Fredholm boundary problems with first-order Calderén defects

A boundary parametrix can be Fredholm even when its Calderén matrix is only a projection to leading
order. The point is to keep the first lower-order defect in every formula. That defect gains one derivative,
compact Sobolev inclusion handles it at the base level, and a separate cancellation makes the boundary
right error smoothing.

This lesson builds the full argument. It starts with the original two measurement scales, proves extension
regularity, derives both ordered Green errors, constructs the projected boundary inverse, checks all five
anisotropic error maps, and proves regularity for solutions and dual obstructions. The final result is a
Fredholm realization whose index is independent of Sobolev level and lower-order terms.

Named prerequisites are Inverting mixed symbols without changing their scales, Composing symbols
with two independent orders, Sobolev mapping with normal and tangential weights, Finite inverse
expansions for normal polynomials, Cauchy data from jumps and residues, Solving an elliptic system
from compatible boundary measurements, and Finite defects under perturbation. We use each result
only with its stated hypotheses.

A first-order Calderon defect still gives a Fredholm boundary parametrix

The order —1 terms are kept in the algebra; only K4 is smoothing.
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Figure 1: The projected boundary algebra, the generalized parametrix, and all five retained errors.

1. The operator, the two weights, and the boundary spaces

Let X be a compact smooth manifold with boundary Y, and fix an inward collar coordinate ¢ > 0.
Let F — X and F' — X have the same finite rank. Near Y, the generalized interior operator has the
ordered normal form

P*=>"P,(y,t,D,)Df,  ordp P,<m—a,  Pu(yt): Ey, — F(,, nvertible.  (GF1)
a=0
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The tangential entries are classical pseudodifferential operators. The interior term P’ is supported away
from the collar, and P = P’ 4+ P? has an elliptic extension to a boundaryless neighborhood X. In a
collar chart its complete left symbol p(x,n, ) and inverse symbol 7(z,7, () use the numerical symbol
weights

R=1+|nQl, T=1+[n,  [07050al] < Cgo,R* T (GF2)

for a € S“*. The Sobolev norms retain the distinct quadratic weights

Q= +IP+"2,  h=(+ 0¥, Jul, = (2™ / Q¥ h2|af2. (GF3)

The complete constructions in Sections 14-18 and the full-extension correction in Section 23 give proper
global operators T = Op(7), Rp, and Ry, with matrix multiplication in the displayed order, such that

TP = I +RE7 PT = I+ RF? TE7TF & 5—1,0. (GF4)

Section 20 proves the stronger finite decompositions MH1-MH19 and their one-sided estimates, including
boundary-supported inputs. For the first inverse, take N=1 in the actual finite construction:

rtTet : ﬁ(s,t) — H(s+m,t)7 (GF5)
r"Rge’, r"Rpe’ : ﬁ(s,t) — H(s+1,t) (s = 0),
and, whenever w € H_,, . (X) is supported on Y,
7"+Tw € H(I/,T’fu)’
(v € R). (GF6)

r"Rpw, r*Rpw € H(

v+l—-m,r—v)

All constants in (GF5)—(GF6) are finite combinations of the source R, T seminorms; the spaces themselves
are the @, h spaces (GF3).

Write y,u = (D5u)|y, 0 < k < m, and yu = (Yo, ... ,¥,,_, ). For real r, set

m—1 J
=P H VY, E), D =FH Y, G)). (GF7)
k=0 j=1

Let B; = ., B, where By, € ik (Y E, G;), and write B = (Bj;,). The complementing
condition says that the principal boundary matrix b is a fiberwise bijection from the stable Cauchy

bundle onto @j G,

2. Elliptic regularity on the extension

Let u € Hg;gg—l()?, E) and Pu € H(fomp(ff\, F'). Choose chart cutoffs x < n, so n = 1 on a neighborhood

of supp x. With [P,n] = Pn—nP, (GF4) gives on that chart

xu = xT(nPu) + xT([P,n]u) — xRp(nu) + G, u. (GF8)



Here G, = 0: apply the exact first identity of (GF4) to nu and then multiply by x. Section 23
proves that tangentially separated mixed kernels can remain singular in the normal coordinate; their
contribution stays in the full commutator. The commutator has generalized order m — 1: each normal
commutator lowers the normal differential degree once, and each tangential commutator lowers the
tangential pseudodifferential order once. U030 and (GF5) therefore give

Ixul grssm < Cx,n,K<H77P“HHs + HUHHﬁmfl)- (GF9)

The lower norm in (GF9) retains the entire input, including distant tangential components. The exact
counterexample ML1-ML5 in Section 23 disproves the stronger estimate with only nu in that norm. In
the overlap, invert the complete symbol of P? + P?; ellipticity of P alone does not prove ellipticity of
P? there. Use ordinary interior charts only where the collar summand vanishes. ML6-MLS gives both
ordered full-extension errors. A finite partition of unity over a fixed compact K D supp u proves

—~

we Houn (X)), fulgeem < Cre([Pull e + [ull gom-1)- (GF10)

comp

This proves extension regularity in the generalized class. Repeating (GF10) raises any distributional
solution with smooth right side through all real Sobolev orders, one full derivative at a time.

3. The boundary source and two exact Green identities

For a Cauchy vector U = (U, ..., U,

m_1), define the exact boundary distribution

m a—1

1
ZPa(yatDy)ZUaflfr@D:éO' (GFll)

¢ a=1 r=0

JU

The coefficient P, (y,t, D,) acts after the delta derivative. Expanding that multiplication gives every
normal derivative of P, as in U025 (BF20); none is removed. For smooth u, distributional differentiation
of its zero extension gives

P(etu) = e (Pu) + Jvyu. (GF12)

Define

V =rtTe", K=r"T/, Q ="K,

GF13
E =7r"Rpe™, F =r"Rpe™, H=7r"RpJ. ( )

Apply T to (GF12), then use the first identity in (GF4). Apply P to the two terms in (GF13), then
use the second identity in (GF4) and the fact that »*JU = 0. This proves the exact identities

u+ Eu=V(Pu) + Kvu, PV =1+F, PK =H. (GF14)

The boundary source estimate is obtained without deleting any delta coefficient. If U, € H r—k=1/2(y),
the coefficient of D}d, in (GF11) lies in H"~™+7+1/2, The full jet representation and cross-term Gram
norm MH14-MH17 in Section 20 gives



m—1
17U oy < Cr D Uk grrs-172- (GF15)
k=0

Combining (GF6) and (GF15) controls K, EK, VH, and all later boundary-source terms for arbitrary
real output split.

4. The generalized Calder6n matrix

Write the full homogeneous principal polynomial, without identifying it with its leading normal coefficient,
as

P10 = Pamaly:m)C" (GF16a)
a=0

Sections 21 and 24 prove that the entries of @ satisfy Q,, € ¥*~!(Y; E, E), including the full source and
every output derivative. PC1-PC7 compares the actual inverse with the entire homogeneous polynomial,
retaining the lower-order difference. Its weighted principal symbol is

1 m—1-1 ‘
G (Y, M) / Z Ckﬂp(yﬂ%C)71Pj+z+1,m—j—l—1(ya77) dg. (GF16)
r

27 :
+ =0

The inverse stands on the left of the coefficient. The jump argument CD23-CD26 applies to this full
matrix polynomial and proves that ¢ = ¢, with range equal to the Cauchy data of the inward-decaying
frozen solutions. Consequently

Q% —Q € Vi (Y; E®™, EO™), (GF17)
where weighted order —1 means that the (k,[) entry lies in ¥*~/=1. No smoothing conclusion follows
from the leading-symbol identity.

There is also an exact operator formula for this defect. Put w = KU in the first identity of (GF14).

Since PKU = HU, take Cauchy traces and obtain
Q? - Q=~vEK —yVH. (GF18)

Every term on the right gains one weighted derivative by (GF5), (GF6), and (GF15). This verifies the
order in (GF17) from the actual ordered errors.

Put u = V f in the same identity. Since PV f = f + F'f, cancellation of V f gives

YV [f=~EVf—~VF]. (GF19)
Thus, for s > 0,
_ m—1
QVV : Hy, (X)) — P HeHrmk12(y B). (GF20)
k=0



The extra derivative in (GF20) comes from both ordered errors in (GF19); it is not obtained by tracing
V f alone.

5. Boundary inversion while the defect remains visible

Conjugate the Cauchy and target components by the invertible scalar order reductions of U025
(BF6)—(BFT7). After this conjugation, ) and B have order zero and the complementing condition
says

b:q(E¥™) — @ G; is an isomorphism for every (y,7) # 0. (GF21)
J

Because BQ? has principal symbol bg, the standard symbol recursion produces T such that

BT —1 € U, (GF22)

Set S = QT. Then

BQS—Teb—>  QS—S=(Q>—Q)T €Uzl (GF23)

The column C' = (B, — Q)! has injective principal symbol: if (I —¢)v =0 and bv = 0, then v € rangq
and (GF21) forces v = 0. A full left symbol recursion gives a row (T7,T”) satisfying

T'B4+T'(I1—Q)—1€ U, (GF24)

Define S” = T”(I—@). The principal symbols of 77 and S agree: for g = bqu, (GF24) gives o(T")g = quv,
while (GF22) gives o(S)g = quv. Hence T — S is one weighted order lower. It follows that

Ry=I1—-SB—5" U}

wt
S"Q=T"(I1-Q)Q € ¥, (GF25)
Rl == RO + S”Q E \Ijv_vtl

Undoing the order reductions preserves every entry degree:
Sy € WET4, Sy, € Wkl (R;)), € U171, (GF26)

For U = yu and g = BU, (GF25) is the exact decomposition

U=_Sg+S"(I—-Q)U+R,U. (GF27)

Taking the trace of the first identity in (GF14) gives (I — Q)U = vV (Pu) — yEu. The order-minus-one
terms in (GF25)—(GF27) have been retained; none has been renamed as smoothing.



