=0,1t>0} (GL6)

The projection restricts to (z’,t) (2, x,, = t), a diffeomorphism with the original diagonal. The lifted
diagonal avoids r = 42, and is transverse to ¢ = 0 because its tangent includes the ¢ direction. This
proves all these assertions at boundary points as well as in the interior.

1.3. The compressed bundle and both natural maps

Pull N*A back by (GL6). In local coordinates its covectors have the form & - d(z" —y") + pdr. The
normal differential of the projection at the lifted diagonal is

(6(x" —y'),0r) — (0(x" — ), tor). (GL7)

This follows by differentiating x,, —y,, = tr at » = 0. Dualizing gives the natural map from the ordinary
cotangent bundle:
AN:T*X —TrX, (') — (& =7, p=x,7,). (GL8)

It is an isomorphism for z,, > 0. At z,, = 0 its kernel is precisely the ordinary conormal line to the
boundary, and its image is the hyperplane p = 0, canonically T*0X. The compressed fibre itself still
has dimension n; its other covectors have not been discarded.

The dual anchor is
TX —TX,  (V,v,)— Y 0,0, +2,0,0, . (GL9)
<n
Its smooth sections map bijectively onto smooth vector fields tangent to the boundary. Indeed a tangent
normal coefficient b(z’, z,,) vanishes at z,, = 0 and equals z,, j(; ! 9,, b(x’,sx,)ds. This constructs its

smooth inverse coefficient. Uniqueness follows in the interior and hence at the boundary by continuity.

For an exact coordinate law write z’ = F(z', z,), z,, = a(2’, x,,)z,,, @ > 0. In the interior a compressed
covector is & - dx’ + pdz,, /x, . Differentiating the original coordinate functions, without dropping terms,
gives

g/ = (ax’F>TE/ + (890’ log a)ﬁ?

T _ (GL10)

These expressions extend smoothly to the boundary. There their determinant is det d,, F' # 0; locally in
the collar the matrix is invertible, and its inverse is furnished by the inverse boundary coordinate change.
The law agrees with the pulled-back conormal law in the interior by (GL7)-(GLS8), and hence agrees
everywhere. It proves the intrinsic bundle identification, both anchors, and the invariant hyperplane
p=0.

1.4. The original symplectic form and density

In the interior substitute the full formula 7,, = p/t into the ordinary cotangent form Zj dr; Ndz;. Since
d(p/t) =t 1dp — pt—2dt, its exact expression is
w=>_d& Ndx;+ 1t dp A dt. (GL11)
j<n
It is nondegenerate for ¢t > 0. The t~! factor is a boundary singularity; there is no smooth symplectic

form asserted there. In the indicated order of coordinates,

n

T = (=)D g Adt A dET A dp, w02 = t=Y2|da’ dt d¢’ dp|/?. (GL12)



For the sign, move the original ordered pairs (d¢;, dxy,...,dp, dt) to the displayed base-then-fibre order;
the number of transpositions is n(n +1)/2. The density law is intrinsic because (GL11) was pulled from
the original cotangent form. Its singular factor remains explicit.

1.5. The full stretched kernel for every symbol order

Let a € S, m € R, in the local half-space calculus. Keep its exact inverse Fourier distribution

Az, z) = (2m)™ /eiz'ga(x,f) dg, K(z,y)=2,1A (m’,xn,x' -y, x”x_y”> (x,, >0). (GL13)
n

Oscillatory integrals are defined by the cutoff-independent distribution construction in (C4)—(C5).
No residual assumption is made. Differentiation in z raises the amplitude order by its exact degree;
integration by parts in £ to a degree exceeding that order plus n proves that A is smooth off z = 0, with
arbitrary decay in |z| > 1, uniformly with every base derivative on compact sets. Near z = 0 its full
phase and amplitude exhibit a conormal distribution of order m by (C16), with ambient dimension 2n
and codimension n.

The Fourier support in the original definition implies supp, A C (—o0, 1]. In fact the partial Fourier
transform of a is supported in [—1,00); inverse transformation evaluates it at —z,,, with the original
inverse Fourier factor. At z, = 1 the distribution is already smooth, since that point is away from z = 0.
Its vanishing on z, > 1 therefore makes every derivative vanish on z, = 1.

The determinant of (GL4) is —t, so a kernel half-density pulls back with coefficient k& = t'/2K. Put
H = t'2k = tK. The entire formula is

E=t"121+r/2)1A (:c’,t(1+r/2),m/— ! -

nyﬁ) H:(1+T/2)71A<$/7t(1+7“/2)7w’—/ r )

y I 1 +7”/2
(GL14)

Thus both square-root factors, the normal Jacobian and the complete argument of A are retained.

Near the lifted diagonal 1 4 r/2 > 0. In (GL13) change only the integration variable &, = (1 + r/2)p.
Its positive Jacobian cancels exactly the displayed (1 + r/2)7!, giving

H = (2m)™" / @ =il o2/ 11 4 1/2),¢, (1 4 1/2)p) d€’ dp. (GL15)

The amplitude has all order-m estimates on compact base sets: an r-derivative gives t0, a/2 or pd; a/2;
the latter has the original order m. A t-derivative has the bounded factor 1+ r/2; frequency derivatives
lower the order normally. The same argument handles any iterated mixed derivative. Equations (GL14)
and (GL15) are exact descriptions of the same kernel, not a substitution omitting a density factor. They
prove that H|dz’ dy’ dtdr|'/? is conormal along A, smooth in ¢ > 0.

At r = 2, the last argument of A is 1, so the preceding support argument gives side flatness, including
all t and tangential derivatives. At r = —2, that argument tends to minus infinity. Its derivatives and
the displayed prefactor grow only as fixed powers of (2 + 7)~1. The arbitrary large-|z| decay absorbs
each such power, proving flatness there as well. These estimates are uniform for compact , 2,1y’ ranges.
Off A, the same Fourier argument proves smoothness.

1.6. The exact principal half-density and inverse reconstruction

In the full amplitude of (GL15), the difference from its » = 0 value is

1
g / [0, a+pde al(x’,t(1+sr/2),& (1 +s7/2)p)ds. (GL16)
0

4



Retain this entire integral. Integration by parts in p, using re‘™ = i_l(?pe“”p , changes it to the exact
order-(m — 1) amplitude

, 1
% 2, /0 [0, a+ p0 al(x',t(1+sr/2),&, (1 +sr/2)p) ds. (GL17)

A compact cutoff in r on this chart is independent of p and does not change that calculation. The
defining cutoff limit justifies the integration by parts, by (C4)—(C5). Hence the principal conormal
half-density of H, in the parametrization (x’,x’,t,0;¢",—¢’,0, p), is precisely the class of

a(x’ t,&, p)|da’ dtd¢’ dp|'/? (mod one lower amplitude order). (GL18)

For k, the additional +~'/2 is still present. Comparing (GL18) with (GL12) makes its scalar coefficient a
a principal symbol on the compressed cotangent bundle. The full remainder is (GL16)—(GL17); it has
not been removed from the original kernel. The coordinate invariance follows from the full determinant
law (C19)—(C20) and the actual conormal coordinate change (GL10). In the intrinsic convention of
(C21), the half-density in (GL18) has symbol order m + n/2: its fibre half-density has dilation degree
n/2. Dividing the original principal half-density of k& by (GL12) leaves the ordinary scalar or matrix
symbol order m. Neither convention changes the amplitude or the original operator.

Conversely, take a compactly supported conormal family H along /A\, of this order and smooth parameter
type, flat at both side faces. For z, < 1 its inverse kernel is

2
2—z

T

Az, z) = H (az’,m/ -2, 2=z) 22 ) , A(z,z) =0 (z,>1). (GL19)

2 "2—2z,

n

These are the inverse of the full coordinate and prefactor formulas, not just their diagonal restrictions.
Near z = 0, pull back an oscillatory conormal amplitude for H by this smooth map. Its normal phase is
2" & +[z,/(1—=z,/2)]p. The change p = (1 — z,,/2)n,, has positive Jacobian 1 — z,,/2, which cancels
the prefactor 1/(1 — z,,/2) in (GL19). The resulting amplitude has order m with all base derivatives,
including z,,, by the same product and chain rules used for (GL15). Compact localization and the full
amplitude reduction (C5) therefore give a smooth z-dependent inverse Fourier symbol of order m, with
all finite-seminorm bounds.

Away from z = 0, (GL19) is smooth. Flatness at » = —2 gives arbitrary decay as z, — —oo: each
x,-derivative introduces at most one additional power of 2 — 2, absorbed by another flatness order.
Flatness at r = 2 gives a smooth zero extension at z, = 1. Compact tangential support controls
z/ = a’ —y’; all these far contributions are Schwartz in z, uniformly with every z-derivative. If H is
supported in ¢t < T, then A is supported in x,, < 2T, since x,, = t(1 4+ r/2) < 2t. Its base derivatives
thus have every original (1 + x,,)”" estimate.

Define the exact symbol
a(z,§) = /eiz'fA(x,z) dz. (GL20)

The near contribution is order m by the preceding reduction and the far contribution is residual. Since
A =0 for z, >1,

Fe alz,&,s) = 271/6_”/'5/14(:1:, Z',—s)dz, supp, F¢ a C [~1,00). (GL21)

This proves lacunarity with its exact sign and Fourier constant. Thus a € S/, and (GL13)—(GL15)
recover the original half-density kernel exactly. Fourier inversion proves uniqueness of the symbol on
x,, > 0, and smoothness in x,, gives uniqueness at zero. This proves the compact local converse as well
as the forward statement for every real m.



1.7. The exact boundary action

Let u be smooth up to the boundary with compact support. Write s = z,, > 0, a, = 1+ r/2. At fixed
s, the actual changes of integration variables are

1—7/2

Yn = 8 )

1+7/2

t=s/a,, |dy,,| = sa;2|dr|, K(x,y)|dy,| = atH(2',y' s/a,,r)|dr|.
(GL22)

Thus the full operator action, interpreted as a distributional pairing at the diagonal, is

(Tou)(x, 5) = /_ j / H ("”ya 8/an1),, (;/,sl_ar/ 2) dy’ dr. (GL.23)

r

For a forward symbol, compactly localize the base variables on the output region; (GL14) retains
the same uniform side estimates there. For an inverse kernel its given compact support provides this
localization. Choose a partition in (z” — y’,r) which is one near its origin and supported away from
r = £2. On that part the smooth conormal family and the compact smooth test function in (GL23)
converge, with every =’ derivative, as s decreases to zero. Oscillatory formula (GL15) justifies the
convergence: integrate by parts in its normal base variables to an order exceeding the amplitude order
plus n, exactly as in (C4). The resulting integrable frequency majorant is uniform in s.

On the complementary part the kernel is a smooth function. Near r = —2, every s, x’ or integration-
variable derivative of (GL23) introduces only a fixed negative power of a,.. The arbitrary side-flatness
order in (GL14) absorbs that power. Near r = 2, the same statement follows from smooth flatness
at that side. Away from those sides all factors have ordinary compact smooth bounds. Dominated
convergence, including each derivative, proves the boundary limit

2
T 0) = [ [ ar o 0r)uty' 0)dy’ dr
—2
1
:// A(z',0,2" — v, z,)u(y’,0) dz, dy’ (GL24)

= (2 [ a0, 0)ul-0)€) e’

The second equality uses the full change z,, = r/a,., dz, = a,2dr, and H(z',y’,0,7) = a,; * A(z’,0,2" —
Y, z,). The last equality is exact partial Fourier inversion at normal frequency zero. The preceding
localization and integration by parts justify both equalities even when A is not a function at z = 0.
When n = 1, the tangential integrals have dimension zero and the factor is one. This is the full boundary
action, with all orders and all kernel factors, and it agrees with the original jet formula (5.2) for k£ = 0.

2. Proper global operators and conormal smoothing

2.1. The global kernel and its actual pushforward

Choose a smooth function ¢ on the stretched square, positive off its new face and vanishing simply on
that face. Near a boundary diagonal point it can be the original (z,, + y,,)/2. Define the order-m class
by kernels represented as

k=t"Y2H,  HeI™(XXX,A;QY2),  H flat on both original side faces. (GC1)

Here conormality at the new face has precisely the smooth family meaning specified before (GL1). A
bundle kernel additionally has values in Hom(E,, F,). Multiplication by its smooth frame changes is
included in the conormal topology.



There is a well-defined pushforward despite the separate factor ¢t /2. Indeed, in the original normal
chart, let a test half-density have coefficient p(z,y). Its pullback has coefficient t'/?p(B(z’, 5/ ,t, 7)),
since the absolute normal determinant is ¢. Thus the actual pairing is

’
7y 7T

(B.k,p) = /oo (H(z",y' t,r),p(a’ t(1+1/2), 9", 01 —=r/2))) , ,  dt. (GC2)
0

The conormal family is a smooth distribution-valued function of . On a compact interval its pairing
with the smooth compact test family is bounded by finitely many test derivatives and symbol seminorms,
by (C4). The integral is consequently well defined and continuous. The blowdown has compact
projective fibres, so the inverse image of a compact test support is compact; away from the corner it is a
diffeomorphism. Those facts reduce the general pairing to finitely many such charts. Equation (GC2) is
the complete meaning of pairing k& with the pulled-back test half-density. Neither square-root factor is
separately discarded, and no pairing of an arbitrary distribution with a nonsmooth test coefficient is
asserted.

If ¢ is another admissible defining function, Hadamard’s formula gives ¢ = ct, with ¢ > 0 smooth near
the new face. Away from that face both functions are positive. Hence

H =t"?k = ¢'?H. (GC3)

Multiplication by ¢/2, and by its smooth inverse, preserves the conormal class and side flatness. The
kernel, its pairing and its order are independent of this choice.