6. The generalized local parametrix and all five errors

Define

£L(f.g) = (I +KS"7)Vf+KSg. (GF28)

Substitute (GF27) and (I — Q)U =~V f —yFEu into (GF14). The exact left identity is
u = £L(Pu, Bu) + X u, X =—FE—KS"yE + KR;~. (GF29)
Using PV =1+ F and PK = H gives the interior row of the right identity:

PL(f,g)=f+ K f+ K9, Ky=F+HSHV,  Xy,=HS. (GF30)

The boundary row is

BL(f,9) = g+ K3f + K9, (GF31)

where

Ky=B(I+QS ), K,=BQS—IcT > (GF32)

The one-derivative gain in X5 is an exact cancellation. Since S” =1 — SB — R,

B(I+QS") = B+ BQ — BQSB — BQR,

(GF33)

The (j,k) entry of D_; has order at most m; — k — 1. Therefore (GF19) controls the BQvV term and
the order drop controls D_;yV'.

We now verify every required parametrix-error mapping. The trace of V.f € H, (s4+m,¢) Das k-th component
in Hstt+m=k=1/2 Equations (GF20) and (GF33) therefore give

Ky Hppy — @ Hertmom 2y Gy (5 >0). (GF34)
j
For g; € HEFm=m=1/2 (QF26) gives (Sg), € H*™*=1/2_ Hence (GF15) puts JSg in H_ im)- Use
(GF6) for Ry with v = s 4+ m to obtain
‘7(2 ; @ Ht+mfm]-71/2(Y’ G]) — ﬁ(s+1,t—s)(X7 F) <S7t S [R> (GF35)

J

For u € ﬁ(s’w, s > m, the first term of (GF29) belongs to H<s+1’t> by (GF5). Both S”vFu and Ryyu
have k-th component in H*+¢#+1/2; (GF15) and (GF6), with v = s + 1, put their images under K in
the same interior space. Thus



.7( : H(S,t) — }_I(S+1,t) (S 2 m) (GF36)

The identical calculation with F' and HS”~yV gives

Ky ‘H(s,t) - H(s+1,t) (s = 0). (GF37)

Finally, (GF23) gives

K, :D(Y,§) — C=(Y,G). (GF38)

Equations (GF34)—(GF38) prove all five requested estimates, including the absence of s from the input
exponent in (GF35).

7. One derivative at a time for solutions

Let u € H™ have bounded collar support, let Pu € H5 ™, and let Bu € H*571/2 where s > m.
Suppose first that u € H" for some m < r < s, and put

r. =min(s,r + 1). (GF39)

Choose x < 71 in the collar and apply (GF29) to nu. The interior commutator [P, n|u has order m — 1,
so it lies in H™~™*1 C H"™+~™. For the boundary rows, write 1, = (Dn)|y, so 1y = 1y, and let M,
denote multiplication by 7,. The full normal Leibniz formula is

a=0
m—1
Bj(nu) — M, Bju= [Bjks M, |y, (GF40)
k=0
S (F) it
k=0 a=1

The first line follows by induction from the product rule for D,; applying each Bj; and subtracting
M, > X B viu gives the remaining lines in the displayed order. The first sum has coefficient order
at most m; —k — 1. In the second sum put | = k — a. Its coefficient has order at most m; —k =

m;— l—a< m;— [ — 1, with every binomial factor and cutoff derivative retained. Thus each coefficient

acting on v,u € H™"""1/2 has output in H™mit1/2 « gr+=m=1/2 The normal-cutoff terms need not
vanish; they satisfy precisely the same weighted order bound. Tangentially separated terms retain their
normal-diagonal kernels and the actual lower mixed orders of Sections 14, 18 and 20. The input at
this step is known globally in the lower Sobolev space, so the full commutator estimates apply. The
data term £(P(nu), B(nu)) therefore lies in H"+, while (GF36) puts X (nu) in H™*! Cc H™. Hence
xu € H™.

Starting with 7, = m, define r,,; = min(s,r, + 1). After [s —m] steps, r, = s. If s —m is not an
integer, the final step has size strictly below one and all inclusions in (GF40) remain valid. A finite
collar partition and ordinary interior regularity prove



u € H*(X,E). (GF41)
This proves the solution bootstrap with the fractional final step and all cutoff commutators included.

8. The dual one-step bootstrap

Assume the following relation on the whole compact manifold and its boundary:
(Pu,v) x Z B u, h )y =0 for every compactly supported smooth wu, (GF42)
with

vEHp (X, F*®Qy),  hye HTmH2m(Y Gr@Qy). (GF43)

Insert u = £(0, g) in (GF42) and use (GF30)-(GF32). For smooth global boundary data g,

h=—-X4v— X}h. (GF44)

n (GF35), choose its two free parameters to be s = —1 and ¢t = —t, — 1, where #, denotes the exponent
n (GF43). Then

Ko @ H o312 — Hy . (GF45)

J
Transposition of (GF45), together with the smoothing term in (GF44), proves
hj c Ht0+1+m]‘+1/2fm‘ (GF46)

Next insert uw = £(f,0). Then

v=—KX1v—X5h. (GF47)

The pointwise inequality h/Q < 1 gives the continuous embedding H .y < Hi_14,41)- With s =0,
t = —t, — 1, (GF37) transposes to

Ve H(fl,t0+1)<y) — H(O,toﬂ)(Y)- (GF48)

For the same parameters, (GF34) has boundary output exponent —t, +m —m; —1/2; its dual is exactly
the exponent of h; in (GF43). Therefore

XY @ Hlotms i 2mm s H o (X). (GF49)
J

Equations (GF47)—(GF49) prove



veHg,yy,  hy€HTTmEL2Em (GF50)

The dual of a restriction space is the supported Sobolev space with negated exponents. Since the normal
order of v is zero, its zero extension is bounded into H<0,t0) and has support in X. PC8 proves its
embedding into H, (—14 +1)<7>- Thus (GF48)—(GF49) act on that supported zero extension and their
output is restricted back to X. Section 24 proves every pairing, density and extension-independence
step in PC8-PC9. The global relation authorizes both parametrix columns; no arbitrary isolated-patch
smoothing claim is used.

Iterating (GF50) makes every h; smooth and gives unlimited tangential regularity to v. After finitely
many steps the second mixed exponent is nonnegative, so v € L?. Tests away from Y show Pfv =0 in
the interior. The boundary relation can be written

m

—1
Pleto=—> (-1 (Z B]Tkhj> ® DF6,. (GF51)
J

k=0

Move the normal derivatives of PT to the right. Its leading normal coefficient is the invertible map
(—=1)mP! . Exactly as in BF40, comparison from D18, downward uniquely determines smooth exterior
jets Yow, ..., Y, jw that cancel (GF51). Recursively impose 7, (Pfw) = 0 for every r > 0; at each
stage the new jet has coefficient (—1)™ P! | while the tangential pseudodifferential coefficients act on
already known smooth fields and therefore preserve smoothness. The convergent Borel construction
BF41 realizes these jets on the exterior collar. Then

W =etv+e w, PTW € C* (GF52)

near Y. The full transpose is elliptic and has the same mixed kernel estimates. Applying the corrected
full-operator (GF10) repeatedly to PT proves W, and hence v, smooth up to the boundary.

9. Closed range and the finite defect spaces
At the base level put

ym=H (X, F)e @ H™ ™ 2(Y,G;),  A,u=(Pu,Bu). (GF53)

J

Equations (GF28)-(GF29) give bounded £ : ¥™ — H™ and

I=/CLA,+X, X :H™ — H™L, (GF54)

The inclusion H™t! < H™ is compact. If the unit ball of ker A,, were not compact, choose a sequence
in it with no convergent subsequence. Formula (GF54) makes that sequence equal to its K-image, which
does have a convergent subsequence. Hence ker A, , is finite-dimensional.

Let u,, L ker A,, and suppose A, u,, is Cauchy. The sequence u,, is bounded. Otherwise, after passing
to a subsequence with |u,| — oo, set w, = u,/|u,||. Then A,,w, — 0, while compactness gives a
convergent subsequence of X'w,,. Equation (GF54) makes w,, converge to a unit vector w € ker 4,,,
contradicting w,, L ker A, . From boundedness, compactness of X', convergence of LA, u,,, and (GF54),



a subsequence of u,, converges strongly. Applying the same argument to differences shows the whole
sequence is Cauchy. Thus ran A, is closed.

For the cokernel use the full right identity (GF30)-(GF32) on the base data space:

Ky Ky

A L=T+R  R= (%3 %

) s (GF54R)

Every block is compact in this specific space. With D™ as in (GF7), (GF34), (GF35), and (GF37) at
s =t =0, and (GF38), give the factorizations

X,:H(X,F)— H' (X,F) < H(X,F),
Xy: D" — HY(X,F) < H(X,F),

Ky HY(X,F) — D+l oy D7

Ky D™ — DLy D

(GF54M)

The first arrows are bounded. The second arrows are compact Sobolev inclusions on the compact X
or Y, with a finite sum over the boundary bundles. The inclusion H' (X, F) < H°(X, F) gains a full
derivative, including the normal direction. Tangential gain alone would not justify this step. Write the
matrix as the sum of its four blocks composed with the bounded coordinate projections and injections
of Y™. Composition with bounded maps and finite addition preserve compactness, so X is compact.

We also need compactness of its transpose on the continuous dual, with the original pairings and densities.
Here is a proof. For any € > 0, take a finite e-net y,, ...,y for the image of the unit ball under .
Let II_ be the orthogonal projection in the Hilbert space ¥ onto their span. The distance-minimizing
property of orthogonal projection gives ||X —II_R| < e. The transpose of II_R has finite rank, and
|7’ = |T|| for a bounded map T": the inequality in one direction follows from the dual norm, and the
reverse follows by taking a unit functional attaining the norm of each nonzero vector Tz in a Hilbert
space. Hence R’ is an operator-norm limit of finite-rank maps. Such a limit is compact, because the
image of the unit ball has, for every positive radius, a finite net obtained from a sufficiently close
finite-rank map; its closure is complete and totally bounded, therefore compact.

Let

Z={z¢e (Y™ :(A,,u,z) =0 for every u € H"(X,E)}. (GF547)

This is a closed linear subspace of the dual. Its elements are the pairs (v, h) in (GF42) at t = 0, with
ve HYX, F*®Qy),  h; € H™ ™ 2(Y G @ Qy).

Transposing (GF54R), with no reversal of the block composition omitted, gives

LA, =1+ R, z2=—-R'z (z€2). (GF54D)

The closed unit ball of Z is contained in the compact closure of the image of the dual unit ball under —%’,
and it is closed there. It is therefore compact. The fixed-point lemma proved in Exercise 5 now makes
Z finite-dimensional. Section 8 separately proves its elements smooth; the tangential bootstrap in that
section is used for regularity, not compact inclusion. Since the range is closed, the quotient ¥ /ran A, ,
is a Hilbert space isomorphic to its orthogonal complement. Continuous functionals vanishing on the

range identify its dual with Z, so its dimension equals dim Z. Consequently A, , is Fredholm.

10



10. Every Sobolev level and the index

For s > m, define
ys = H"™(X,F)® @ H ™ V2(Y,G;), A, :H*(X,E) — Y. (GF55)
J

Let Z be the finite-dimensional smooth annihilator found at level m. Necessity in

ran A, = {(f,g) ey :(f,v)+ Z(gj,hj> = 0 for every (v,h) € Z} (GF56)

follows by density. Conversely, data in the right side belong to Y™, so base-level closed range gives
u € H™ with A,,u = (f,g). The solution bootstrap (GF41) gives u € H?®, proving sufficiency. A
nullvector has zero smooth data, so the same bootstrap makes it smooth. Hence the kernel and
annihilator are the same spaces at every s > m, and

ind A, = dimker 4,, —dim Z (s >m). (GF57)

Changing P by generalized order at most m — 1, or changing the (4, k) boundary entry by order at most
m; — k — 1, maps into a Sobolev space one order above the target. Compact Sobolev inclusion makes
the resulting change of A, compact, so (GF57) is unchanged. A sufficiently small change of the finite
coefficient and symbol seminorms gives a small operator-norm change H® — ¥°. Fredholm operators
form an open set and their index is locally constant. Uniform invertibility of the interior principal
symbol and of (GF21) on the compact cosphere bundle also persists under such a change. This proves
the generalized Fredholm and index-stability theorem.

11. A scalar check that detects the retained defect

Take m = 1, one boundary component, and suppose the stable symbol is the scalar ¢ = 1, while the
constructed Calderén operator is

Q=1+A_,, A, e U HY), A ¢ U °(Y). (GF58)
Then

Q*—Q=A_,+A2, €T, (GF59)

and the leading order-minus-one symbol is that of A_;. With B = I, choose a two-sided parametrix 7'
of Q% and set S = QT. Then BQS — I = QT — I is smoothing, while

QS—S=(Q*-Q)T (GF60)

generally remains order —1. This model checks the distinction used in (GF23)—-(GF25): the boundary
right error can be smoothing even though the Calder6n and range defects are only one order lower.

11



12. Exercises with complete solutions
Exercise 1. Recover every entry order after the order reduction

Assume the source Cauchy component k has weight k, the target component j has weight m;, and the
conjugated inverse has order zero. Prove that the original entries of S, S”, and R; have the orders
asserted in (GF26).

Solution. The source reduction D, has diagonal entry of order k, and the target reduction D, has
diagonal entry of order m;. Undoing S = D, 1SD, gives S = D,SDy!, so

ord Sy ; =k —m;. (GF61)

For an endomorphism of the Cauchy vector, both reductions use the source weights, giving ord Sy, = k—I.
A weighted order-minus-one endomorphism loses one further order, so ord(R;);; = k — [ — 1. These are
exactly the degrees in (GF26); no common scalar order replaces the component degrees.

Exercise 2. Derive the cancellation in the boundary right error

Starting only from Ry =1 — S8 — 5" and X', = BQS — I, derive (GF33).

Solution. The first identity gives S” = I — SB — R,,. Substitute it without commuting any matrix
factors:

B(I+QS") = B+ BQ — BQSB — BQR,

(GF62)
= BQ — X,B— BQR,.

The first correction is smoothing. The second contains R,,, whose (k,[) entry has order k — [ — 1. Thus
the entire correction to BQ has entry order at most m; — k — 1, which is the derivative gain used in
(GF34).

Exercise 3. Check the two free exponents in Xy

Let g; € HFm=m=1/2 Use only (GF15), (GF6), and the orders of S to prove (GF35).

Solution. Formula (GF61) gives (Sg), € H**™*~1/2. Hence (GF15) gives JSg € H_p, 14m)- The Rp
line of (GF6) sends a boundary-supported input in H_,, ., t0 H, 1 p, ,—p)- Set
r=t+m, v=s+m. (GF63)

The output is H .y, for arbitrary real s,¢. The input exponent contains no s, exactly as (GF35)
states.
Exercise 4. Verify the dual gain for the boundary obstruction

In (GF35), put s = —1 and replace its second parameter by —t — 1. Compute the transposed map and
show that it raises the exponent of h; by one.

Solution. With those parameters, (GF35) becomes

Ky @H 32— H . (GF64)
J

12



Sobolev duality reverses both exponents. Therefore X maps Hg ;) into @j HEAmHL2=m  Formula
(GF44), together with the smoothing transpose X', proves the asserted one-step gain for h.

Exercise 5. Prove the compact fixed-point lemma used twice above

Let X be a Banach space, C': X — X compact, and M C X a linear subspace such that z = Cx for
every x € M. Prove that M is finite-dimensional.

Solution. Keep the given subspace M, and introduce the entire fixed space F' = ker(I — C). It is a
closed linear subspace of the Banach space X, and M C F. If z,, € F tends to x in X, continuity gives
x = Czx, which proves x € F; it does not by itself prove membership in the original arbitrary M.

Let Bp ={x € F: |z| < 1}. For every x € B, © = Cz, so By is contained in C(By). It is closed in
X and thus closed in the compact closure of C(By). Therefore By is compact.

For completeness, an infinite-dimensional normed space has a sequence of unit vectors whose pairwise
distances exceed 1/2. To construct the next vector, let L be the span of the finitely many previous ones.
This finite-dimensional subspace is closed and is proper. Choose y ¢ L, put d = dist(y, L) > 0, and
choose | € L with ||y — || < 2d. Then =z = (y —{)/|y — || has norm one and distance d/|y — || > 1/2
from L. Induction gives the asserted sequence, which cannot have a Cauchy subsequence. Applying this
to F’ would contradict compactness of By. Hence F' is finite-dimensional, and its subspace M satisfies

dim M < oo. (GF65)

Apply this once to M = ker A, through (GF54), and once to the range annihilator through the compact
transpose identity (GF54D).

13. Reading notes and references

The mixed symbol and Sobolev estimates used here are proved in the four named prerequisite lessons at
the start. The residue projection and its stable Cauchy range come from Cauchy data from jumps and
residues, while the order reductions, boundary source, exterior-jet construction, and functional-analytic
index argument extend the corresponding differential proofs in Solving an elliptic system from compatible
boundary measurements.

A related primary source with author-submitted TeX is Gerd Grubb, “Fractional Laplacians on domains,
a development of Hérmander’s theory of u-transmission pseudodifferential operators,” arXiv:1310.0951v5.
The present lesson gives its own proofs of (GF1)—-(GF65) and does not use either reference as a replacement
for a displayed argument.

The remaining sections provide the complete collar, normal expansion, half-space, source, trace and
freezing proofs used above. Section 23 records the exact correction of the stronger local estimate; Section
24 supplies the full principal-symbol comparison and the globally scoped dual relation.