Every compactly localized kernel of (GC1) is the original half-space kernel of a lacunary order-m symbol
by (GL19)—(GL21). Away from the lifted diagonal the localized resolved coefficient is smooth, and the
same inverse gives a residual symbol. The latter assertion also applies between distinct boundary charts:
coordinates in the two charts may be used as the two independent tangential variables in the smooth
kernel; there is no conormal singularity to align. Near an actual diagonal point use the same coordinate
chart on both factors. Interior charts give the ordinary conormal pseudodifferential kernel by (C18).

The local theorem on smooth inputs therefore proves a continuous map
A:CX(X; QP2 QE) — C®(X; Q2@ F). (GC4)

For fixed input support and a fixed output compact set, only finitely many product charts occur. Each
local estimate uses finitely many derivatives of the input, and the sum of these estimates is finite.
This proves the stated LF-to-Fréchet continuity. Formula (GL24) supplies its boundary value, and the
original formula (5.2) supplies every normal jet. Conversely the local quantizations have exactly (GC1)
by (GL13)-(GL18), so this kernel description and the patched local definition determine the same class.
We denote it by V;"(X; E, F).

To check coordinate invariance at all orders, the stretched coordinate change is (GL5), its conormal
change is (GL10), and its complete amplitude and determinant are (C19). Reducing that entire
amplitude by (C5) gives the transformed symbol, with the full order-(m — N) remainder after N terms.
All frequency factors created by a base derivative pair with a frequency derivative and retain order
m. Thus the operator class, not only its leading term, is coordinate invariant. The local construction
and the pushforward above agree in the interior and then as distributions by the same conormal family
pairing (GC2).

2.2. The symbol quotient and actual realization of every symbol
For a compressed symbol a, the original principal half-density of the kernel is the class of

a(z’ t, &, p)t~ V2| da’ dt d¢’ dp|*/?. (GC5)



The singular half-density multiplying a is the invariant absolute symplectic half-density in (GL12). The
complete determinant law (C20) therefore gives a scalar symbol, or a section of Hom(F, F'), on T*X, of
ordinary order m, modulo order m — 1. Both (GL16) and (GL17) remain its actual lower-order kernel
remainder. Define S”‘(T*X ) using every local compact base set, all base derivatives, and the frequency
bound ((¢’, p))™ 1%l The fibre transformation (GL10) and its inverse have smooth bounded coefficients
on each compact chart; the chain rule proves that this definition is intrinsic. The leading symbol map
has kernel exactly ¥}, by the local normal-form kernel assertion (C21).

We prove surjectivity while retaining the original prescribed symbol. Choose a locally finite cover by
precompact boundary or interior charts U, with locally finite closures. Choose a partition ¢, with
support in these charts and ¢; € C° (Uj) equal to one on a neighborhood of supp ¢;. For a given symbol
a, compactly localize a full representative a; in the j-th frame so that it equals a on that neighborhood.
In a boundary chart take exactly the lacunary modification

(aj),(z,8) = /aj(m,ﬁ/,fn —v)p(v)dv, peCE((—-1/2,1)), p=1near0. (GC6)
Keep a; = (a;), +[a

; ;—(a;),]: the bracket is residual by the full Taylor integral (4.8), and every original
symbol seminorm remains controlled. Quantize the first term and set

A=) 0T, ¥ (GCT)
J

in boundary charts, using ordinary quantization for interior charts. The sum is locally finite and has
order m. Its two support projections are proper: above a compact base set only finitely many chart
closures occur, and both factors in each term have compact support in that chart. The leading term
is E]_ ¢;a = a. Multiplication on the input has its complete product remainder, of order m — 1, from

(8.3); ©; = 1 near the working diagonal. The residual bracket in (GC6) has not become an equality
between the original full symbol and its modification; it is explicitly the error in this realization. This
gives both quotients

pupt ~ §7(TEX) [N (TEX), (GCs)

with the same isomorphism when the operator spaces are restricted to proper support. The bundle
version follows in the same charts, with the actual frame transitions and (GC5).

2.3. Proper composition, adjoints and all asymptotic remainders

Let A€ ¥ (X; F,G) and B € \IJ{)”/ (X; E, F) be properly supported. For every compact output set the
support of A meets only a compact set of intermediate variables, and that compact set meets only a
compact input set under B. The reverse argument starts at a compact input set. This proves proper
support of the composed operator and permits all intermediate partitions to be finite on the compact
sets under consideration.

We give the localization argument, since a residual kernel at the new face need not be a smooth kernel
on the original square. Localize near an output-input diagonal point. A sufficiently small common chart
contains both variables. Split the intermediate variable into a slightly larger part of that chart and its
complement. On the complementary part both kernels are separated from their actual diagonal, so
their resolved coefficients are smooth with side flatness. On the chart part use the original local ordered
product theorem (8.1)—(8.3). Any localization of either factor off its own diagonal gives a residual
symbol by (GL19)-(GL21). That theorem then gives a residual product: its finite-order bound holds for
every real order assigned to the residual factor, while its complete far term (8.2) is residual as well.



For clarity, this also handles two different boundary charts. For a localized rectangular smooth kernel
R(z,y), with output and input coordinates taken from their respective charts, the literal inverse is

Ap(x,z) =z, R(z, (2 — 2/ 2,(1 —z,))), ap(z,§) = /eizfAR(x, z)dz. (GC9a)

This is the same (GL19) inverse written at fixed x,, > 0, with all chart half-density factors included in R.
Resolved smoothness, side flatness, compact chart cutoffs and the full far estimates of (GL19)—(GL21)
make ap residual and lacunary. The two coordinate tuples both range in Euclidean half spaces, so the
original local product theorem applies to these rectangular symbols with the intermediate coordinate
tuple used as its common integration variable. If only one factor has a diagonal singularity, use its
chart for the intermediate variable and its adjacent variable; the other is represented by (GC9a). If
neither factor has a singularity, either choice works. Near a fixed output-input point off the diagonal, use
disjoint neighborhoods of those two points and split the intermediate variable into their neighborhoods
and the complement. At least one factor in each term is then separated from its diagonal, and the
preceding argument proves a residual result. This proves the required smoothness off the lifted diagonal,
its family regularity at the new face, and its side flatness; it does not replace a corner residual by an
ordinary smoothing kernel.

In the common chart the complete product symbol is ¢ = ¢; + ¢,, where ¢; and ¢, are the actual (8.1)
and (8.2), with the original factor order a before b. The full expansion is
1 ’ /
¢~ Z a@?a(m,&)Dg‘, Dy b(x’ vz, & vE,)| c— Z () € gmAm =N, (GC9)

la|<N

v=1

The exact far contribution ¢y € S7°° is part of c. All its seminorms and the remainder seminorms are
controlled by finitely many seminorms of the two original factors, by that local proof. Hence

ABe v 5(AB) = o(A)o(B). (GC10)
o(B) o(A)

For matrices this is ¥ —— F' —— G; no order is exchanged. The same argument proves that the
residual class is a two-sided ideal among properly supported operators of any finite order.

Transposition of the stretched square exchanges x,y and sends r to —r, keeping t = (z,, + y,,)/2. Its
kernel half-density law is
Hy (2 y' t,r) = Hy(y' 2’ t,—r)*. (GC11)

Conormality and side flatness are preserved. The local adjoint (7.3), including the residual adjoint of
a—a,, gives at —a* € S™1. Thus

A* € UP(X;F,E), o(A") =o(A), (A -+ uB)* = NA* + iB*. (GC12)

Proper support is preserved by this exchange. All adjoints here use the fixed metrics and the original
half-density pairing.

The calculus admits full asymptotic sums. Here is the construction needed later for parametrices. In
each chart let a; € S™=J be the actual localized symbols to be summed. Choose f zero on the unit
frequency ball and one outside twice that ball. Choose R; increasing so that f({/R;)a; has each of the
first j seminorms in S™J*! at most 277, on the first j compact base sets. This is possible because the
support has |£] > R;, giving the extra factor R;l; frequency derivatives of the cutoff have the same
bound after the product rule. The exact sum

Qsym — io: f(g/Rj)a’j? Usum — Z a; € SmiN (GC]'B)
=0

J<N



converges in the stated seminorms. For the remainder, its infinite tail lies in S™V; each of its finitely
many low-frequency differences is residual. Lacunarize the full sum by (GC6), retaining the new residual
difference, and patch as in (GC7). Each finite off-diagonal discrepancy is residual by the localization
argument above. Consequently the global operator differs from every prescribed finite operator sum
by exactly the asserted lower-order class. This proves asymptotic completeness, including on the
proper-support subspace, without omitting any finite term or its remainder.

2.4. The supported and restricted Sobolev maps

For m > 0 and every real s, the actual local theorem (PS1)-(PS17) gives the supported bound with
loss m. Smooth coordinate changes and frame multiplications on compact sets are bounded on every
real Sobolev scale: integer bounds follow by the chain and product rules, negative integers by their
exact adjoints with the Jacobian, and intermediate orders by the Fourier interpolation already proved
in the local prerequisite. On a fixed compact input set, proper support and a partition reduce A to
finitely many of those bounds. A rectangular residual term has every order, so use its original order-zero
bound and the continuous inclusion H* C H*™™, valid for m > 0. Thus, for each compact K, there is a
compact K’ and a constant depending on finitely many localized full-symbol seminorms such that

suppu C K = suppAu C K’, 1Al grsm gy < Clluf grage)- (GC14)

The supported action is the original transpose action (9.1), so it includes distributions supported at
the boundary. Both localizations and coordinates keep those terms; they are not zeroed by a chosen
extension. For a nonproper operator the same proof gives local output bounds for compact input.

The corresponding restricted map follows from the exact local quotient map (PS16)—(PS17). Local
supported representatives give the bounded map; the local action preserves the full ideal of distributions
supported only on the boundary by (9.2), so different representatives have the same interior output.
Taking the infimum over representatives in each fixed chart gives the restricted norm bound. Patch the
actual quotient maps using the same finite cutoffs. This proves ﬁiomp — Ffo_cm, and the compact-output

assertion under proper support. No gain of —m is asserted when m < 0; the original residual examples
prohibit such a claim.

2.5. The supported conormal class and the residual receiving map

For real m, let A™(X) consist of distributions supported in the closed manifold which, in every boundary

chart and its extension, are conormal of order m to x,, = 0. Explicitly put K = —m — n/4 and require
Pue Bj . forevery P € Diff,(X), suppu C X. (GA1)

The topology uses all these local seminorms. Multiplication, coordinate changes and finite frame
transitions are continuous on those Besov spaces by (C2)—(C3), and (GL9) identifies the intrinsic tangent
fields. Moving a coefficient through a word in tangent fields leaves only shorter words with smooth
coefficients. Hence (GA1) is intrinsic and agrees exactly with (C15), with the original shift —m — n/4.

The coordinate seminorms can use D’ and X, = z,D,. The precise comparison with the original
weighted derivatives is

k—1 k
ekDE = [[(X, +ij),  XE=> ¢ 2hDi, (GA2)
=0 =0

where the first polynomial identity defines an invertible triangular change of basis and the second is its
inverse. The first follows by D,z, = x,,D,, — i and induction: multiplying =% DX by X, + ik on the

right gives x5! D1, These identities retain every lower term and its factor i. Tangential derivatives

10



commute with X,,. On compact sets all smooth-coefficient tangent words reduce to these generators. In
particular (GA1) makes u smooth in the interior by repeated ordinary derivatives there and the local
Sobolev estimate.

If Ae \Ifg is proper, its local conormal preservation theorem 11.2, with the actual index kK = —m — n/4,
gives
A: A™(X;E) — A™(X; F) (GA3)

continuously, for every real m, d. Finite localized product estimates prove the global continuity as in
(GC14). An off-diagonal resolved term is residual and obeys the same theorem in the rectangular chart.
The order d does not change the conormal index: the local proof factorizes each full tangent derivative
of the original operator through an even-order totally characteristic differential operator and applies the
order-zero Besov bound to its two complete factors. In particular neither the original frequency nor a
positive-order remainder is omitted.

There is a stronger receiving statement for a residual operator R € ¥,°°. Fix an input compact set and
N > 0. For every tangent word P, the composition PR is still residual, by the local product formulas
and (GC10). Its order-zero bound therefore gives

IPRul g~ k) < Cp v llull g-v ) Ru € AN""4(X). (GA4)

The inclusion HN C By N is immediate from the dyadic ¢? and £°° norms. Any compactly supported
distribution of order L belongs to H— for N > L + n/2: its Fourier transform is bounded by C(¢)%,
and the weighted square integral converges for exactly that strict inequality. The same estimate is
uniform on a family with fixed support and bounded distribution-order seminorm. Thus

R:&(X)— AX):= | A™(X), (GA5)

meR

with the explicit fixed-Sobolev-source continuity in (GA4). This is a conormal receiving map, not an
assertion that a residual operator produces a smooth function at the boundary.
2.6. Approximation which preserves the original closed support

Let ¢ € C2°(R™) have integral one and support in the open positive half-space. Set ¢.(z) = e "q(z/¢)
and Q. u = ¢g. * u. For a distribution supported in z,, > 0, this convolution is smooth and supported in
z, > cg, where ¢ = ming,, . 2, > 0. Its support remains in one fixed compact enlargement when the
input support is fixed and 0 < € < g,.

We prove convergence in the conormal topology, including its weighted normal derivatives. Write
X, =x,D,, D, = —i0,. Integration by parts in the distribution pairing gives the exact identity

[Xnv Qa]u = Dzn (znqe) *U. (GSl)

Indeed Q. X, u has coefficient y,, D, g, + iq., whereas X, (. u has coefficient z,, D, q.. Their difference
is z,D, q. —1iq. = D, (2,4.). Both terms and their sign are retained.