14. Patching the original collar operator with both error bundles

The unchanged collar object and its two weights

Let X be compact with smooth boundary Y, and fix one collar ¢ : Y x [0, €) — X with inward coordinate
r > 0. Fix the source and target bundles E, F', their collar identifications with the pullbacks of Ey-, Fy,
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and Hermitian norms. Write D, = —i0,.. The operator in the collar is

Pt =3 "A,(r)D}: By — Py,  Aj(r) €U (Y By, Fy), A, (r) = M(r), (GI1)
3=0

where m > 1, M(r) is a bundle map, the families are smooth in r € (—1, 1), and they vanish for r > 2/3
in this original collar presentation. The interior term P’ € ‘I’Qﬁg(X °; B, F') has kernel supported in
(X\ X, /2)2. Thus P = P’ + P? equals P’ when either operator variable is in a sufficiently narrow
collar. The interior term and the extension of (GI1) away from that narrow collar are retained as parts

of the original object; the construction below only uses the region where (GI1) actually represents P.

The original boundary operators are also retained:

m—1
—k
Bju = Z Biyu,  mpu = (D)=, By, € ‘I’;nhjg Y5 By, Gj). (GIla)
k=0

Their transverse degree is below m, while the total order m; is unrestricted. They play no role in
inverting P, on the full cylinder, but their exact transformation and trace targets are recorded in GI-007;
a boundary condition is never inferred from the interior inverse alone.

In every chart of Y, put = = (y,r), £ = (9, k), and
R(n,k) =1+|(n,k)],  T(n) =1+ (GI2)

The local mixed class S%? has all seminorms

|07050a(z,n, k)]
Z,7,K RaiﬁTbi‘vl

(GI3)

The total-frequency order and tangential order are different. The Sobolev Hilbert norm instead has the
smooth quadratic multipliers

lul%, , = (2m)~dmX /(1 + 1) (L + ) [a(©)]? de. (G14)

The mixed inverse and mixed Sobolev prerequisite lessons prove the exact identity of the vectors and
equivalent seminorms/norms obtained from (GI2) and the corresponding square-root quadratic weights.
The factors in (GI2) and (GI4) are never identified numerically.

For the gluing argument let M® denote the proper fixed-collar operators defined exactly in GI-003a
below: they have local symbols S%° in common tangential charts and retain tangentially separated
normal kernels of order a. Let £ C M® denote the enhanced operators whose local symbols satisfy

J,a € SH0 (1 <k <dimX). (GI5)

The enhanced class also has tangentially separated normal kernels one total order lower, as GI-003a
proves. This is an added verified property of the actual polynomial and its inverse, not an inference from
540 membership. We use M%® when the second order must be stated. Local operators are compared
only after compact cutoff localization. A smooth kernel of compact support is in every M®?, but a
tangentially smoothing operator followed by D? need not have a smooth full kernel.

Shrink to a closed interval I = [—§,d] C (—1,1) so that the extension of (GI1) remains elliptic and
M(y,r) : E, — F, is invertible on Y x I. This is possible: the real normal covector (7, x) = (0, 1) makes
the homogeneous polynomial equal to M (y,0), so ellipticity gives its inverse at r = 0; continuity and
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compactness give a uniform interval. Let h : R — I° be smooth, equal to r for |r| <, < 0, constant
for |r| > 26y, with bounded derivatives and image in a smaller closed interval inside I. Such a map is
obtained by integrating a smooth compactly supported nonnegative derivative of total mass less than
26, then choosing its central portion to have derivative one. Set

P, =) A;(h(r)Dl: CX(Y xR, By) — C®(Y x R, Fy). (GI6)
j=0

Each coefficient is the original family evaluated at the displayed normal value; no matrix is commuted
through a tangential operator. Equation (GI6) agrees exactly with P on the smaller collar where
h(r) = r > 0, since P' has no kernel meeting that collar. Its r-derivatives are uniformly bounded
because h has bounded derivatives and its image is compact in I. Its principal symbol is the original
homogeneous polynomial at (y, h(r),n, k); compactness of Y x h(R) x {|¢| = 1} gives a uniform smallest
singular value ¢, > 0. This is an elliptic extension on the product cylinder, not a claim that P extends
elliptically across an entire topological double.

Local Euclidean extensions and the raw inverse condition

Take a finite tangential atlas and subordinate compact chart cores covering Y. Choose nested compact
supports in each chart: the eventual partition support lies inside a region where the eventual auxiliary
cutoff equals one, and the auxiliary cutoff support lies inside a region where the coefficient extension
below is the identity. Choose a further tangential cutoff v, equal to one near all those supports and the
eventual image of the extension map. In the chosen chart and bundle frames, let pj(y, r,7n) be the exact
left symbol of ¢, A;(h(r))y,;: Fourier transform its compact tangential distribution kernel in the input-
output coordinate difference. The local tangential pseudodifferential construction Geometric symbol
and kernel calculus gives every classical symbol estimate and all r-parameter derivatives, including its
compact smooth-kernel contribution. For j = m, this exact symbol is 1, (y)?M (y, h(r)), equal to M
wherever 1, = 1. On those supports the local polynomial is

ply,rn, k) = pily.rmsd, p; € Sin?, pn = M(y, h(r)). (GI7)
7=0

The coordinate proof CPA-001 and CPA-005 gives p € S™° and ngp € Sm 10 with every coefficient,
derivative, and matrix order retained. At a fixed compact chart core, choose a slightly larger coordinate
ball on which the coefficient symbols and the uniform elliptic bound hold and v, = 1. A smooth
map » : RY¥™Y 5 that ball can be chosen to equal the identity near the core and throughout the
auxiliary-cutoff support, have bounded derivatives of every order, and equal a fixed point of the ball
outside a larger ball: use #(y) = y, + ((y)(y — y,) with the support ball convex and small enough. Put

m

Py, k) =Y p;(ely), ). (GI8)
7=0

The image of » is compact in the original chart. The chain rule therefore supplies all global base
seminorms of (GI3), including mixed derivatives of h and %, and retains (GI5). This extension agrees
with the actual symbol throughout the later auxiliary-cutoff support. It never interpolates two elliptic
polynomials by an unverified convex path.

For clarity, the uniform inverse estimate remains in its original raw form. Write H for the homogeneous
principal polynomial of (GI8), including the continuous zero values of tangential homogeneous terms of
positive degree. On the compact image just described, for real |w| =1,

|H(z,w)v] > e;ol,  [p™(2,§) — H(z,8)| < C;R™ . (GI9)
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The second bound follows coefficient by coefficient from the full classical tangential expansions; it is the
estimate GI9 proves coeflicient by coefficient, with the original positive degrees and all lower terms. Set

r; = max{1,2™C,/c;}, B, =2/c;. (GI10)
For s = [£| > r;, R/s <2 and the matrix geometric series applied in its given order give
s" (=) < B;. (GI11)

Only then does ||(p™*)~1| < 2mB,R™™ follow. The literal [¢|™ in (GI11) is the hypothesis used by
the mixed inverse prerequisite. The same proof works for dimY = 0, with 7" = 1 and no tangential
homogeneous terms.

Choose a frequency cutoff 6, = 1 — x,, where x;, = 1 on |¢| < r; and has compact support. Define
7 =0,(p™) " F, = E, T, = Op(7;). (GI12)

The mixed inverse theorem prove 7; € S~ and every O, T; € S~m=1.0 The exact mixed composition
theorem prove, in the exact two matrix orders,

T;P,=1Ip + Ry, PT;=1p + Rp,, Ry Rp, e M7, (GI13)

where P, = Op(p™'). Their symbols are the two different ordered composition remainders of
MC19-MC20: the first has J,7; on the left of D, p;, and the second has J¢p; on the left of D, ;. These
identities hold on Schwartz functions and tempered distributions; the mixed Sobolev mapping theorem
gives T, « Hy 4 (F;) — Hgm ) (E;) and both errors H ) — Hyq 4 for all real s,t. A cutoff in the
normal kernel variable, equal to one when |r — 7’| is small, makes T proper in r. Its omitted kernel is
smooth: on |r — 7’| > ¢, integration by parts N times in & uses 9N, € S~ N:0; choosing N above
every requested frequency and kernel derivative gives absolute convergence. Thus this properness

change does not alter any order or formula modulo a smooth proper kernel.

Which overlap maps preserve the mixed orders

Two charts chosen from the same fized collar have the form

(y,r) — (v, 8) = (p(y,7),7), DF = (61 l{) , A= D,¢ invertible, b=0,¢. (GI14)

The charts need not keep y constant along each normal line. A covector in the new chart pulls back by
the exact matrix

(nold7 ﬁold) = (ATnnevw annew + ’k';new)' (GII5)

On each compact overlap there are constants 0 < ¢ < C' < oo with

CR S Rold S CR CTneW § Told § CTneW' (GI].6)

new new?’

The second comparison follows from A~! being bounded; the first follows from the block matrix and its
inverse. Thus no tangential frequency can be produced from a purely normal covector. Base derivatives
of (GI15) insert factors of 7, In a chain-rule term, each such factor paired with a tangential frequency
derivative is bounded by T - T~ !, and each paired with a normal derivative by R - R~!. The inverse
linear map has the same triangular form. This proves that pointwise cotangent transport preserves every
S%b seminorm. In the enhanced class (GI5), a free first frequency derivative retains the additional R™!:
it is a bounded linear combination of the original enhanced derivatives; the preceding paired factors
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consume only the derivatives created by base differentiation. Bundle transition maps act by left and
right multiplication, with no change to these weights.

Here is the operator form, including the lower-order defect. Let UZ»? and UZ»I; be the actual chart/frame
transfers on source and target sections, including the coordinate pullback; they are separately defined
maps, so they are not silently identified. For a compactly localized operator A; = Op(aj) B, — F;
with a; € 590 its transported operator UgAj(Ug)*l has a full symbol a; € S0, If a; € &9, then

0;(0,0) = Gp(W)a;(w, DETO)G () +dy(0,Q),  dyy € S0, z=F-l(v).  (GILT)

Here G5, G are the separate pointwise frame matrices used by the actual section transfers. The
determinant from changing the kernel’s input density cancels the frequency Jacobian on the diagonal: if
F(z)— F(z) = L(x, z)(xz — z), then the transformed amplitude contains |det L(z, z)|/| det DF,|, whose
value at z = z is exactly one. Formula (GI17) is therefore an operator statement, not a guessed fiber
transformation.

For completeness, the order proof can be done with the full transformed kernel. Restrict first to
a small coordinate product where L and L~! have bounded derivatives. Since F' preserves the r
coordinate, L is block upper triangular with lower row (0, 1), so the two comparisons (GI16) hold for
LT ¢ uniformly on this product. The transformed amplitude is the symbol evaluated at LT¢, times the
displayed determinant ratio, the input/output frame matrices, and compact base cutoffs. Repeated base
derivatives preserve S%° by the paired-factor calculation above. An arbitrary first frequency derivative
has the usual mixed bound, proving transport of S%°. If (GI5) holds, that derivative has the enhanced
S§4710 hound. Write the amplitude as its diagonal value plus > (W — ) fol Dy, (v, 0+ A(w —v), ()dA.
Since (w;, — vy,)e" VW< = i@ck e'v=w)C integration by parts moves one free frequency derivative onto
each integral coefficient. The result is an amplitude in S91°, including its base derivatives: a base
derivative of LT¢ produces a paired nd, or nd,,, and the free derivative still has the enhanced gain.
Reduction of a compactly supported amplitude of order S9~1:? to its left symbol stays in that class.
Indeed, in its oscillatory formula the exact weight ratios satisfy

R(&+0)1174T(¢ 4 0') 1
R(§)a4T(g) M

this follows twice from 1+ |u + v| < (1 + |u|)(1 + |v|), also with u,v exchanged. Repeated integration
by parts in the compact base difference and its dual makes the polynomial on the right integrable with
every requested derivative. This is the same finite-seminorm oscillatory argument used in the mixed
composition theorem; it requires no reduction of the actual full formula. Finally, pieces whose old
tangential supports are separated are one order lower, because a Op(a)(1 — ) = a[Op(a), 1 — ] when
B = 1 near supp a, and the mixed composition theorem with (GI5) puts the commutator in S9-1.0.
They need not be fully smoothing. These observations prove (GI17) with all local cutoffs restored.

< (14 |g))la—1=t+Nl, (GI18)

The restriction to a fixed collar is mathematically real. Take Y C R, m = 2, and the elliptic local
polynomial
p(n, k) =2 +n2 +e k. (GI19)

Its first two terms give the positive homogeneous principal symbol. The last term is a tangentially
smoothing coefficient of D,., allowed by (GI1); direct differentiation shows p € S%° and every first
frequency derivative lies in S1'°. Now choose a legitimate but different collar coordinate s = a(y)r,
v=y, with a > 0 and a’(y,) # 0. At a fixed ry > 0, the cotangent relation is 7,4 = Mpew + 708" (Vo) Kpew>
Eold = (Yg)Kpew- AlONg 1o = =700 (Yg)Rpew AN |Kpew| — 00, the second tangential derivative of the
pointwise cotangent pullback of the smoothing term is —2a(yg)kyey- 1ts required S?° denominator

is R2, T..2 = 1. This calculation identifies the frequency mixing; the exact operator proof below
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establishes failure of the mixed class without assuming a leading-symbol formula under this excluded
coordinate change. The counterexample neither changes the chosen collar nor obstructs the maps

(GI14).

There is also a proof using the exact kernel, which avoids any reliance on a transformed asymptotic
formula outside the class where (GI17) applies. The last term of (GI19) has a tangential heat kernel
k(y — z), nonzero for some y # z, times D,.d(r —r’). Its transport has a singularity on s/a(v) = s’ /a(w).
Choose v # w near y, with a(v) # a(w) and k(v — w) # 0, and take a nonzero common old normal
value ry. Then s = a(v)ry # a(w)ry = s’. Every symbol in §%? has a smooth kernel near points with
s # s’ arbitrarily many integrations by parts in the normal frequency use the factors R?>~"V, which are
integrable after NV exceeds the dimension and the requested number of derivatives. The differential part
of (GI19) has kernel on the full diagonal and cannot remove this singularity. Hence the transformed
operator itself is outside the fixed-collar class.

Tangentially separated kernels and the global product class

For any real a, define a normal residual kernel of order a, on a compact pair of tangential chart pieces,
by the oscillatory expression

K(y,r;2,s) = (2m)~! OS/e“TS)Hk(y,z,T,s, k) ds, [0y Okl < Cge(1 + I])*~". (GI19a)

The amplitude is smooth in both independent tangential variables, including between different tangential
charts, and carries the actual F' X E* ® (), kernel factors. Denote this class by N“. For the cylinder
operators constructed below, the displayed constants are uniform in all 7, s on the proper normal
support |[r — s| < L; on the original finite collar, compact-local constants suffice. A change (GI14) acts
on y, z by the smooth diffeomorphisms ¢,., ¢, and leaves the phase (r-s) intact, so the estimates and
density factors in (GI19a) are preserved on compact normal strips. The actual cylinder atlas uses the
r-independent pullback charts, making the bounds uniform on its entire normal line. Normal amplitude
reduction proves that replacing k(y, z,7, s, k) by a left normal symbol does not change the class. If
r # s, arbitrarily many normal integrations by parts make this kernel smooth; if only y # z, it may stay
singular, as (GI19) shows.

One precise local characterization is useful. With compact cutoffs in y, z,r, s, a kernel has the form
(GI19a) if and only if its left symbol belongs to S** for every real b. For the forward direction,
Fourier transform the smooth tangential kernel in (y-z); integrating by parts in z arbitrarily often gives
T~E(1 + |k])**, with any L. The exact inequalities

14|k <R<(1+ 8T (GI19D)

transfer this to R* T for every prescribed b,, £, choosing L after those indices. For the reverse
direction, partially invert the tangential Fourier transform; each desired y, z derivative inserts a finite
power of i, and choosing b sufficiently negative makes that power and the required normal-frequency
derivative integrable. Equation (GI19b) then bounds the result by (1 + |£|) . Normal amplitude
reduction handles separate r, s dependence. These two calculations retain every differentiated seminorm.

If a compactly localized left symbol a € S9° is cut to y # z, integrate its tangential Fourier kernel
by parts L times with W27 = ((y — z) - 0,)/(ily — z|2)e'=2n The differentiated amplitude is
RI*T~L 5o the resulting kernel is in N7 by (GI19b). If a € &9, take the first tangential derivative
using its strengthened S% 10 estimate, then take (L-1) further tangential derivatives. The result is
N1 Derivatives of the separation denominator cost finite extra tangential powers and are absorbed
by choosing L larger. This proves the exact off-diagonal order claimed in GI-003; it does not turn the
piece into a smooth full kernel.
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We can now finish the definition used throughout. An operator belongs to M? when each compact
localization with both tangential variables in one chart has a left symbol S%°, and its tangentially
separated kernel is locally V9. It belongs to £7 when the local symbols have (GI5) and the separated
kernel is N9 1. The preceding calculations and GI-003 prove independence of the product chart and
frame. They also give the inclusions M9~1 C £2 C M1,

The two composition facts used later follow with no loss of a separated normal term:
MMt c moth, MENC, NOyre C Natb, (GI19¢)

for proper operators. In a common tangential chart the first assertion is the mixed composition theorem.
For a separated factor, its symbol has every second order (b’), by the characterization above; compose
it by the mixed composition theorem with the regular S%° symbol to obtain every S™*"  then return
by the same characterization to N2, A finite partition in the intermediate tangential variable reduces
the remaining configurations to these two cases: if external tangential points are separated, at least one
factor is separated after sufficiently small intermediate pieces. Proper support confines the intermediate
variables to a compact set, so only finitely many pieces occur on each localization. This proves (GI19c¢)
on actual kernels, including their input densities.

For a scalar cutoff f, the local commutator calculation in (GI25) shows [4, f] € M%7 ! when A € &£9.
Away from the tangential diagonal, its kernel is multiplied by (fz, s-fy, r) and still has normal residual
order (g-1). Thus this commutator statement is valid globally. The actual P, is in £™: its top normal
coefficient is a bundle-map multiplication kernel on the tangential diagonal, and the off-diagonal kernels
of its lower coefficients have normal degree at most (m-1). Each T} is in £ after localization, by its
enhanced derivative bounds and the separated-kernel calculation. These facts justify every global class
membership and composition in GI-004-GI-006.