Define ¢y = ¢, ¢;.1 = D, (2,4;), and let @; . denote convolution by e7"q;(z/¢). Every g; is smooth,
has the same compact positive normal support, and [ q; =0 for j > 1. Repeating (GS1) proves

l
XiQ. =) (j) Q; X0, (GS2)
3=0

Tangential derivatives commute with all these convolutions. These are equalities on distributions; no
boundary derivative term is dropped.
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The Fourier multipliers satisfy, for each fixed j,

6~ 1 < Cmin(elel, 1), 1,(66)| < Gymin(elel, 1) (G2 1), (Gs3)
For small arguments use the mean, the first-moment integral and |e~® — 1| < |v|; for all arguments
use their finite L! norms. These multipliers commute with the dyadic projections of (C2). Let &’ > &,
§ =k — Kk >0, and 7 = min(1,d). The multiplier bound on the I-th block is at most C' min(e2,1).
Since
sup2 ¥ min(e2),1) < Cye™ (0 < e < 1), (GS4)
>0
with norm at most Ce”. To verify (GS4), split

at 2! = ¢!, Below it the expression is €279 at most €9 if § < 1, and at most ¢ otherwise. Above it
the expression is 2710 < g0,

each difference multiplier in (GS3) maps Bg’/ to BY

2,00

For u € A™, m’ < m, the actual indices are k¥ = —m’ —n/4, kK = —m —n/4, s0 § = m —m’ > 0.
Subtract Xfu from (GS2). Its j = 0 term is (Q. — I) X’ u, and all its j > 1 terms have the mean-zero
bounds in (GS3). Every input D’® X, u has the same Besov index ’, by the full definition (GA1).

Consequently
¢

/ . ! ’ A —]
1D X4 Qe — ) g < Cop e 0= 3™ | D7 XU (GS5)
=0 ‘
Equations (GA2) and the full product rule now give every original weighted derivative seminorm
and every smooth-coefficient tangent word. Thus Q.u — u in A™, not merely as an ordinary weak
distribution, with finite-seminorm control.

Finally choose the locally finite chart partition ¢, and input cutoffs ¢); = 1 near their supports as in
(GCT7). In each boundary chart use the positive convolution just proved; in interior charts use a compact
mollifier whose small translations remain interior. Use the actual half-density and bundle coordinate
maps on both sides. Define

0.u=Y ¢, (v;u). (GS6)
J

Choose each chart’s convolution radius no larger than its fixed distance from the cutoff support to the
chart edge; a constant multiple of € in that chart suffices. On a fixed input compact set only finitely
many ; occur, giving a single compact output set K’, independent of sufficiently small . Smooth
multiplications and chart maps are continuous in (GA1). Since E], ¢thu = u, (GS5) and the full

Leibniz rule prove
Q. :&(X)—=C®(X), Qu-—uin A™(X) (ueA™, m' <m). (GS7)

For compact input its output is compact and supported in the interior, including in boundary charts.
The convergence is uniform on bounded sets of each fixed compact A™ source, by the displayed
finite-seminorm estimates. This proves the required support-preserving smoothing lemma with its
original order indices.

3. Dual distributions and boundary traces

3.1. The lowest test order and the dual class

Put my = —(n+ 2)/4. In a boundary chart, let ¢(z’,t) be smooth up to ¢t = 0, compactly supported
for ¢t > 0, and let H¢ be its zero extension. Integrating its normal Fourier transform by parts N times
gives, for |7| > 1,

N-—1 8 ¢ / 1 00 )
Ho(a' ,T) Z , N/ e TON ¢(a ) dt. (GD1)
Jj= 0

(1) JH (ZT)
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Each displayed boundary jet, including its sign, follows from the lower endpoint in integration by parts.
The remainder and all its tangential derivatives are bounded by the corresponding compact smooth
seminorms. For any requested number of frequency derivatives, first multiply by powers of ¢ under the
integral and repeat the same integration by parts with enough extra terms; this gives the full order-—1
symbol estimates. Multiplying by a cutoff equal to one for |7| > 2 and absorbing the compact-frequency
part into a smooth amplitude yields the exact reduced conormal form (C16). For codimension one its
amplitude order is m + (n — 2)/4; order —1 means exactly m = m,. If ¢(2’,0) # 0, the first term in
(GD1) is nonzero, so a uniform claim of a lower conormal order is false. Hence

C*(X) = A7(X) continuously for every m > my, (GD2)

where a smooth boundary function is represented by its zero extension. The continuous inclusion for
m > m, is immediate from the symbol orders or the dyadic Besov weights. Interior-supported smooth
functions belong to every order.

Define A’(X) as the ambient supported distributions u whose action on every compactly supported
smooth boundary function is continuous with respect to the A™ topology, for every m > m,. Precisely,
for each compact K C X and each such m, finitely many defining seminorms p,,, ;- ; and a constant give

L
(@) < Cro e D Prnica(HY)  (supp ¢ C K). (GD3)
=1

The action is independent of an ambient smooth extension of ¢: two extensions agreeing on the closed
half-space differ by a smooth function vanishing on its interior and to every order at its boundary;
the supported distribution annihilates that difference. This is checked in each chart and patched by a
partition. The topology on A’ used here is the weak topology generated by all u + |u(v)| for compactly
supported v € A, where A = Um A,

We prove that the pairing in (GD3) extends uniquely to every compactly supported v € A™, m > m,.
Choose m; > m. The support-preserving Q_v is smooth with support in a fixed compact K’, and (GS7)
gives convergence in A™t. The bound (GD3) at order m; makes u(Q_v) converge. If another smooth
sequence converges to v in the same order, its difference has pairing tending to zero by that bound, so
the extension is unique. To show continuity on A%, use (GD3) at m; on the approximants and take the
limit. The inclusion A% < A%} is continuous, which supplies the finite A™ bound. No convergence in
the same endpoint order m has been assumed. This constructs the full pairing and the stated weak
topology.

3.2. Interior restriction, absence of boundary-supported elements, density

If u € A’ vanishes on all tests in the interior, then for each compactly supported v € A™ choose
my > max(m,mg). Each O_v is smooth and supported in the interior, so u(Q.v) = 0. The convergence
in A™ and the extended continuity prove u(v) = 0. Smooth boundary tests are among these v, hence
u = 0 as an ambient distribution. Therefore

A'(X) — D'(X°), u b u|y. s injective. (GD4)

In particular no nonzero distribution supported only on X belongs to A’. This follows from the exact
density argument, not from a mistaken identification of the two distribution spaces.

Smooth boundary functions are weakly dense in A’. First every smooth boundary function defines an
element of .4’: on a compact test support, multiply that function by a smooth compact cutoff and pair
it with the supported conormal distribution. In the normal form (C16), the compact smooth factor
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has rapidly decreasing normal Fourier transform. Integrating the full symbol amplitude against that
transform bounds the pairing by finitely many S™*("~2/4 seminorms for every real m; the normal-form
topology comparison in (C16) gives the corresponding A™ bound. Interior terms use the ordinary
distribution pairing. Thus the smooth approximants below really belong to A’. For a compactly
supported v € A, define u_(v) = u(9_v). The adjoint of each local term in (GS6) is convolution with a
compact smooth reflected kernel, followed by smooth cutoffs and coordinate/half-density maps. For a
distribution u, this adjoint is a smooth function of the remaining variable, including at its boundary; on
every compact set only finitely many chart terms occur. Thus u, is represented by a smooth function
on X. For each fixed v of order m, choose m; > max(m,m;). By (GS7), O.v — v in A™, and the
extended continuity gives

u.(v) = u(9Q.v) — u(v). (GD5)

This is weak density with the actual test topology, for every compact conormal test. Together with
(GD4), it identifies A’ with its image of interior distributions; it does not make all interior distributions
members of A’.

3.3. The invariant boundary delta and trace

Let ¢ be a compactly supported smooth test density on 0X, with the dual bundle coefficient when
appropriate. In a boundary chart define the supported distribution density

Ty =p(r')R4(t), §(t) = (2m)~1 /e“T dr. (GD6)
R
For a new defining function ¢ = a(z’,t)t, a(z’,0) > 0, the exact distribution density law is §(¢)|dt| =
§(t)|dt|: the delta coefficient contributes a(x’,0)~! and the normal density contributes a(z’,0). The
tangential density and bundle transitions are the usual ones. Hence T is intrinsic, not a choice of
boundary coordinate or a half-density shortcut.

The original Fourier amplitude in (GD6) is constant in 7, with the exact coefficient (27) 1 (2”). Formula
(C16) for codimension one therefore gives m + (n —2)/4 = 0, that is,

T:CR0X;E*®@Qyy) — A X:E*®Qy) continuously. (GD7)

The direct Besov estimate uses the same dyadic amplitude bound, so the target topology is included.
Define the boundary restriction by

(ulox; o) = u(Tp),  uwe A(X). (GD8)

The exact conormal order in (GD7) lies above my, so the extended pairing is available. Its continuity in
¢ follows from (GD3) and (GD7), and its weak continuity in u is one of the defining seminorms of A’.
Thus (GDS8) is a distribution on the boundary.

For a smooth function » up to the boundary, use the positive normal convolution on T'p. It is a unit-mass
smooth approximate delta supported at positive normal distance O(e). Consequently u(9.Ty) tends to
fa < u(x’,0)p(x’"), with the full chart density factor. The extension of the pairing in Section 3.1 gives
the same limit for u(T'¢). Hence (GD8) agrees with ordinary smooth restriction. Its uniqueness among
weakly continuous trace maps follows from (GD5).

3.4. Corrected differentiation with its exact sign

Let u € /l/(?i), represented as an ambient distribution supported in the closed half-space. Write
uy = ul, _o from (GD8). Define

Vij“tu r= Dju 10, uy ® 6(x,). (GD9)
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This is the original ambient derivative plus its full boundary delta correction, with no suppression of
either term. The sign follows first for a smooth u from

D,(Hu)=H(D,u) —iu(z’,0) ® 6(z,,), D;(Hu) = H(Dju) (j<n). (GD10)

Both identities are direct distributional product rules, since D, H = —id. Adding the term in (GD9)
makes Vijntu the supported representative of the ordinary interior derivative for smooth wu.

We prove membership in A’ for general u. Let ¢ be a compact smooth boundary test, and distinguish
its ambient smooth extension from its supported zero extension H¢. In the A’ pairing, u(—D;¢) is the
pairing with the zero extension of —D;¢. The full distribution identity is

—D;(H¢) = H(=D;¢) +id;, p(z',0) ® §(z,,). (GD11)
Therefore the two terms in (GD9) combine exactly to
(Vi*u)(¢) = u(—D;(H)). (GD12)

The ordinary differential map D, : AR — A?H is continuous: the normal derivative multiplies the
full conormal amplitude by 7 and differentiates its smooth base coefficient, while tangential derivatives
differentiate that coefficient; (C4)—(C5) control all remainders. Equivalently it is the exact order-one
conormal map (C17) with compact support. If m > mg, then m + 1 > m, so (GD12) and the defining
estimate at order m + 1 show that Vijntu € A’. The map is weakly continuous: for each compact
conormal test v, its defining functional is u = u(—D,v), another test in 4. In the interior the delta
term vanishes, so (Vi*u)|x. = D;(ul x-).

The uncorrected derivative can fail to lie in A’. For example choose a smooth u with nonzero boundary
value. By (GD10) the ambient derivative contains the nonzero boundary-supported term —iuyd, while
H(D,u)isin A'. If D,(Hu) were in A’, subtracting H (D,,u) would put a nonzero boundary-supported
distribution in A’, contradicting (GD4). This proves the distinction, rather than treating the two
derivatives as identical presentations.

3.5. Proper totally characteristic operators on the dual class

Let B € V{(X; E, F) be properly supported. Its formal adjoint B* preserves A™ continuously for
every m, by (GC12) and (GA3). Given a compact output test v € A™, proper support places B*v
in a compact set depending only on the support of v; its full conormal seminorms are bounded by
finitely many input seminorms. To use these bounds with complex-linear distribution evaluation, take a
compact dual-density test ¢ and put v = 1zt ¢, where the exact metric-and-density map ¢ is defined in
Section 3.6. The bilinear transpose is B® = 1 B*15'. The actual linear dual action is

(Bu)(¢) = u(B'¢). (GD13)

The two conjugate-linear maps in this transpose make it complex-linear. Section 3.6 proves the identity
with the full bundle and density factors and proves that its conormal-test seminorms have the required
finite bounds. For a smooth boundary test, (GD3) therefore proves Bu € A’. For smooth u, the local
adjoint identity (7.6), transported by those exact maps, gives the original kernel action. For general
u, (GD5) and weak continuity extend that equality; in the interior it matches the usual distributional
operator. The coefficient order and bundle maps remain those of the original B, with no scalar
commutation of matrices.

The boundary jet formula extends as well. In a local half-space chart, let a € Slda, and define the k-th
interior normal derivative of u by iterating (GD9), then taking (GD8). For smooth u, the exact formula
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is

k
(th kT u ’m ,=0 Z ( )ak] ' D )(th’] ’a: —0)

Jj (GD14)
ay;(x',8") = Z (‘Z) (Dg;jDéna)(m/,O,f/,O).
i—0

Every coefficient in the inner sum and the outer binomial factor is retained. Its i-th summand has
order d —i. The tangent boundary operator a,kj(m’ ,D’) acts continuously on boundary distributions
after compact localization; this is the ordinary local symbol action. The left and right sides of (GD14)
are weakly continuous in u by (GD8), (GD9), (GD13) and the boundary operator continuity. Smooth
functions are weakly dense by (GD5), so (GD14) holds for every u € A’. It is a statement about their
actual boundary traces, not about an arbitrary supported representative’s raw distributional normal
derivatives.

3.6. Linear distribution tests and Hermitian adjoints

The distributions in (GD3), (GD11), (GE9), and (GT6) evaluate their dual-density tests complex-linearly.
A Hermitian pairing, with inner product linear in its first argument, is conjugate-linear in its test. We
construct the exact map between these evaluations. This also fixes which operator must be transposed
n (GD13).

Let Q2 x be the density bundle, let 11 be a smooth positive density, and choose smooth positive Hermitian
metrics hy, hp. The test for an E-valued distribution is a compact section of E* @ (2. Define

tp: B — E*Q®Qy, tp(v)(w) = hg(w,v)u. (DT1)

This is conjugate-linear in v, and it is bijective in each fibre: in a local frame its matrix is invertible
because the Hermitian metric is positive and p is nowhere zero. Its inverse is smooth and conjugate-linear.
Both maps retain the density and the full metric matrix. Define the antilinear-test evaluation of the
same distribution Uy, by

Un(v) = UL(tgv), Up(¢) = Uy(t5'0). (DT2)
Thus U;, = Uy is complex-linear in the distribution and bijective. Supports agree, since ¢ty and its
inverse preserve the support of every test. Evaluating fixed tests on either side proves continuity in
both weak dual topologies. This is the pairing used in the linked local Theorem 9.1(a),(b).

Here are the density factors when the original kernel acts on half-densities. For B : F® Q%Z

write its function-section presentation and its Hermitian adjoint as

—>F<§§>Ql/2

B,u _ u71/2B’u1/2’ B,Z _ M71/2B*/,Ll/2. (DT3)

Indeed w + wu'/? carries [ hg(w,v)u exactly to the intrinsic half-density pairing. Applying the defining
adjoint identity for B, then this map and its inverse, proves the second equality. The factors /2 and
u'/? stay in the operator product. For an operator B already acting on function sections, B* means its
adjoint for the displayed hp, hp, p

For compact smooth w, ¢, set v = ' ¢. Then

Juro= [hpBuon

= / hp(w, B o) Bt =1,B 5l i F* @0y — B ®Qy. (DT4)
— [w- (Be).
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The dot here is evaluation of a dual-density section on its vector, with no complex conjugation. Two
conjugate-linear maps surrounding the linear B* give a complex-linear B'. The integral identity
characterizes this transpose on smooth tests. Proper support supplies its compact test domain, so it
also defines the distributional action in (GD13). Applying (DT2) and (DT4) gives

(BUL>(¢) = UL<Bt¢)7

(DT5)
(BU)y(v) = (BUy,)(tpv) = UL(tgB™v) = Uy (B™v).

Every equality has its stated test space. The same original operator therefore acts in both evaluations.

For completeness these maps preserve every original conormal-test order. Locally write v = M (z)v |dx|,
where M includes the full positive density coefficient and the metric matrix. For D = —i@, the complete
derivative formula is

Do (Mw) =Y (g) (D> M)(—1)I8 DBy, (DT6)
B<a

Complex conjugation reflects the full Fourier variable £ - —¢, preserving the original radial dyadic
Besov weights. Smooth compact multiplication obeys the finite seminorm bounds of (GA3). The product
rule for every boundary-tangent word gives the same finite sum, with all derivatives of M the smooth
inverse matrix has the same property. Hence ¢z, t5', and their F versions preserve every filtered A™
continuously. Combining this fact with the adjoint estimate preceding (GD13) proves the required
transpose estimate, with its actual input and output compacts. (GD3) proves that BU; € A’, and
evaluation of each fixed transposed test proves weak continuity. The maps (DT2) are also bijections of
the corresponding conormal dual classes.

The linear action is independent of the auxiliary metric and density. For two choices let S; = /,Eh L2
and Sp = L;ﬂ’ll L o; these are smooth linear invertible test maps. Applying (DT4) twice gives exactly

B; = Sg'BiSp, Un,2(v) = Uy 1 (Spv), Lp 2 Bitrly = tp 1 Bitgh (DT7)

For a fixed function-section operator B, these equalities follow by multiplying by the stated inverse maps
in their displayed order. If one changes a half-density presentation, (DT3) supplies its full additional
transport. No density or bundle is silently identified with another.

Two scalar computations test the signs. On the positive half-line take B = il, real x € C2°((1,2)),
X # 0, U, = Hx, and ¢ = x(t) dt. Then

Bt—il, B'=—il, (BU)() —i / Bdt, UL(B'¢) = —i / 2t (DTS)

The last two values differ. In (DT5) the test evaluation Uy is antilinear, and its factor —i gives +iUy(x),
exactly the original action. In a flat scalar chart let C' be complex conjugation. Since C'DC' = —D, one
has D' = —D and D* = D. The corrected normal action (GD9)—(GD12) therefore reads

(VitU)L(¢) = UL(=D,,(H¢)),
(VitU)u(v) = Un(D,,(Hv)) = Uy(HD,v) + iUy(v],— ® 9), (DT9)
D, (Hv)=HD,v—i(v|,_y) ®6.

The +i in the second line uses the antilinearity of Uy; the normal delta in the third line retains its
factor —i. For a variable metric or density the exact test map is ¢zt [—D,,(Htzv)], obtained from (DT2).
Its full product derivatives of the density and metric remain; the flat formula is asserted only in the
stated flat chart.
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Finally the normal primitive in Section 5.2 is Jf(t) = ix(t) ftoo 6(s)f(s)ds. Fubini on the compact

support of y, 0 gives its full bilinear transpose and flat Hermitian adjoint:

(Fg)(s) =i(s) [ x(tlgtt)
¥ (DT10)
(F9)l) = ~B) [ XDg)dt.
S

To see the first line, interchange the integrals in [ ix(¢) fs<t 0(s)f(s)ds g(t) dt; the coefficient of f(s) is
exactly the first displayed expression. Replacing g by its conjugate and conjugating that coefficient
proves the second line. For the real cutoffs chosen in Section 5.2, and x supported below ¢, this is exactly
its stated —if(s) fsc x(t)g(t) dt. All derivatives of both cutoffs appear in the integer Sobolev bounds. The
Hermitian adjoint supplies the negative-order Sobolev estimate there. The bilinear transpose supplies
the raw linear evaluations in (GE9) and (GT6), including every coefficient derivative. The boundary jet
formula (GD14), weighted extension (GE23), and trace comparison (SC4) therefore use one consistent
original distributional action.

One operator, two exact test evaluations

B*

Vector tests Vector tests
VEF B*VEE
lF te(w)(2) = he(z, w)u lg

. . Bt =B "7t . .
Linear dual-density tests E F Linear dual-density tests

PEF" ®Qy B¢ EE™ ® Qy

B# =/J_1/ZB/11/2 B; =u—1/ZB*“l/2
B=il: Bt=il, B"=—=il Uy(v)=Utgv)

DT1-DT8: both vertical maps are conjugate-linear; their composite transpose is linear.

Figure 2: The exact transpose and Hermitian-adjoint maps

The two arrows tp, L include the complete metric and density. Their square commutes by (DT4), and
(DT5) transports the same operator to its two dual evaluations. The half-density factors are (DT3),
and the scalar phase test is (DTS).

4. Compressed wave fronts

4.1. Ellipticity and the characteristic set at every symbol order

Let B € V;*(X;E,F) and let b be its complete local symbol. At a nonzero compressed covector
q = (x4,(p), call B elliptic if the two bundle ranks agree and there are a base neighborhood U, an open
cone I' containing ¢, constants ¢, R > 0, and local frames such that

b(z,() : E, — F, is invertible, [b(z, )Y < HE)™ (xeU, CeT, (| > R). (GW1)
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The set of covectors where this fails is Char B. Changing the representative by S™ ! does not change
(GW1): byt (b—by) is O({¢)™1), so for large |(| its ordered Neumann series is invertible. Smooth frame
changes conjugate or left /right multiply by uniformly invertible matrices on a smaller compact chart.
Thus the definition is intrinsic. The complement of the characteristic set is open and conic; the set itself
is closed and conic in T*X \ 0.

The inverse in (GW1) has the exact order —m on a smaller cone. Differentiate b=1b = I:
8<jb*1 = —bil(é)cjb)bfl, arjb*l = —bil((‘)l,jb)bfl. (GW2)

Repeated product differentiation keeps the original matrix order. Every frequency derivative lowers the
order by one; every base derivative leaves it unchanged. Multiplying by a conic cutoff gives a global
chart symbol of order —m. This proves the symbol estimate needed for an actual microlocal parametrix.

Here is the complete construction. Choose nested cones I'y € I'y € I' and base neighborhoods
U, € U, € U, with a smooth large-frequency cutoff x supported in U; x I'; and equal to one on U, x I';
for |¢| large. Set ¢, = xb~!, with the original map F — E. The lacunary realization (GC6)—(GC7)
changes this by a residual symbol only. The ordered product gives

co#tb = xIg +eq, e, € 871 e, residual away from the elliptic working cone. (GW3)
Suppose the sum ¢y + -+ cy_; has error ey € SV residual away from that cone. Its next correction is

cy = —xienbte s N, (ey +cnyb) =0 where x; =1 on the nonresidual support of ey.

(GW4)

The actual product c#b— cyb is one order lower by (GC9), so the new error is in S~V =1, still residual

off the elliptic cone. The cutoff x, is supported inside the cone where b~ exists. At each stage the part

not cancelled by x; = 1 was already residual; include it in the final residual instead of dividing it by b.

Asymptotic summation (GC13) produces a single properly supported C' € ¥, (F, E) with the global
localized identity

CB=Q+R, Q =Op(xlp) € VY(E,E), Re ¥, (GW5)

and @ is elliptic on U, x I'y. The low-frequency part and all coordinate-patching errors are residual,
and every finite error is retained until its correction in (GW4). The same construction on bc = I yields
a right parametrix when needed; it is a separate ordered calculation, not inferred by commuting the
matrices in (GW4).

4.2. The compressed wave-front set

For a supported distribution v € DY, define

WF, (u) := N CharB C T*X\0. (GW6)
BG‘I’%(X;E,E) proper
BueA(X;E)

The zero operator is always an admissible test, with characteristic set equal to the whole nonzero
compressed bundle. The identity is an admissible test exactly when u € A(X). Thus the family of tests
is never empty. Every characteristic set is closed and conic by (GW1), and so is its intersection. At a
covector outside WF (u) there is one properly supported order-zero B, elliptic there, with Bu € A. The
target cannot be changed to C*°(X) for arbitrary supported distributions: (GAb) receives a residual
operator into A, and its original corner kernel may fail to smooth at the boundary.

For later use we prove the finite-cover consequence of (GW6). If WF, (u) is empty above a compact
K C X, the compressed unit cosphere above K has a finite cover by cones where order-zero operators
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By, ..., By are elliptic and B;u € A. Choose a smooth partition of unity x; in those cones at (| > R,
summing to a spatial cutoff ¢ = 1 near K. Apply (GW3)-(GW4) separately to the symbols ijj’l,
preserving their factor order. Asymptotic summation gives properly supported C; and a residual R
such that

N
> C;B;=¢p+R (GW7)
j=1

The missing compact-frequency part is a residual kernel and is included in R. Choose the output
supports of all C; in one compact neighborhood of supp ¢. Then R has compact output support; proper
support gives one compact input set. Choose a compact smooth ¥ equal to one on that input set. The
exact identity Ru = R(¢u) lets (GA5) apply to the compact distribution 9u, even when the original
u is not compact. Acting on u, every C;(B;u) belongs to A by (GA3), and Ru € A by (GA5). Thus
pu € A. On a noncompact manifold the order obtained from this finite cover may depend on the
compact set. Retain the original class A = Um A™, and define its exact local enlargement by

Aoe(X) ={u € Dy : xu € A(X) for every x € C*(X)}. (GW8a)

Multiplication and restriction give the injective map A < A,,.. The preceding finite-cover argument
proves the exact replacement for the global-order assertion:

WF,(u) =0 < u€ A, (X). (GWS)

For the converse, at any compressed covector over x, choose a compact smooth x equal to one near x.
The multiplication operator x/ is properly supported, elliptic at that covector, and maps v into the
original A, by (GW8a). These testers exclude every covector. For the forward implication, apply (GWT)
on a compact neighborhood of supp x, then multiply its conormal output by x. The maximum of the
finitely many conormal orders is one valid order for that compact output. If © has compact support,
choose x = 1 on its support; then xyu = v and (GWS8) does imply u € A. In particular the original
global-order equivalence holds on compact X. No single order is asserted after an infinite exhaustion.

The distinction is necessary. On X = R, x[0, 00),, of dimension two, choose nonzero 6 € C2°((—1/4,1/4))
and form the actual locally finite supported distribution

uly, 1) = 0y ) ©59(). (@Wsh)

Jj=1

Each compact set meets only finitely many summands. The j-th summand has normal amplitude
(i7)70(y—j) with inverse factor (27)~1, so its conormal order is exactly 7, by the original codimension-one
shift m + (n —2)/4 with n = 2. It belongs to 47, including all tangent derivatives. It does not belong to
A™ when m < j. To verify the last statement directly, select a bounded interval in tangential frequency
on which the squared Fourier transform of 6 has positive integral. On the full sharp dyadic annulus,
restrict the normal frequency to ¢;2! < |7| < ¢,2! strictly inside that annulus. Its squared Fourier
integral is bounded below by cj2l<2j+1>. The (GA1) Besov factor is 2/(-1/2) | 50 the resulting norm is at
least c;2l<j_m), which diverges for m < j. Multiplying (GW8b) by a compact cutoff equal to one around
its j-th boundary support isolates that summand. Thus (GW8b) lies in A, . and has empty compressed
wave front, but lies in no A™. This proves strictness of the displayed injection. The quotient A,,./A
records precisely this failure of one globally bounded order, with kernel of the quotient map equal to the
original A.
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The stronger smoothness conclusion for u € A’ needs the separate local intersection theorem proved
below. It is not being inferred from conormality alone.