The exact overlap inverse and bundle maps

In a common chart, write p, : B, — F; for the local symbol of P,. Transport the symbol from chart
j with the actual two bundle transfers as in (GI17), and write it Z)j. The operator P, is the same on
the overlap, so (GI17), the local full-symbol uniqueness argument, and the fact that its top normal
coefficient is a bundle map give

p; —Db; € S"HUE, F). (GI20)

Tangential smoothing coefficient errors multiplying Di have 7 < m —1, hence also lie in this class; one
must not call them fully smoothing. By (GI15)—(GI16), the raw bound (GI11) transports with a finite
factor from the covector comparison and the norms of G, G. Choose a common exterior frequency
region where both actual matrices are invertible. The pointwise inverse identity, with its indispensable
matrix order, is

Pt = = prl (B, — p)Bt € STIO(E, E). (GI21)

The first factor is F; — E;, the middle factor E; — F;, and the last factor F; — E,, read right to left.
Both exterior inverses are S~™° by the mixed inverse theorem. Their frequency cutoffs may be enlarged
to a common one; the difference between two permissible cutoffs has compact frequency support and
belongs to every S»*. Equation (GI17) for the enhanced 7 symbols then proves that the operators
transported between charts satisfy

T, —UET,(UE)™ e ™! (GI22)

(YR A

after compact overlap localization. This is the precise overlap map; it does not identify E with F' outside
the collar. The two ordered errors themselves transport only as members of M !, which is exactly the
order required in the patching calculation.
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There is a second proof of the order in (GI22) that exposes the relation between the two error sides. In
any one chart where two properly localized approximate inverses S, 7 : F — E obey SP = I, + Ly
and PT = I, + Ry, associativity gives the exact identity

Its two products have the indicated order S=1:0 0 §=™:0 = §=m=1.0 The order of the factors and the
(E/F) subscripts are forced by their domains and codomains. Formula (GI21) proves the corresponding
pointwise statement, while (GI23) proves uniqueness of a two-sided operator inverse modulo one lower
total order. The word “unique” here refers to this quotient, not to a canonical lower-order full symbol.

A global cylinder inverse with both ordered errors

Choose a finite real square partition on Y: 9; € C2°(U;), >_, ¥? = 1. Tt is obtained from a nonnegative
finite partition \; by dividing A; by (ZJ A?)l/ 2 so the identity is exact at every y. Take p, € C°(U,)
equal to one near supp ¢J;. All these scalar functions act independently of r. Use the actual source/target
bundle transfers to place T, between Fy and Ey-, and define the finite, normally proper operator

Q=> _9,TW,: D'(Y xR, Fy) — D'(Y xR, Ey). (GI24)

In each overlap, (GI17) and (GI22) show Q € M~"™. Every member is properly supported in the r
direction, and Y is compact, so the displayed distributional action and all compositions are defined. Its
coordinate symbols retain R =1+ |(n, k)| and T' =1 + |n].

We now prove the two global errors without discarding any cutoff term. the mixed composition theorem
and (GI5) give the exact commutator orders

(T;, fle M—™1, [P,, f] € M™ 1 for every smooth scalar f(y,r) with bounded derivatives on the localization.
(GI25)

Indeed left multiplication by f has symbol fa, whereas right multiplication has symbol C|(a, f); their
difference is ) . fo ! Cy(0¢,a,D, f)dt. This argument keeps the factor order. The local model and the
true P, agree exactly when both are cut to the specified chart supports, because p; was the exact left
symbol of ¢; A;1;, 1, = 1 on those supports, and # is the identity on the output support. Hence the
compactly localized differences

AiL =9, P.p; — 9, Pyp;, AzR = p, P9, — p; P;v; (GI26)

are in fact zero. In particular they belong to M™ 1, the class used in (GI27)-(GI28). Each expression
is understood after the chart/frame transfer, so the two summands have exactly the same source and
target. No claim is made that the global operators P,, P; coincide away from these localizations.

For the left product, ¥,(1 — p;) = 0 yields the exact decomposition

O T9; P, = 0, T0; Pip; + 0, T,AF + 90, Ti[9;, P.)(1 — py)
= 03T, Pip; + 0,[T;, 0;)Pip; + 0, T, AF + 9, T,[9;, P.)(1— p;) (GI27)
= 19% + ﬁ%RE,ipi + 9, [T;, 9,1 P;p; + ﬁiTiAiL + 90, T;[9;, P.J(1 — p;).
The first line uses ¥, P.(1 — p;) = [9,, P.](1 — p;), the second uses T;¢, = ¥,T, + [T}, 9,], and the third
uses the left local error in (GI13). By (GI25)—(GI26) every term after 7 has total order at most —1 and

second order zero: respectively —1, (—m —1)+m =—1, —m+ (m—1)=—1,and —m+ (m—1) = —1.
Their source and target are By, — E\y-.
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For the right product, (1 — p;)¥; = 0 yields a different exact decomposition:

POT9; = p; PO, T0; + AFT; + (1 — p)[P., 9,]T}9;
= 0, PT0; + ps [Py, 0, T0; + AFT0; + (1 — py) [P, 0,170, (GI28)
=07 + 0, Rp 9 + pi [P 0] T0; + AFT0; + (1 — p) [P, 0, T,
Here the first line uses (1 — p;,) P9, = (1 — p;)[P.,V,], the second uses P9, = 9, P, + [P;,9,;], and the
third uses the right local error in (GI13). The four nonidentity terms again have total order —1, with

target and source Fy — Fy. Summing (GI27)-(GI28) and using } . ¥? =1 gives the global two-sided
identities

QPC:IEY—F‘%E’ PCQ:IFY—i_‘%F’ REGM_1<E)/), .%FG.M_I(Fy) (G129)

These are actual operator identities on compactly supported smooth sections and on distributions for
which the proper compositions are defined. They do not replace the two remainders by one symbol or
identify their bundles.

Every finite remainder order and partition independence

The mixed composition theorem gives M M? C M**+? for properly supported product-cylinder operators,
in the stated factor order. In particular, all powers 73’} have order (-k). Define for every integer N > 1

N-1
Qn =0 Z(_jeF)k 1 Fy — By (GI30)
k=0

Each term is an actual composition of proper operators, and @ € M. Associativity of (GI29) gives
the exact intertwining relation

No factor has been commuted in (GI31): both sides equal P,QP, — P,. By induction ®% P, = P, %,
Multiplying the finite geometric polynomial, first on the left and then on the right, yields the two
distinct exact errors

P.Qn = IFY - (_‘%F>N7
QnyFP. = IEY - (—WE>N7
For N = 1, this is (GI29). For N = 2, the errors are —R% and —R®%; the signs in (GI32) retain the

finite geometric-series identity exactly. The construction proves arbitrary prescribed finite gain in the
total frequency weight while the second weight remains 7°. It does not silently exchange R~ for 7.

(—Rp)N e MN(Fy), (=Rg)N € MN(Ey). (GI32)

Take a different finite product-collar atlas, local symbol extensions, frequency cutoffs, properness cutoffs,
or square partition, and run the same construction to get (). Its source and target are the same actual
Fy, Ey. The following equality has no missing correction:

QN—§N= (QNPC_IE>§N_QN<Pc§N_IF)' (GI33)

It follows directly by expanding both products and cancelling @ NPC@V ~- Equations (GI32) and mixed
composition place both terms in M~V (Fy., Ey). In particular,

Q-QeM ™1,  Qy—QyeM ™V, (GI34)

Thus the inverse class of Q modulo order (-m-1), and the class of @) modulo order (-m-N), do not
depend on the patching choices. The operators and their lower-order symbols can depend on those
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choices; (GI34) is the exact proved independence statement. Equation (GI22) proves the corresponding
local overlap map, while (GI33) proves the global one with the full bundles and matrix orders visible.

The same identity exposes a further consequence: if S : Fy- — Ey- is any proper mixed operator of order
—m with both errors of order —N for the same P,, then S — Q, € M~ . This does not require S
to have been assembled from the same local symbols. It is a uniqueness theorem in the exact filtered
quotient, proved by (GI33) with S in place of @ N-

Sobolev meaning and the exact boundary limit

The local quadratic norm (GI4) is compatible with the fixed-collar chart maps (GI14). To verify this
for every real s, t, first transport the scalar Fourier multiplier A, , = Op((1 + [£[?)*/2(1 + [n|?)"/?). The
generic S%* part of the amplitude argument in GI-003 gives a transported symbol in S$%*, with all local
seminorms finite. The chart pullback itself is bounded on L? by the exact change-of-variables formula
and the positive upper and lower Jacobian bounds on compact overlap supports. Therefore

[Tl = [A Ul 2 < CIUTTAL Ul e < C'lully, ) oa: (GI35)

(s,¢) €W
where the last step is the mixed Sobolev mapping theorem applied to the transported S*! symbol.
Applying the same argument to the inverse chart map gives the reverse estimate. Bundle frames are
smooth bounded matrix multipliers on these compact supports and obey the same statement. A finite
chart partition therefore defines H, (Y X R, Ey) and H (Y X R, Fy) up to equivalent norms, without
changing the numerical factors (GI2) or (GI4).

the mixed Sobolev mapping theorem then applies chart by chart to (GI24), (GI29), and (GI32). For
every s,t € R, their maps include

P, Higymy)(Ey) = Hig ) (Fy),

C

QN H(s t)(FY) - H (s+m,t) (EY) (GI36)
Ry H, t)(EY> = Hin, t)(EY>
(

Rg H(s t)(FY) - Hs+Nt FY)

Every equality (GI32) holds on the common Sobolev domain by density of compactly supported smooth
sections and continuity; the fixed bundle frames and finite partition give finite sums of the local seminorm
bounds. The smoothing amount is in the total Sobolev exponent s, not an unproved gain of ¢.