4.3. Residual localization and elliptic inclusion

Let A € ¥}" have a full symbol of order —oo in a conic neighborhood of a closed conic set I'. At each
q € I' choose an order-zero cutoff D, elliptic at ¢ whose large-frequency symbol is supported in a smaller
cone inside that neighborhood. The full ordered product expansion (GC9) has every term residual there:
derivatives of the cutoff stay in the smaller cone, derivatives of the full symbol of A have arbitrary
negative order there, and the exact far product term is residual. The coordinate-invariant remainders
(GC13) therefore give D, A € W', after harmless compact spatial localization. By (GA5), D, Au € A.
Hence

WF,(Au) N T = 0. (GW9)

This proves precisely the conormal residual target; it makes no unsupported boundary smoothness claim.

For the elliptic inclusion, let ¢ be outside both Char B and WF,(Bu), where B € ¥} is proper. Select
an order-zero tester D elliptic at ¢ with DBu € A. The product DB has invertible principal symbol db
near ¢ in the original order; its inverse is b *d~!. Apply (GW3)—(GWS5) to DB, choosing x supported
in the common elliptic cone and equal to one near ¢. There is an order-zero tester @) elliptic at ¢ and
a residual R with the exact identity Q = EDB + R. The first term is conormal by (GA3), and the
residual term by (GA5). Thus Qu € A, giving

WF, (u) C WF,(Bu) U Char B. (GW10)

Every inverse and product has retained the bundle map order.

For a properly supported B € ¥}, the forward inclusion follows by the complementary microlocal
division. If ¢ ¢ WF,(u), take an order-zero elliptic C' there with Cu € A. Construct its right local
parametrix P, as above, so PoC = @, + R, where R, is residual and ), has full symbol equal to
the identity on a smaller cone about ¢ at high frequency. Choose D of order zero, elliptic at ¢, with
full symbol supported inside that smaller cone. Put £ = DBP,. Since D is supported where the full
symbol of @), is the identity, the exact product (GC9) and its far residual give DB(I — Q) € ¥, .
The product DBR,, is residual by (GC10). Therefore

DB =FEC +R, Eecv, RecU¥, > (GW11)
with R = DB(I — Q) — DBR,. Thus DBu = E(Cu) + Ru € A, 5o
WEF,(Bu) C WF,(u) (B € U}" proper). (GW12)

The same inclusion holds for an arbitrary ordinary smooth differential operator, including the unweighted
normal derivative. We prove this separately because D, itself is not a totally characteristic operator.
For ¢ ¢ WF, (u), choose C elliptic at ¢ with Cu € A. The left localized parametrix gives PoC' = @ + R,
where the full symbol of @) is exactly one on a high-frequency cone about ¢ and R is residual. Thus

Qu = P-(Cu) — Ru € A. (GW12a)

Choose an order-zero tester D, elliptic at ¢, with full symbol supported in a smaller cone where Q = I
microlocally. Then D(I — @) is residual by (GC9), including its exact far term. The ambient supported
distribution D,u is again supported in the closed half-space. The local commutators are exactly

[Dj7Ta] :TD a (]<7’L), [Dana] :TD a+TD§ aDn‘ (GW12b)
x Tn n
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These are the unmodified (5.1), with D = —i0 and all signs retained. They first hold on interior
compact smooth functions. Theorem 9.1(e) in the local prerequisite approximates every supported
distribution weakly by such functions; each term in (GW12b) is a composition of weakly continuous
operators on supported distributions. Taking that limit proves the same identity for the actual supported
representatives, including any boundary deltas.

Write w = (I — @Q)u. Since the full symbol of @ is constant one on the working cone, the symbols ijq
and D, q vanish there to every symbol order. Apply D on the left in (GW12b) and use (GC9): each
resulting product is residual. The exact identity

DD,w= D(I —Q)D,u+ D[D;,I — Qlu (GW12c)

is therefore a sum of residual operators applied to supported distributions, u or D, u. It belongs to A

by (GA5). On the other hand Qu € A by (GW12a), and the ordinary differential map (C17) gives
D;Qu € A; applying D preserves that class by (GA3). Hence DD u € A, so

Smooth coefficient multiplication is in U9, and (GW12) applies to it. Finite sums and products of the D;
with such coefficients therefore give the same inclusion for every ordinary smooth differential operator.

The proof has kept the normal Tp,_,D,, term in (GW12b); omitting it would make the boundary claim
unjustified. '

4.4. Interior comparison and a noncharacteristic boundary

In the interior, (GL8) is the ordinary cotangent identification. Localized global b-operators are ordinary
pseudodifferential operators there by (GL13)—(GL15), and every ordinary properly supported local
operator can be realized with the same interior kernel in the global class, using (GCT7). Also A restricts
to C*° in the interior by (GA1): every derivative is a combination of tangent derivatives on a compact
interior chart, and the local Sobolev estimates give all smooth derivatives. Both implications in the
tester definition therefore give the exact equality

WE, ()] x. = WF(ul x.). (GW13)

Let P = Zla\<m a,(x)D be a smooth ordinary differential operator of positive integer order m, and
let ¢ vanish simply at the boundary, with ¢ = cz,,, ¢(z’,0) > 0, in a chart. No original coefficient is
removed. The complete differential expression

" P = Z c(z)man “ra, () D' (25 DY) (GW14)

oe|<m

retains every lower-order and tangential term; the displayed factor order is valid because D’ commutes
with z,,. Thus ¢™ P € Diff;". At x,, = 0, all principal terms except o« = (0,m) contain a positive power
of x,,. Its complete boundary principal compressed symbol is

Um(¢mp>(x/707§/7p) = C(‘:U/?O)ma(&m) (x/,())pm <GW15)

If the boundary is noncharacteristic, the original leading normal coefficient a g ) (z’,0) is invertible.
Equation (GW15) is invertible exactly when p # 0; its boundary characteristic set is precisely the
embedded tangential hyperplane T*0X = {p = 0}, with the zero section excluded. Applying the full
inclusion (GW10) to the actual operator ¢™ P yields

WF, (u)] 5 © WF, (6™ Pu)|yx U (T*0X \ 0). (GW16)

For m = 0, P is multiplication by its original invertible coefficient under the corresponding nonchar-
acteristic hypothesis; the same parametrix gives (GW16) with an empty boundary characteristic set.
Formula (GW14) is not used with a negative power.
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5. Noncharacteristic normal extension
5.1. The exact local conormal seminorms

Fix K = K, x [0,¢/2] compactly contained in the coordinate chart, and use a slightly larger compact
K’. For k;, = —k — n/4, the conormal topology on supported tests is generated by

Pric(@)= 3 [ Dol (L=0,12,..). (GE)

la|<L

Smooth chart cutoffs are inserted in each norm. Formula (GA2) proves that these weighted normal
derivatives span exactly the same filtered family as all words in D" and z,,D,,. No lower term of the
triangular polynomial relation is dropped. Tangential differential operators a(x, D"), of any fixed finite
order, and their formal transposes map each /l’;{ continuously into 4%,. To verify this, expand a
tangent word through a: every resulting term is another finite tangent word with smooth coefficients,
including the derivatives of those coefficients. Multiplication by a compact smooth coefficient is bounded
on each B5*_ by (C2)—(C3). The number of seminorms needed depends on the actual tangential order;
no relatlon to the normal order is assumed.

For later use, the dyadic Fourier estimates give, for every real s,

n
s <C, (|w| byt + D100l B;,;o> . (GE2)

On the low-frequency block the first norm controls the left side. On the I-th high block, 2! =< (ZJ 13 j|2)1/ Z

multiply its L2 norm by 2/~ use Plancherel for each D;, and take the supremum over /. This proves
(GE2) without a boundary norm convention or an omitted tangential term.

]

5.2. The normal primitive gains one conormal order

For ¢ € C*°(X°) with support in K, put
t
Wz’ t) = 2/ o(x’,s)ds, D, = ¢, 1 =0 below the normal support of ¢. (GE3)
0

Choose a fixed normal cutoff x(¢) equal to one on [0, ¢/2] and supported in [0, c). Then y has compact
support in the interior for each such ¢, although the distance of that support from the boundary need
not be uniform.

We first prove that the localized Volterra operator .J : ¢ = x1 is bounded on Bj ., for every real s, with
fixed chart cutoffs. For this ambient-space estimate, choose a smooth input cutoff equal to one on the
original K, extending a short distance across ¢t = 0, and write the integral as iy(¢ f 0(s)p(x’,s)ds.
For the original interior-supported ¢ this is exactly (GE3) after multiplication by . The Smooth cutoff
is necessary in the negative-order dual estimate; a sharp input cutoff at zero would create an unjustified
boundary multiplier. For s = 0, Cauchy—Schwarz on the finite normal interval gives ¢ 2 < ¢|@| .
For a nonnegative integer p, differentiate xv at most p times. Tangential derivatives commute with the
integral; each positive normal derivative of v is the corresponding derivative of ¢ of one lower order;
derivatives of x multiply the same expressions. Thus J : H? — HP is bounded. Choose these fixed
cutoffs real valued. The Hermitian adjoint has the reversed integral g(s) > —if(s f Xx(t)g(t)dt. The
bilinear transpose has the full factor +i; both identities and their exact relation are proved in (DT10),
Section 3.6. Its derivatives obey the same integer estimates, including the derivatives of the smooth 6,
so duality gives J : H P — HP. For a real s, choose integers p < s < q. The dyadic operator matrix
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estimate between the two Sobolev endpoints is the one proved from (C2)-(C3): after weighting by
2!57Js it decays geometrically in |l — j|. Summation proves the claimed Bj ., bound, including negative
indices. The constants depend on the fixed cutoffs, not on how near the input support is to ¢t = 0.

Now set s = k;, = —k — n/4. We prove the stronger precise primitive estimate

Pk,K’,L(XW < ClaK,L pk+1,K,L/(¢) for a finite L' = L' (L), (GE4)

since k., = s — 1. For a tangent word with no normal derivative, D'#(y1)) = J(D'P¢), so the Volterra
bound controls its B*~! norm by the corresponding ¢ seminorm. Apply (GE2) to gain the missing
one degree. Its tangential derivatives are J(D'?*¢i¢), and its normal derivative is xD'?¢ + (D, x)D’%.
The same Volterra estimate controls all these BS~! norms by a finite set of (GE1) seminorms for ¢.

For a word with positive normal order a > 1, preserve its entire normal weight:
_ ~1
22 DED Py = 22 DAL DB, (GE5)

The right side has a factor x,, times a tangent word in ¢, so its B¥~! norm is controlled. Its normal

derivative is
D, (x2DED"Pp) = 28 DEDP¢ — iax2 1 DI DP . (GE6)

This is the full product rule, including its —ia term; when a = 0 that term is absent and the earlier
calculation applies. The tangential derivative is 22 D¢ 1 D’#*¢i ¢, again a smooth multiple of a tangent
word. A cutoff derivative contributes (D, x)x% D2 1 D'#¢, which has the same bound. Applying (GE2)
proves the B® estimate for each word, and summing finitely many words proves (GE4).

5.3. First-order normal equations at every test order

Let Ay(z, D’) be a finite matrix of tangential differential operators with smooth coefficients of arbitrary
finite orders, and let the extendible interior vector distribution u solve

(D, + Ay(z,D"))u=f in X°, feA(X). (GET)

We prove that v has a unique extension in .4’. For interior compact smooth tests ¢ supported in K, we
first establish the bound

lu(¢)| < Cy kPr i,1(¢) (GES)

for every real k, with a finite L depending on k, K. Since u is extendible, choose one ambient distribution
extension temporarily. On a fixed compact set it has finite order M, so its action on interior ¢ is
bounded by finitely many C™ seminorms. Choose s > M +n/2. Fourier inversion and Cauchy—Schwarz
bound those seminorms by H?*, and a slightly larger BSJ;Z norm bounds H?® by a geometric dyadic sum.

Choose k sufficiently negative that —k, —n/4 > s +e. The o = 0 term of (GE1) then proves (GES)
for k,. The extension’s boundary values do not enter this interior-test estimate.

Assume (GES8) at some k. Let ¢ be (GE3), x the fixed cutoff, and use the bilinear distribution pairing.
The formal tangential transpose Aj) retains every coefficient derivative and reverses the matrix maps.
Since D, (x¥) = ¢ + (D,,x)¥ on the support of ¢, the exact equation (GET7) gives

u(@) = =f0x) + u(Ag(x) = (D x)¥)- (GE9)

All arguments of u in this formula are smooth and supported in the interior. The functional f is
continuous on compact A* tests for every k: for k > my, this is its defining property, and for k < m,, the
inclusion A* < A™o is continuous. The operator A} and the normal cutoff multiply AF continuously
by Section 5.1, regardless of the tangential order of A,. Apply the induction hypothesis and then the
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full primitive estimate (GE4). It yields (GE8) at k+ 1, with finite constants and a possibly larger finite
L. By induction (GE8) holds at k, + j for every integer j > 0. For an arbitrary real k, choose j with
ko + j > k; the continuous inclusion A* < A*0*J gives the desired bound.