For completeness, (GIla) survives these overlap maps with all m. In the preferred frames pulled back
from Y and transitions independent of r, each B is transported by the actual source and target matrices
at r = 0, and D, is unchanged. If the tangential chart map depends on r, then D, becomes D, +) oD

before any r-dependent frame factors are differentiated. Expanding its k-th power by induction, without
commuting b, through a derivative, gives a finite sum Cy,(v,r, D, ) D% with tangential differential order
at most k — ¢. Composing with B, gives tangential order at most (m; — k) + (k— ) = m, — {. Base
derivatives of transition matrices add order zero. Thus the transformed B; still has transverse degree
< m, target G, and the same total order m, including cases m; > m. In one chart its exact polynomial

symbol obeys

J?

iy, k) =Y by(y,mkF, by e §mtmimmil (GI36a)

k<m

indeed every differentiated summand is bounded by CT™ *1|k[F=¢ and T 1F|xF—¢ < R 1L,
This does not assert b; € S™i 0 when its actual orders do not imply it.
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For the ordinary restriction Sobolev space " (X°, E), the normal trace estimate can be checked directly.
For a Schwartz extension to a full product chart, Cauchy—Schwarz in x gives
- - z
[ it mian] < e [P, e = [ Gogmds (G130
R

The integral is finite exactly when s > k + 1/2. Multiply by the quadratic tangential factor (1 +
|n|?)*~*=1/2 integrate in 7, and retain the Fourier normalization to obtain the continuous trace 7, :
H® — H* % 12(Y,Ey). If two extensions agree for r > 0, their difference vanishes there; the same
Fourier argument with e”* shows continuity of the trace in r and hence that its value at » = 0 is

zero. Taking the infimum over extensions proves independence. Ordinary tangential pseudodifferential
mapping of B, then gives the exact boundary target

2 2k

Bj : FS (XO,E) SN HS*mj71/2(Y’ GJ>’ s>m — % (GI36C)

The inequality s > m — 1/2 ensures every k < m has a trace. Nothing here assigns ordinary boundary
traces to all distributions or at the excluded endpoints.

The original boundary problem lives on X with r > 0. Restricting Q) to that half of the cylinder does
not make (GI32) a two-sided boundary parametrix. If u° is the zero extension of a section on r > 0,
term-by-term normal differentiation of (GI1) gives the same explicit distributional identity as (GF12),
with the tangential coeflicients acting on the boundary distributions:

m—1 J
P(u®) = (Pu)® + Poyu, PU=i1> A > U; ,®D5,_,. (GI37)
J=0 k=0
e sign 1 -, ever . 1, the inner sum, and the inwar = —10,. convention matter. Applyin
The sign 7! yA]+1 he i d the i d D, 0, i Applying

QN to (GI37) adds the trace-dependent potential @ P¢yu; it cannot be called an error of order —N
without the boundary trace calculus and a complementing boundary operator. This precise map from
full-cylinder gluing to the half-space problem is why (GI32) alone establishes neither Fredholmness
nor the boundary index. The next calculation is to combine the actual @, P¢ layer map with the
stable-space projection and verify its boundary symbol and every Sobolev trace target; merely citing
the interior gluing formula would leave the boundary contribution uncomputed.

The frozen high-frequency version of that next calculation can already be completed exactly. Fix a chart
point y, a tangential frequency n with |n| > r;, and the full polynomial from (GI7), with every lower
tangential coefficient retained:

m m—1 J
py,77<z) = Zp]<y7 07 77)2] : Ey — Fy; Ny7,,77U(Z) = Z pj“’l(y’ 07 77) Z Uj_kzk S Fy, U S E;TL
7=0 7=0 k=0

(GI37a)

The raw inverse estimate (GI11) applies on the entire real z-axis because |(n,z)| > |n| > r;,. Thus

p;}]Ny,mU is a smooth rational F, -valued multiplier on that axis and is O(]z|71) at infinity, since the

leading coefficient M is invertible and the numerator has degree at most m — 1. Define a tempered
full-line distribution by

vy =F i py ,(2) N, 0(2)] (GI37b)

The factor ¢! is the actual one in (GI37). Multiplication by p, ,(2) gives exactly p,, (D, )vy = P5 U,
the frozen F-valued sum of delta derivatives. For r > 0, close the inverse Fourier contour in the upper
half-plane. The large semicircle vanishes by the O(|z|™!) bound and e "'™#; no root lies on the real

axis. The factor i from the contour cancels the displayed i~!, giving the exact formula

L, U(r)=uvy(r) = Z ;P;e;s [e"p, ,(2) ' N, , v (2)] . r > 0. (GI37c)
zg:det p,, ,(20)=0 0
Im z5>0
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The sum includes algebraic multiplicity through the residue at each pole; a pole of order h contributes a
polynomial in r of degree at most h — 1 times e*"?0. It therefore extends smoothly to r = 0, decays as
r — 400, and solves the full frozen homogeneous equation pym(DT)Lme = 0 for » > 0. No completed
or rescaled polynomial replaced (GI37a).

Let V;n be the finite-dimensional space of solutions of this full frozen equation that are finite sums of its
exponentially decaying generalized modes, and let T'w = (w, D,w, ..., D™ tw)]|,_,. To identify this space
without an unproved spectral shortcut, set W = (w, D,w, ..., D™ w). The equation is D, W = CynW,
where the first m — 1 block rows of €, , have Iy on the superdiagonal and zero elsewhere, and its last

block row is

(_M71p05 _Milpla ) _Milpm—1>' (GIB?G)
Here every p; = p;(y,0,n) : E, — F, retains its matrix order. The solution is W(r) = erCun W (0).
An eigenvector with eigenvalue z has blocks v, zv, ..., 2" 1o, and its last-row equation is exactly

pym(z)v = 0; the generalized eigenspaces have the corresponding Jordan polynomial factors. Thus their
modes decay exactly when Im z > 0. This also proves uniqueness for every prescribed initial jet: if
Tw = 0, then W(0) = 0, so W = 0. If w € V], its zero extension w” is tempered and (GI37) gives
pyvn(Dr)wO = P;,I'w. Multiplication by the smooth real-axis inverse of p, ,, is a two-sided automorphism
of tempered distributions at this fixed (y,7), so (GI37b) gives w® = vp,,. Restricting to r > 0 proves

L, ,I'w =w. Consequently the exact map

L

m von r m . 2 _ —
Ep —— Vi — EJ, Cyn=TL,,, Cin=0Cyu ranC, , =TV, . (GI37d)

This is an actual frozen projection with its source, target, and receiving map proved. Local contours
enclosing all upper-half-plane poles show it depends smoothly on (y,7n) wherever the raw real-axis inverse
condition holds: the poles cannot cross the real axis there, and differentiating the resolvent along a fixed
nearby contour needs no eigenvalue labels. The full variable-coefficient map I'Q)  P¢, its exact mixed
symbol estimates, and its comparison with the complementing boundary measurement remain unproved
here; (GI37a)—(GI37d) supply their exact frozen input rather than assuming that missing map.

There is also no claim here of a single operator with a smooth error kernel. Equations (GI30)—(GI32)
produce a concrete operator for each prescribed finite N. Constructing a globally supported asymptotic
sum requires handling mixed-class kernels that can remain singular on r = r’ even at separated tangential
points; a diagonal-only ordinary pseudodifferential summation does not establish it. The finite estimates
above are the precise proved result.

Exact localization on the unchanged manifold

Attach only Y x (—4,0) to X using the supplied collar; call the resulting open extension X. Extend
E, F by the already fixed pullbacks. Use the given families A;(r) for negative r, and extend P by zero
across the seam, which is possible because both of its kernel variables stay outside X j,. This defines an
operator P that equals the original P on X°, with no change to its original coefficients. The gluing is
smooth in the overlap because all bundle transition functions are those already fixed on Y and all A,
were given on (—1,1). The extension is elliptic on a small negative collar by (GI9); no elliptic filling of
another copy of X is asserted.

Choose ¢ € C°((—0d,0p)), equal to one near 7 = 0, and define T y = (Qx(, extending its compact

normal kernel by zero to X x X. For this actual cutoff, P¢ = (P = 0, and tangential coefficients
commute with {(r). The full commutator is therefore exactly

j—1

P=d> @ AP e M, [P = —[P() (G138)

7=0 ¢=0
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There is no derivative of A]- in this expression: each coeflicient stands on the left of Dfi. For a differentiated
term, j — ¢ > 1 and the exact bound Tm_j|/<a]2_“n < R™ 179 follows from m — j + ¢ < m — 1. Thus
the asserted mixed order includes all frequency derivatives and the tangentially separated normal kernel
order. In particular no higher normal derivative of the cutoff has been suppressed.

Using the factor order in (GI32), direct multiplication gives the two identities on X:

T, nP = Iy — C(—Rp)N ¢+ CQNIC, P,

e~ — (GI39)
PT. n = Pl — ((—Rp)N ¢+ [P, ¢]QnC.

The two cutoff-commutator terms have mixed order —1, since —m + (m — 1) = —1; the finite Neumann
errors have order —N. Hence (GI39) gives a global collar-supported operator with two full-extension
errors of order —1 around the multiplier (2. Let x € C2°((—d,,d,)) have support in the region where
¢ = 1. Because the commutator in (GI38) is supported where a positive derivative of { is nonzero,
¢, /]5] x = 0 and X[ﬁ, ¢] = 0 exactly. Therefore the two-sided localized identities have the stronger order

X(Ty yP—Ig)x € MY, X(PT; —Ip)xy € M. (GI40)

The first and second errors still act on different bundles. This local order improvement follows from the
actual support relation; it is not a global claim that the cutoff commutator gained N orders. For N = 1,
(GI39) specializes to the usual collar inverse with both order-—1 errors. The distributional identities are
valid on compactly supported smooth sections and their properly supported distribution extensions.
Passing to zero extensions from X adds the explicit boundary potential (GI37).