Construct the supported extension rather than silently identifying it with the temporary ambient one.
For a smooth boundary test ¢ supported in K, let 9_¢ be (GS6); it is smooth, supported in a fixed
compact subset of the interior, and converges to ¢ in A for every k; > mg, by (GD2) and (GS7). The
bounds (GE8) make

U(¢) = limu(2.0) (GE10)

exist: use the bound at such a k; on differences of approximants. The limit is independent of the
particular one-sided smoothing family because both approximations converge in the same .A*1 topology.
The uniform (GS2) multiplier estimate and (GES), followed by the continuous inclusion from A* to a
larger test order, prove for every k > my a finite estimate of the form (GD3) for U. The smooth-test
topology bounds those conormal seminorms by finitely many ordinary smooth seminorms, by (GD1); thus
U is a distribution on the closed chart. The supported-distribution duality of local Theorem 9.1(a),(c)
gives its ambient supported representative. Its interior restriction is u, since O, is an approximate
identity there. By (GD4), no second A’ extension of u exists. This proves the first-order existence and
uniqueness in the exact dual topology.

5.4. Full normal order by the actual companion system
Let m > 1 and retain the original normal-monic equation
—1

P=D"+Y a,(x,D)D},  Pu=finX°, feA(X). (GE11)

. J
J

3

Il
=}

Each a; is an arbitrary finite-order tangential differential operator with smooth matrix coefficients; the
orders of different a; are not required to be at most m — j. Set u; = Dflu, 0 <j<m. Each u; is
extendible, because an ordinary derivative of an ambient extension remains an ambient extension of the
interior derivative. The exact first-order companion system is

o e e [ R e (GE12)
Upp—1 Ay Q1 Qg = Gpy g Upp—1 /

For m =1 this is just (GE11), with its single matrix entry a,; the displayed larger companion matrix
is read for m > 2. Section 5.3 applies componentwise to its actual tangential matrix, giving a unique
vector extension U; € A’ for every j.

The corrected derivative (GD9) has the same interior restriction as U, for j < m — 1. Both belong to
A’, so interior injectivity (GD4) gives the exact equality

Vir?tUj =Ujia; D, U; = Ujy = —i (Uj\z,;o) ® 0(zy), l"n(Dnt - Uj+1) = 0. (GE13)

Similarly the final companion equation gives

m—1 m—1
VU, 4+ Y ay(x, DU = f, o, (DnUml + Y a2, DU, - f) =0. (GE14)
7=0 7=0

The tangential operators act on A" by (GD9), with no normal delta correction of their own.
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We keep the powers of x,, through the elimination. The full commutator is

D, (i7" W) = 2™ D, W —i(j + 1), W. (GE15)

Start with U, = DO U0 If wn(U D}Uy) = 0, then (GE13) implies %" (U,,; — D, U;) = 0, while
(GE15) implies 27, D, (U; — DyUy) = 0. Hence induction gives

ahU; = ahDhU,  (0<j<m). (GE16)

Apply (GE15) once more at j = m—1 to replace the first term of (GE14) after multiplication by x7;'. For
each lower term j < m, x,, commutes with a;(z, D"), and 27} a;(U;—DnUy) = x' a;ah,(U;— DU,) = 0.
Therefore the complete weighted equation is

a™(PU, — f) = 0. (GE1T)

No original tangential coefficient or lower normal term was removed.

5. Uniqueness among all supported distribution extensions

Let V be the difference of two supported distribution extensions of the same interior u, each satisfying
(GE17). Then supp V C {x,, = 0}. We derive its finite normal structure here. Localize to a compact
chart and let M bound the distribution order of V. Taylor-expand a test h(z’,t) through degree M at
t =0, with a fixed normal cutoff 7(¢) = 1 near zero:

M
Z h(z’,0) 4+ tM*+1r(z’ t) near suppV. (GE18a)

:O

The remainder has every normal derivative through degree M zero on t = 0; multiplication by a cutoff
supported in a shrinking normal neighborhood and the order-M bound show that V annihilates it.
Define tangential distributions v;(g) = (—=1)7V (n(t)t’g(z")/5!). Then applying V to (GE18a) gives, with
no omitted coeflicient,

y2i
V=) v)®69(z,), v,#0unlessV =0. (GE18)

J=0

Here p < M is the highest nonzero coefficient. The definition of v; is independent of the cutoff because
V' is supported at ¢ = 0. The local representations agree on overlapping charts, so this argument applies
to every compactly supported piece of V. The coefficients are tangential distributions, possibly vector
valued. The normal distribution formulas, with every factor, are

R Cne .
7 _§Utkem) i k> m,
(j+k—m)! S (GE19)
0, j+k<m.

DES) = (—iyhgirh),  gmatek = ) (U

They follow by applying the distributions to a test function and differentiating z]* exactly m times at
zero; no coefficient is normalized away. In z]' PV, the original leading term x;”D,T(vﬁé(“)) has the top
normal coefficient ( )
A m): /

mTv#(m ) ® 6 (), (GE20)
which is nonzero when v, # 0. Every lower normal term a;(z, D’ VDY, j < m, has normal order at
most u + j—m < p— 1 after multiplication by z3". Taylor coefficients of a; at the boundary can lower
that order further, never raise it. Contributions from v; with [ < p also have order below p. The
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coefficient of 6*) in 2™ PV = 0 therefore forces v, = 0, a contradiction. Repeating downward gives
V' = 0. This proves uniqueness among all supported distribution extensions satisfying (GE17), stronger
than uniqueness only in A’.

The theorem so far is local on the stated product collar. The globalization and boundary wave-front
consequence are proved next.

5.6. The noncharacteristic boundary wave-front class

Write T* X for the compressed cotangent bundle of (GL11)~(GL18), and embed T*9X\ 0 as its boundary
covectors with zero normal compressed component. Define the exact class

N(X) = {ve A (X): WF,(v)]px C T*9X \ 0}. (GE21)

This is a condition on the already-defined wave-front set (GW6), not a replacement for the dual conormal
requirement.

Let P be a smooth ordinary differential operator of normal order m > 1 whose boundary is nonchar-
acteristic, and let an extendible interior distribution u solve Pu = f with f € N(X). In one product
chart retain the complete normal expansion

m—1
P=a,, (z)D™ + Z a;(x, D") D}, a,,(z’,0) invertible. (GE22)

7=0

Shrinking the chart makes a,,(x) invertible throughout it. Multiplying the equation on the left by
its inverse gives the normal-monic operator P’ = a, ! P and source f’ = a,!f. The order of matrix
multiplication is retained. Smooth multiplication preserves A" by (GD13) and preserves the boundary
wave-front condition by (GW12); thus f* € N. Sections 5.3-5.5 give the unique local U € A" with

a™(P'U—f)=0, a™(PU—f)=0. (GE23)

The second equality follows by multiplying the first on the left by a,,,, which commutes with the scalar
™. In (GE23) the composition z]'P is also its actual totally characteristic differential action on
supported distributions: the original coefficients, their product order, and the raw ambient normal
derivatives agree with (GD13) after transposition.

The full noncharacteristic estimate (GW16), with the original defining function ¢ = x,, in this chart,
applies to this U:

WEF, (U)|gx C WE, (2" PU)|5x U (T*0X \ 0) = WF (27" f)|5x U (T*0X \ 0). (GE24)

Multiplication by x"* is a proper order-zero totally characteristic operator after localization. The full
forward inclusion (GW12), rather than an unsupported assertion about its zero set, gives

WE, (23 f)lox € WE,(f)|ox CT*OX 0. (GE25)

Equations (GE24)—(GE25) prove U € N. On overlapping boundary charts, two such local extensions
have the same interior restriction and belong to A’, so (GD4) makes them equal. The product
coordinate changes and bundle maps preserve A" by (GA4) and the compressed wave-front condition
by (GL11)—(GL18) and (GW6). The local extensions therefore glue to a global U € N (X), uniquely

determined by the interior u:

Pu=fin X°, feN(X), OX noncharacteristic for P = 31U € N(X), Ulx. =u. (GE26)
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The uniqueness in (GE26) is also immediate from (GD4). Its existence uses the actual weighted equation
(GE23); an arbitrary ambient extension would not supply the conclusion. For an order-zero P = a(x)
invertible at the boundary, local inversion gives U = ag' f € N by (GD13) and (GW12), with the same
interior restriction and uniqueness by (GD4). Thus (GE26) also covers this endpoint without applying
the positive-order companion construction to a zero-dimensional system.

6. Tangential action at the boundary
6.1. The actual tangential action and the conormal topology

Let b(2’,t,¢") € S, d € R, smooth down to t = 0, with its original full family of tangential symbol
seminorms. Its left quantization, with the same Fourier convention as (GL13), is

(Byo)(a’,t) = (2m)~ ("1 / @V Yoy t) dy dE (GT1)

For n = 1, the tangential dimension is zero and (GT1) is smooth multiplication. Insert the actual
proper-support kernel cutoff of B, in (GT1) when needed. It maps compact smooth tests to compact
smooth tests, including in the normal variable. Its transpose Bj is another properly supported tangential
operator of order d, with smooth ¢-dependent coefficients; this follows directly by transposing the kernel
and Taylor-expanding b(y’,t,£’) in y’ — 2/, retaining the exact far kernel as a tangential smoothing
term. Thus (GT1) acts by transposition on every distribution for which proper support is specified,
before any wave-front restriction is imposed.

We prove the stronger topology statement needed below. With the actual A* seminorms (GE1), for
each compact chart K, real k, and finite L, there are a compact K’, finite L’, and C such that

P, (Byv) < Cpp g 1 (v) (v e A, Prxc.n(Byv) < Cpy g 1 (v). (GT2)

Here the compact sets are chosen to include the source and target of the properly supported localized
kernel. To prove the Besov part, first localize both base variables to compact sets and extend the
resulting smooth x = (2, t)-dependence periodically on a larger box. At t = 0, use the smooth collar
extension of Section 3 of the linked local lesson before periodic extension; for each finite estimate its
extension bounds involve only a finite number of the original one-sided symbol seminorms. Its Fourier
series is

b(x,&) =Y @by (&), [9aby(€)] < Onpl) N(E) 1P (V). (GT3)

Lezn

This follows by integrating by parts N times in the compact base Fourier coefficient; every base
derivative of the original symbol has the same order d. Choose an even integer M = 2r > max(d,0).
The full Fourier multiplier b,(¢")(¢")~ is bounded uniformly in (¢’,&,,) by Cn{€)~", so it is bounded
on Bioo(l]?") for every real s: it commutes with each full dyadic projection and Plancherel gives the
bound on each block. The factor (¢)M = (1 + |¢/]?)" is the complete finite polynomial in tangential
derivatives, not an isotropic replacement. Multiplication by e*** shifts full frequency by ¢; direct dyadic
overlap shows its B3, operator bound grows by at most a fixed polynomial in (£). Choosing N larger
than that degree plus n + 1, then summing (GT3), proves

B o < Csp Z | D"l
|Bl<M

| Byvl

By - (GT4)

The same argument applies to every normal and tangential base derivative of b, including the transpose
symbol and its exact far smoothing kernel. Its properly supported kernel cutoffs are smooth multiplication
on the two sides and obey the same estimates.
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The normal variable is unchanged by the kernel in (GT1), hence t* B, = B,t®. Differentiate the full
expression rather than identifying normal and tangential orders:

t°DE DY (Byo) = > > (j) (;) By, Df/b(t“*jD?ij”*Bv). (GT5)

Jj=0 B<~v

The formula also applies termwise to the proper kernel cutoff; its derivatives are included in the
differentiated symbol. Every #/ is a smooth compact multiplier, and (GT4) controls the remaining
tangential operator by finitely many further D’ seminorms. This proves (GT2), with each original
normal weight and derivative retained. In particular B, and Bj preserve every filtered AP, and the dual
formula

(Byu)(v) = u(Byv) (GT6)

defines a weakly continuous map A" — A’. The stronger action statement follows from the explicit
topology estimate; it does not identify B, with an isotropic n-covariable pseudodifferential symbol.

6.2. The equatorial compressed cutoff

Choose a smooth conic symbol t,(£’, p) of order zero, independent of z’, with the original low-frequency
cutoff, so that
to=1 Clpl <&} [€1>1),  to=0 (lp[>[£']. (GT7)

Multiply by a smooth normal base cutoff equal to one on 0 < ¢ < 1 and supported in ¢ < 2. The
construction on the unit sphere is possible because the closed equatorial band and the normal caps
are disjoint. Apply the original lacunarization of Lemma 4.4 to this full symbol and write ¢, € SP.
The difference t, — ¢, is residual, with its original normal-base decay; it does not change the principal
compressed symbol. Let T = Ttp7 localized properly in a boundary chart.

For w € N, put w = (I —T)u. At every boundary tangential covector ¢, the full symbol of I — T
vanishes on a conic neighborhood of ¢, so (GW9) removes ¢ from WF,(w). At every other boundary
covector ¢, the definition of V removes ¢ from WF,(u), and (GW12) removes it from WF, (w). Thus
the boundary portion is empty:

WE (I = T)u)|py = 0. (GTs)

On a compact boundary patch, closedness of WF, on the compact cosphere gives a collar in which it
remains empty. The finite microlocal cover argument (GW7) then makes a spatially localized w an
element of 4. Equation (GT2) gives Byw € A. We have therefore proved, as a local conormal equality
rather than an unproved smoothness claim,

Byu = B,Tu+ v, v € A near the boundary. (GT9)

The equality is between the actual distributional actions (GT6).

Because t, is independent of x’, the unlocalized Kohn-Nirenberg composition in (GT1) is exact:
Bthp =1, CL(:L‘/,t,fl,p) = b(l‘/,t,f’>tp(t,§/,p>. (GTlO)

Indeed integration in the intermediate tangential variable gives (27)"16(n’ — ¢’); no derivative of
t, in a2’ appears. The support of t, in (GT7) ensures that on the high-frequency nonresidual part
(&) = ((&,p)). ALl &', p, and base derivatives of the product therefore obey the full order-d symbol
bounds. The residual difference from lacunarization remains residual after multiplication by b, using
arbitrary residual order to absorb its fixed order d. Since normal Fourier convolution does not change a
tangential multiplier, the product retains the original lacunarity. Thus a € S’g.
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Proper-support cutoffs make (GT10) an equality modulo a residual full compressed operator. To verify
the asserted residual class, write each far tangential cutoff as a kernel factor vanishing near 2’ = y" and
integrate by parts in ¢ arbitrarily many times. On the nonresidual support of ¢,, the entire normal
frequency is bounded by a constant times |£’|, so this gain is arbitrary in the full (¢, p) order. The
lacunarization remainder is already residual. Derivatives of the cutoff and amplitude obey the same
bounds, proving the full residual assertion. Its action on supported distributions lies in A by (GA5), so
it does not affect the boundary wave-front conclusions.

6.3. Boundary action, microsupport, and elliptic comparison

The local boundary wave-front set of v € A is empty by definition, and adding such a v does not change
a wave-front set: a regularizing tester for one summand works for the sum, and subtracting the same v
gives the reverse inclusion. Equations (GT9)-(GT10) and (GW12) therefore give

WF, (Byu)|gx = WF(T,u)|sgx € WF(u)|sx C T*OX \ 0. (GT11)

Since (GT6) also gives B,u € A’, this proves B, : N’ — N with the original tangential operator. It also
proves that the action is continuous in the weak topology of A" tested on fixed conormal functions.

Suppose b is of order —oo on a conic neighborhood of the complement of a closed tangential cone I' at the
boundary. At a tangential covector ¢ ¢ I, the full symbol a = bt, is of order —oco on a compressed cone
about g. The original residual localization (GW9) excludes ¢ from WF, (T, u). At normal compressed
directions (GT11) already excludes every covector. Hence the exact boundary microsupport statement is

WEy(Byu)|gx C WFy(u)|gx NT. (GT12)

Write by(z',&") = b(x’,0,£"). At a tangential boundary covector ¢ = (z’,0,7",0), (GT7), (GL18), and
(GC4) give the actual principal compressed symbol of T),:

oq(T)(q) = aq(bo)(@",7') - 1. (GT13)

The boundary operator action (GL24) has the same principal symbol, with the original (27r)_(”_1>

Fourier factor. If b, is elliptic at ¢, then T, is elliptic there. The exact elliptic inclusion (GW10), applied
to T,u = Byu — v from (GT9), gives

WFb(u)|3X C WFb<BbU)’8X U Char(b()). (GT14)

The factor order in (GT13) stays matrix order; for vector bundles, ellipticity means the actual boundary
matrix is invertible.

6.4. What the argument gives in the interior

At an interior point (z’,t), ¢ > 0, the tangential action is the family (GT1). The full kernel is a
tangential pseudodifferential kernel times §(t — s). Split it with a cutoff in ” — 3" that is one near
zero. Off the tangential diagonal the tangential kernel is smooth, by arbitrary integration by parts
in &. Its output can therefore be singular only in the normal variable, so every covector there has
¢ = 0. On the tangential diagonal, fix an output covector with £ # 0 and take a conic cutoff on which
1€’ > ¢|(¢,&,,)] for some ¢ > 0. The full symbol b(z,£") obeys the ordinary isotropic symbol estimates
on that cone, since its only frequency derivatives are in £’ and (£’) < (£) there. The complementary
frequency cutoff has no output wave-front in this cone by nonstationary integration in the full oscillatory
kernel. The standard local integration-by-parts proof of pseudolocality therefore applies to the retained
kernel. Together with (GW13), this gives the exact interior inclusion

WFb(Bbu> T+ X°N{¢'#0}" (GT15)

xen{er+0y C WEy(u)
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The region on which (GT15) is useful depends on the actual wave-front covectors of u. It does not
claim an all-interior inclusion: at £ = 0, a tangential smoothing kernel can carry a normal singularity
between distinct tangential points at the same ¢, precisely because the kernel still contains d(t — s). For
example, take a properly supported smooth tangential kernel K (z’,y") with K (x7,y}) # 0 and =] # y;,
and v = d(z" —y;) @0(t —t,) with ¢, > 0. Then Byu = K(2’,y()d(t —t,) has a pure-normal wave-front
covector at (x7,%,), while u has no wave-front there. This proves that the exception is necessary, rather
than leaving an all-interior claim untested.

7. The Hardy weight and a singular test

7.1. The weighted norm with its complete order shift

Localize in a compact boundary product chart. An element u € A™ has, modulo a smooth term, the
exact normal conormal oscillatory representation
. . . n—2
u(a’ ) = (27)) / ea(a,r)dr,  |DLdja(a’ 1) < Coylr)id, p=m+ TS (HST)
R

This is the original codimension-one shift, including the ambient dimension. The inverse coefficient and
D = —i0 convention are retained. For a normal derivative of order a > 0, the amplitude is T“Df ,a, of
order y + a. Split its integral at |7| =¢~!, 0 < ¢t < 1. The low-frequency absolute integral is bounded by
Ct#=2 L when p+a > —1, by C(1+]logt|) at equality, and by C below it. On the high-frequency part
integrate by parts in 7 N > u + a + 1 times, including the derivatives of a smooth cutoff at || =¢~1.
Each resulting term is bounded by Ct#~~!. The same estimate holds for every tangential derivative,
uniformly on a smaller compact chart. Thus the complete safe weighted L? implication is

C
/ / t2|D'PDeu(z’,t)|> dt da’ < oo whenever v >0, v >m+ % +a. (HS2)
K, 70

The strict endpoint includes the logarithmic case. Equation (HS2) states the weight inside the norm as
t¥; the power inside the squared integral is 2v. A cached target record that writes a single exponent N
on the squared integral cannot be substituted for the original formula without checking whether its IV
names v or 2v. This is a routing ambiguity, not a claim of an error in a human source.

7.2. Hardy’s exact coefficient and the failed direct iteration

Let v € C2°((0,00)) and A > 0. The boundary terms in integration by parts vanish at both ends.
Writing I = [¢**|v|2dt, J = [¢?**2]v/|2dt, the full calculation is

2\ + 1)] = —/ 1AL, o2 dt

0
= —2Re / Ay udt < 2V, (HS3)
0
4
I<—1J.
~ (20 +1)2

The sign in the middle line is retained, and the last inequality uses Cauchy—Schwarz. For a compactly
supported v away from zero, iteration at A =0,1,...,k — 1 gives

k—1
4
=0
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One cannot remove the cutoff at zero unless all cutoff-error terms and the final weighted integral have
actual bounds. For v = D'’ D%u, using only (HS2) on the final integral would require

kE>m+ % + (a+k), equivalently 0>m + % +a. (HS5)

When that last number is nonnegative, no choice of the number of Hardy iterations fixes the estimate.
This is the exact remaining deficit of the conormal-only argument, including both the original order and
the derivative count. It identifies where u € A’ must enter; it is not a proof of A’ N A = C*.

7.3. A singular conormal test of the missing hypothesis

In one normal dimension choose x € C2°([0, 00)) equal to one near zero and put u(t) = x(t)t>/*H(t).
The Fourier amplitude has normal order —1/4, so (HS1) gives its exact conormal order m = 0 when
n = 1. It is locally integrable but not in L2, since fo “t3/2dt = 0o. Moreover t* DFy has the same
leading power for every k, so the final integral in (HS4) diverges for every k, exactly as (HS5) predicts.

Take a nonnegative ¢ € C2°((1,2)) with integral one and set ¢_(t) = e q(t/e). The boundary delta is
conormal of order (2 —n)/4 = 1/4 by (GD7), and (GS7) makes q. = Q_J converge to ¢ in every A™
with m” > 1/4. Yet the ordinary interior pairing is

2
u(q.) = 5_3/4/ 573/%q(s) ds — 4-o0. (HS6)
1

If this v belonged to A’, continuity on that A™ would make the same pairings converge to the finite
value u(6). Thus u € A° \ A’. This example proves that the dual requirement excludes at least the
displayed power singularity; it does not replace a proof for every conormal amplitude.

8. Smoothness from the dual conormal condition

8.1. Every boundary delta jet and its precise conormal order

For a compact smooth tangential density h(x"), the normal delta derivative has the original Fourier
representation
2—n 1 n

h(z') @ 8U(t) = (2m)~* /e“T(iT)jh(:U’) dr, m;=— +7= 271 +J. (SP1)

The exponent m; follows from the unmodified codimension-one order relation in (C16): the amplitude
has order j = m; + (n —2)/4. The factor (2r)~' and ¢/ have not been absorbed. Formula (GA1)
gives the same order by dyadic estimation, including every tangent derivative. For u € A’ define
g; = (Vi u)|,o by (GD8)—(GDY). These are tangential distributions at this stage. For a smooth
boundary u, direct differentiation and the distributional delta sign give

u(h @ 69) = (=1)(9]ul,—g. h) = (=i)?(g;, ). (SP2)

Both sides are weakly continuous on A’: the left is one of its defining conormal-test pairings by
(SP1), and the right is a composition of the weakly continuous corrected derivative and trace maps
(GD8)—(GD9). Smooth functions are weakly dense by (GD5), so (SP2) holds for every u € A’, with no
assertion that the ambient uncorrected derivative has the same trace.
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8.2. Quantitative scaled test expansion in the actual topology

Fix J = [1,2] and a compact tangential chart set. For ¢ € C°(X,, x (1,2)), put

v (2 t) = e tp(a, t/e), M;(x") = / shp(a’, s)ds. (SP3)

The test is smooth and supported in the interior for each € > 0. Taylor’s formula at the actual boundary
gives the distributional expansion

Nl '76'7

') ® 0V (t )+ Ry . (SP4)
7=0

We need its quantitative conormal topology, not only distributional convergence. For every integer
N > 1, real M > my + N with my = (2 —n)/4, compact output set K, and finite tangent seminorm
index L, there are finite L’, C such that

PurL(Rye) < CeN Z HDZgST/JHLw, 0<e<l (SP5)

Ivl<L’
Here the original Besov index is Kk = —M — n/4; the strict condition is exactly k + N +1/2 < 0.

For completeness, Fourier transform (SP4) in ¢. Its normal factor is

N—-1

2 TRy
/ e = Th(a’, s)ds — Z ( Z(T—) M;(z"). (SP6)
1 =0 J
For g|7| < 1, Taylor’s integral remainder bounds (SP6), with every tangential derivative, by Ce®¥|7|V;

for e|7| > 1, the Schwartz integral and all retained polynomial terms bound it by C(g|7|)V~1. The
tangential Fourier transform decays faster than any power of |£’|, with constants controlled by finitely
many displayed 1 derivatives. On a full dyadic block |(¢/,7)| < 2!, the L? size in the normal frequency
contributes 2¢/2. For 2! < e, multiplying by 2/* gives CEN2Z REN+1/2) , bounded by Ce™. For 2! > ¢!,
it gives CEN_IZZ(“+N_1/2), Whose maximum is Ce *1/2 < O under the same strict condition. The low
block is bounded directly by the Taylor remainder. Tangentially dominant blocks gain arbitrary decay
from the z’-Fourier transform and obey the same 1nequahty Applying D’ dlfferentlates . Applying
tD, to (SP4) rescales the same test and acts on each §V) by its exact eigenvalue tD,0\) = i(j 4 1)6V);
the Taylor remainder still has the two bounds above. The triangular identity (GA2) therefore supplies
every weighted derivative seminorm, proving (SP5) with all lower terms retained.

The dual estimate (GD3), used at this freely chosen high order M, turns (SP5) into

‘U(RN,a” < Cu,N,K*fN Z HDngwHw (SP7)

V<L’

This is an estimate of distributions in (z’, s) of a finite negative Sobolev order, since a sufficiently high
Sobolev norm controls the finite smooth-test seminorm.

8.3. The scaled Taylor series in distributions

An element u € A’ is smooth in the open collar only when it also lies in A. Assume that intersection
from now on, and set F_(z’,s) = u(z’,es) for s € J. For every v in (SP3), the change of variables gives
(F_, %) = u(v.). Insert (SP4), then use the exact sign (SP2). The two (—1)7 factors cancel, leaving

= zJé‘JsJ N
Z )+ Op-inryxgy(€") for every N > 1. (SP8)
=0 !
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The remainder means (SP7) uniformly on compact tangential sets; Ly is finite but may depend on
N. Formula (SP8) is an all-order distribution-valued boundary Taylor series, with the original i/ from
D = —id. No smoothness of g; has been assumed.

8.4. One fixed conormal growth exponent for every derivative

Let u € A™, with the original normal amplitude order u = m + (n — 2)/4. The frequency split in
(HS1)—(HS2) gives, after enlarging a fixed exponent slightly to absorb a possible logarithm, a number
A > max(p + 1,0) such that for every normal derivative order a, tangential multiindex 3, and compact
subchart there is a constant C, 5 with

sup \Df,(‘)gFE(:U’, s)| < Cppe . (SP9)

(z/,8)eKyxJ
Indeed 0¢F. = £*0fu(x’,es); the conormal amplitude order rises by exactly a, so its high-frequency
bound contains g% #7941 = ¢7#~1 The low-frequency and logarithmic cases satisfy the same enlarged
A. Crucially the exponent A is independent of a and [, although the constants depend on them. Thus

for every integer K, |F, || gx(x,x0) < Cre 4.

We record the precise smoothing inference used below. Suppose smooth h, on a fixed compact
coordinate box obey |h_|gx < Cxe™4 for all K, and for every N obey |h. — h| gty < CneN, where h
is a distribution. Then A is smooth. Fix any one positive integer N, and retain its finite negative order
L. On a compact subbox insert a fixed smooth cutoff before using full Fourier blocks; multiplication
preserves the displayed Sobolev bounds. For any a > 0, choose € = 2~*. The low- and high-Sobolev
block bounds give

1A Ry < O 22U EN=aN) 4 O 2l aA=K), (SP10)
For any requested r > 0, choose a > (L, + 7+ 2)/N, then an integer K > aA + r + 2. Both exponents
in (SP10) are strictly less than —r — 2, so it gives |A;h]y, < C.274+2) for every r. Summing their
squared H" weights proves membership in every local Sobolev space, and the Fourier Sobolev estimate

proves smoothness. This argument uses the actual L,; it does not assert one negative order valid for all
Taylor degrees. The single positive degree N = 1 would suffice for this smoothing inference.

8.5. Smoothness of every boundary coefficient

The expansion (SP8) includes lower powers of ¢, so apply an exact finite scale cancellation. For
any integer N > 1, take distinct positive scales Aq,..., Ay, for example 1,..., N, and the Lagrange
interpolation coefficients at zero

a=Tli2  Say={ 72" (sP11)
NN T 0 1< <N,

For gy, set Gy . = 3, ¢ Fy .. Equations (SP8) and (SP11) make G . = g, + Oy ry(eY). Equation
(SP9) gives every high Sobolev norm bounded by C ~e~A. The dyadic argument (SP10), with the
adjustable scale specified there, proves g, € C*°.

Proceed by induction. If g, ..., g, ; are smooth, define on s € J
- Il ik ok gk
H; (2,s) = jli7s e | F (2/,5) — Tgk(ﬂs’) . (SP12)
k=0 :

The factor s/ is smooth on J, and every term is a smooth function there. Formula (SP8), taken to
order N + j, gives H, . = g; + le\gl elhy(x’,s) + Oy (e), where the h; may still be distributions.
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The same Lagrange weights (SP11) cancel all intermediate powers. The high derivative bound (SP9),
the smooth already-known coefficients and (SP12) give |H; | gzx < CjKE*(AH). The dyadic argument
proves g; € (C*°°. Induction proves

g; € C>(0X) for every j > 0. (SP13)

The argument uses the same original u at every step; it neither assumes nor constructs an unrelated
boundary extension.

8.6. Upgrading the whole series and removing the weight

Now every coefficient in (SP8) is smooth. Fix a desired integer N and a smooth seminorm order
r. Expand (SP8) through some N’ > N, so the remainder is O =, (eN'). Its high HX norm is
at most C'xe~ by (SP9) and the smooth polynomial terms. Interpolation between H~ '~ and HX
gives the required bound as follows. Choose an integer d > r + n/2, then N’ > N + A, retaining its
actual finite L = L,,. With K > d, Fourier Holder gives the H? exponent N’ — (1 — ) A, where
= (K—d)/(K+L). Choose K so large that § > (N + A)/(N’ 4+ A); the exponent is then greater
than N. The Fourier Sobolev bound H¢ < C" proves O (¢V). The discarded coefficients of degrees
N, ..., N’ —1 contribute the same O, (¢%V). Hence the full exact Taylor statement is

Nel i o

u(z’,es) = Z; ij,j!ygj(:c’) + Ocr (k) (eN)  for every N,r. (SP14)

=
Taking any fixed interior value, for example s = 3/2 and ¢ = 2t/3, then differentiating in s and z’
before that restriction, shows that every ordinary mixed derivative of u has a continuous boundary limit
with the precise Taylor coefficient in (SP14). This proves u € C*°(X). Conversely a smooth boundary
function belongs to A by (GD1)-(GD2), and to A’ by the smooth pairing and (GD3). Therefore, as
spaces of their actual supported representatives,

A'(X) N AX) = C=(X). (SP15)

The original Hardy inequality (HS3) now applies to each ordinary derivative of a compactly localized
u. Insert a normal cutoff equal to zero for ¢t < § into (HS4). The errors from its j-th derivative are
supported in § < t < 28; the factor ¢/ in the final weighted norm cancels its =7 derivative size, leaving
an O(6Y/2) L? error because every derivative of u is bounded there by (SP14). Let § | 0. Thus the
complete original coefficient product survives for smooth boundary v:

/Oov(t)\2dt< ]ﬁL /oot%mk)(t)ﬁdt (SP16)
o - 25 +1)2 | ’

3=0

provided the far-end cutoff is retained. All ordinary derivatives of the localized u are in L?, with or
without the safe weights of (HS2), by its proved smoothness. The direct conormal-only attempt (HS5)
remains invalid; the all-order dual delta-jet estimate (SP5) is the additional ingredient that completes
the weight-removal argument.

9. Smooth testers and boundary consequences
9.1. Smooth testers in the compressed definition

For u € A’(X), every properly supported B € U} satisfies Bu € 4" by the actual transpose action
(GD13). Therefore (SP15) gives the pointwise equivalence of admissible regularity tests

Bue A(X) < Bue(C>X). (SC1)
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Substituting the same family of operators and their unchanged characteristic sets into the defining
intersection (GW6) yields the exact alternative definition

WF,(u)= (] CharB (ueA). (SC2)

B»E\I/(bJ proper
BueC>(X)

No residual operator was asserted to produce a smooth boundary function on an arbitrary supported
distribution; (SC1) uses both Bu € A" and the conormal test result.

The finite cosphere argument (GW7) and (GW8) prove WF,(u) = ) = u € A,,. for any supported
distribution. If also u € A’, compact smooth cutoffs preserve that dual class by (GD13). Each
cutoff output is in the original A, so (SP15) makes it smooth. Cutoffs equal to one on each compact
neighborhood therefore prove the exact local comparison

A (X) N A (X) = C®(X) = A'(X) N AX). (SC2a)

The reverse inclusion follows from (GD1)-(GD3), which place every smooth boundary function in the
single order m, = —(n+2)/4, with local seminorm constants. Hence there is no global-order assumption
hidden in this smoothness conclusion. In particular,

WF,(u) =0, ued = uecC>(X). (SC3)

Conversely a smooth boundary function has its supported representative in A by (GD1)—(GD2), so the
identity operator is an order-zero tester with empty characteristic set. Thus its compressed wave-front
set is empty. The implication and converse use the original regularity class at the boundary, not
interior-only smoothness.

9.2. The boundary trace wave-front inclusion

Let g = u|yx be the intrinsic trace (GD8) of uw € A’, and let ¢ = (v",0,71,0) be a nonzero tangential
boundary compressed covector. Suppose ¢ ¢ WF, (u). By the definition (GW6), some properly supported
B e \I'g is elliptic at ¢ and has Bu € A on a neighborhood of . Its dual action remains in A’, so
(SP15) makes Bu smooth there. The original boundary jet formula (GD14) at k = 0 gives the exact
receiving map

(Bu)lox = Bogr  00(Bo)(y/'s7) = ou(B)(y/,0,17,0). (sC4)

The first equality is initially (GL24) on smooth functions; both sides are weakly continuous in u by
(GD5), (GDS), and (GD13), which proves it for the actual dual distribution. The second equality retains
the full half-density comparison (GL18) and the original (27)~("~1 tangential Fourier convention; no
normal factor has been set to one by a change of scale.

The ordinary boundary symbol in (SC4) is invertible at (y",n"). Choose a conic cutoff ¢ there and
construct its ordered inverse symbol by ¢_, = (o,(B,)™!; at each lower order, subtract the complete
composition defect and multiply on the correct side by that inverse. The asymptotic sum gives a proper
boundary operator C, with C, By, = Op({) + R, where R is smoothing near (y’,n"). Since B,g is smooth,
the localized g is smooth there. This proves

The boundary cotangent bundle is embedded by the exact compressed anchor (GL8); pure normal

compressed directions have not been mistaken for trace covectors.
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9.3. A tangential smooth tester for every regular boundary covector

Let uw € N(X), and ¢ = (y',0,1",0) # 0 on the embedded boundary cotangent bundle. If a properly
supported tangential operator B, = b(xz, D’) is elliptic at (y’,n") and Byu is smooth on X, then its
boundary wave-front set is empty. The exact elliptic inclusion (GT14) immediately gives ¢ ¢ WF, (u).

For the converse assume ¢ ¢ WF,(u). Closedness of the boundary wave-front set on the compact
cosphere gives a small tangential base patch V about 3’ and a conic tangential frequency patch T’
about 7" whose product closure misses WF, (u)|5x. Choose an order-zero tangential symbol b(x’,t,£")
supported in that base and cone, with normal cutoff supported in a small collar, equal to a nonzero
scalar or the identity matrix in a smaller patch about (y’,0,7"), and properly support its kernel. Its
boundary symbol b, is elliptic at g. By the full tangential theorem (GT11)-(GT12), By,u € N and

WF,(Byu)|gx € WF,(u)|gx NT'=0 on the chosen base patch. (SC6)

The operator has output support in that base patch and normal collar. If a sequence of interior
wave-front points of B,u approached its compact boundary output set, compactness of the cosphere
would give a boundary wave-front limit, contradicting (SC6). After shrinking the normal cutoff once,
the new operator is multiplication of the old B, on the left by a smooth ¢-cutoff equal to one at zero; it
remains tangential and elliptic at ¢. Its output has empty compressed wave-front set throughout its
support; outside that support it is zero. The finite cover (GWT) therefore gives Byu € A. As Byu € A’
by (GT6), (SP15) gives Byu € C*°(X). We have proved the exact equivalence

qg¢ WF,(u) <= 3B, =b(x,D’) proper, elliptic at ¢, Byu € C*(X). (SC7)

The existence assertion is coordinate independent: (GL10) preserves the embedded tangential hyperplane,
(GW6) is intrinsic, and in either boundary chart the explicit cutoff construction above supplies a tester.
No assertion of all-interior pseudolocality at pure normal covectors is needed; the explicit exception in
GT15 remains intact.

10. Examples

Example 10.1 (a changed defining function). Keep the tangential coordinates and set z,, = ef @y
where f is any smooth real function. The exact compressed coordinate law (GL10) reads

¢ =C+dfp,  p=p

Here df is the ordinary coordinate differential, and the hyperplane p = 0 remains the embedded T*0X.
The tangential component does change when p # 0; discarding that term would break the coordinate
law.

n’

Example 10.2 (the conormal-only Hardy deficit). In one normal dimension u(t) = x(t)t3/*H(t)
has conormal order zero. Its first derivative has size t~7/4, so tu/(t) still has size t~3/* and is not
square-integrable. The exact delta test (HS6) shows why this function is outside A’. Thus the failure of
the direct Hardy iteration has an explicit function behind it.

Example 10.3 (the raw and corrected normal equations). Take P = D, + a,, with constant
scalar ay, and u(t) = e * on t > 0. Then f = (i + ay)e *. The supported extension is U = H(t)e *. Its
raw distributional derivative is D, U = iH (t)e " —id(t), so

PU—Hf =—is(t), t(PU—Hf)=0.

The corrected derivative (GD9) is ViU = iH (t)e*, which has the prescribed interior restriction. The
boundary delta is essential to the weighted equation and to its uniqueness calculation.
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11. Exercises and complete solutions

Exercise 11.1. Let ' = 2’ and 7, = e/ (x/)xn. Prove the inverse compressed covector law and identify

which part is an ordinary cotangent covector on the boundary.

Solution. Example 10.1 gives p = p and ¢’ = & + df p. Solving without suppressing the mixed term
gives p=p, & =& —df p. At x,, = 0, the embedded ordinary boundary cotangent vectors are exactly
p = 0, so their tangential coordinate is unchanged. For a compressed covector with p # 0, the tangential
coordinate changes by the precise term —d f p. These two formulas are inverses on the entire compressed
fibre, not only on the boundary hyperplane.

Exercise 11.2. In one normal dimension replace the exponent 3/4 in Example 10.2 by any 8 with
1/2 < B < 1. Find its conormal order, its safe weighted L? threshold, and use a boundary delta test to
decide membership in A’.

Solution. The normal Fourier amplitude of x(¢)t ? H (t) has order y = 8—1. Formula (HS1) with n = 1
has = m — 1/4, so the exact conormal order is m = 3 — 3/4. Formula (HS2) for the undifferentiated
function requires v > m +1/4 = 3 —1/2 for t*u € L?. Its unweighted squared integral diverges because
2 > 1. For any nonnegative unit-mass ¢ € C2°((1,2)), the test ¢. = Q.0 converges to J in every
conormal order above 1/4, while the actual pairing is ¢=* f1 2 s7Pq(s)ds — 4o0. Continuity on those
conormal tests is required of A’, so the function is not in that dual class.

Exercise 11.3. For the constant-coefficient normal equation in Example 10.3, let V = U + ¢d be
another supported extension, with scalar ¢. Compute t(PV — H f) exactly and verify that the weighted
equation forces ¢ = 0.

Solution. The original extension has ¢(PU — H f) = 0. For the added term, P(cd) = ¢D,,6 + agcd =
—icd” + aged. The exact distribution identities are t0 = 0 and t0” = —d. Thus t(PV — Hf) =ico. It
vanishes only when ¢ = 0. This is the m = 1, = 0 leading-coefficient case of (GE19)-(GE20); the lower
coefficient @, remains in the calculation but is killed by the actual factor t6 = 0.

12. References and onward use

The local formulas used as prerequisites are written in the linked lessons at the start of this chapter.
The compressed geometry, full kernel factors, boundary trace, normal extension and wave-front tests in
Sections 1-11 form one continuous argument; later boundary-value lessons use these exact supported
and restricted objects.
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