15. Every ordered normal coefficient and both inverse recursions
Ordered formal multiplication

Let Y be the compact boundary in GI1, and let I be its elliptic normal interval. For smooth r-families
of tangential operators between the indicated bundles, define

§A=D,A=—id,A. (NL1)

For composable A, B, differentiating their actual tangential operator product on an r-independent test
section gives §(AB) = (0A)B + A(6B). Introduce a formal normal-frequency symbol . It commutes
with tangential differentiation at fixed r, while its product with an r-dependent operator coefficient
obeys the ordered relation

KA = Ak + A (NL2)

for an r-dependent coefficient. Coefficients remain on the left. In the completion by descending integer
powers of k, the exact product is

(AKP) % (Br9) = Z (]2) A(8°B)kP+a—t, (i) _plp—1) ng — L+ 1)' (NL3)

£>0

For p > 0 the sum stops at £ = p. For negative p, each fixed output power receives only finitely many
terms. In particular,
K% B=) (DY B)r (NL4)
£>0
Multiplying (NL4) by & on the left and using (NL2) cancels adjacent derivative terms and leaves
B. Associativity can be checked at every power, including negative ones. For three composable
monomials AxP, Bk, Cr®, the coefficient with w derivatives on B and n —u on C in the left-associated
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product is (?)(PF9*) A(6“B)(6"“C). In the right-associated product, apply the ordinary Leibniz rule

u n—u

to 6%(Bo"*C). Its coefficient of the same ordered operator product is

L0 -CE0) ) -00n) o

The first equality uses (2)(%) = (?)(?"%), with b = a — u. The second is Vandermonde’s identity for
arbitrary integer upper indices, proved by comparing coefficients in (1 + z)P~%(1 + z)? = (1 + x)PTe
as formal power series. Every sum at fixed n is finite. Thus the products agree at every coefficient. This
also proves associativity in the descending-power completion. Its identity arrows are I and Ir; the

source and target bundles are never identified.

Right and left coefficient recursions

Use the original collar polynomial on I:

m
P(r,r) =Y Ajr)sl: By — Fy,  Aj(r)e U9, A (r) = M(r). (NL5)
§=0
The bundle map M : Ey — Fy is invertible by the real normal-covector ellipticity argument in GI1.
Seek
CR =3 "CE(r)yx~m™": Fy — Ey. (NL6)
n>0
At power £° in P x CF, only MCZE occurs, so C& = M1, For n > 1, set h =n —m + j — £. The pair
(7,¢) = (m,0) gives MCE while every other allowed term has 0 < h < n. Therefore P x C® = I,
determines the complete ordered recursion

CR=-M" (2) A5 CR. (NL7)

0<j<m, 0<U<j
h=n—m+j—£€>0
(4,£)#(m,0)

Each A;0‘C}t maps Fy, — Fy, followed by M~ : Fy, — Ey-. Induction proves C} € Ve (Vs By, By ):
a j, ¢, h summand has tangential order at most (m — j) +h = n — ¢ < n, and normal differentiation does

not change tangential order. This retains all tangential smoothing contributions.

For CL x P = I, differentiating x~™~" in (NL3) gives the generalized binomial coefficient. With the
same h =n —m + j — ¢, the left recursion is

—m —h
ct=Mm"', ob=- > ( mg )C,f §CA; | ML (NLS8)
0<j<m, £>0
h=n—m+;—£>0
(3,0)#(m.0)

The condition on h bounds ¢, so each sum is finite. Its terms have tangential order at most n — ¢, and
the leading term solved for is CL M. The two recursions cancel every nonconstant coefficient of their
respective products. Associativity proves equality without commuting any factors:

CL=Ct«(PxCE)=(CtxP)xCE =CE. (NL9)
Write €, for their common coefficients. The first correction is
Cy=M1, C,=-M71 A, M7t —msM?)=-M1A, M +mM(SM)M~t. (NL10)

The equality follows by applying § to MM ! = I,. Both original normal derivative and matrix
multiplication order remain visible.
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The finite correction and both errors

Start with the leading symbol and define errors on their own bundles:

Both errors have normal degree at most —1, and their coefficients need not agree. Associativity gives
Ry * Qo = Qy * Rp. For each integer N > 1, form the two equal, differently ordered finite expressions

N-1

¥ =Q* Z —Rp)” Z(_RE>*j * Q- (NL12)

j=0

Exact finite geometric multiplication gives both distinct sides:
PxQ9 = Ip— (—Rp)'™, Q% xP=1Iy—(~Rp)*™. (NL13)

The errors have normal degree at most —N. The coefficient of £ in P * Qfor is I, while the coefficients
of k™™ vanish for 1 < n < N. Solving these latter equations inductively is exactly (NL7), so the
coefficients of k™™, ...,k ™ N*L in Q¥ are Cy,...,Cy_;. Equation (NL8) gives the same answer from
the other error side. The coefficientwise limit of the finite corrections is the unique formal inverse, since
multiplying by Ry or Ry lowers normal degree by at least one.

For an example with a complete tangential operator F of order at most one, the exact r-independent
test, take m = 2, Ay = M(y), A; = F, and Ay = H = D} + 1. Every §A; vanishes. Then

Co=M71 C =-MI'FM Co=M'FMFM?'-M1THM (NL14)
This gives one explicit further coefficient of the complete recursion. F' is the complete tangential operator
just specified, not its value at tangential frequency zero.
16. The actual inverse on both real normal tails
The exact local inverse on both real normal tails

Fix one of the finite product charts of GI7-GI12 and its actual extended polynomial

P&y, R pr yrmel s By — Fy o pi, = My(y,r) s B, — F. (AL1)

Here p;; € S™7 with all y,r derivatives uniformly bounded by their stated tangential seminorms,
and M; ! : F, — FE, is uniformly bounded with every base derivative. The actual local inverse is
T, =0, ( e"t) i on its exterior real-frequency region. Retain the original mixed weights R =1+ |(n, x)|,

T =1+ |n| of (GI2).

Put By, = M;'p; ., 4 : E; = E; for 1 < £ < m. Choose one C; > max(1,r;), also beyond the outer
support radius of the frequency cutoff x, = 1 —6,, large enough that

m
> (su0 700 ‘1Bt € < & (AL2)
(=1 YT

The suprema are finite by GI7-GI8. On either real cone |k| > C; T, the frequency cutoff is one and the

exact factorization, in its matrix order, is

PPt = M;r™ (I, + Z;), Z; = ZBM/@*Z, 7= g, +Z) M e (AL3)
=1
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In particular |Z;| < 1/2 and the inverse in (AL3) is the convergent matrix geometric inverse. This
assertion is about the actual original M;, not a monic replacement for pg**.

Define Uy, = I, and, for n > 1, define the finite ordered coefficient

min(m,n)

Z Bzf i,n—~e» Cin = Uan'fl : Fz - Ez (AL4)

No B,; is commuted with another. Induction in (AL4) shows U,, € Si, (E,;, E;) and ¢;,, € S{*.(F;, E,);
every base or 7 derivative satisfies the corresponding complete tangential-symbol estimate. These are
the coefficients of the pointwise matriz inverse 7,. Operator compositions introduced by patching will be

kept as complete tangential compositions; (AL4) is not identified with the final formal inverse coefficients
(NL7).

For every integer L > 1, every base multiindex f, tangential frequency multiindex «, and normal
frequency derivative v > 0, the same c;,, work on both £ > 0 and x < 0, and

L—1
95,0002 (n = e )
n=0

Here a negative power of T has its literal meaning; it is not dropped when |a| > L.

< Cj papolsl 7T (K] 2 GT). (AL3)

To prove (AL5), the differentiated summand in Z, obeys

10505 0x (Bigki™ )| < Cogue T ] 7. (AL6)

y,ren Tk

This uses the exact derivative of the signed integer power k¢, so the estimate is valid on both tails.

Differentiating (I + Z,;)"*(I + Z;) = I and solving for each highest derivative proves inductively that
derivatives of the inverse are bounded by C'T~1|k|~ on this cone. Indeed every nonzero differentiated
Z; term has the bound (ALG6), its undifferentiated factor has norm at most 1/2, and all lower inverse
derivatives have already been bounded.

Use the exact finite geometric identity

T
)

(I+2) " =) (=2)'+ (=2)"(I+ Z,)~". (ALT)

Ji
(e}

Regroup the finite polynomial by its integer power of k=1 Tts terms of exponent n < L are exactly U,,,,
by multiplication of (AL3) and the unique recurrence (AL4). Every remaining finite term has total
exponent n > L. Tts differentiated bound is C|x|™ *T™ 1! at most CC;(n_L)\/i\_L_”TL_M because
T/|s] < C;71. The final term of (AL7) has at least L factors of Z;; Leibniz’s rule, (AL6), and the
differentiated inverse bound give the same estimate. Multiplication by M;'x~™, with every derivative

retained, proves (AL5). No positivity of x, commutativity, or fixed tangential frequency is used.

The tangentially separated normal kernel of a local inverse

Let d = dimY, and take compact tangential cutoffs «(y),3(z) in a common chart with
dist(supp a,supp8) = € > 0. If x(r — s) is the normal properness cutoff of GI12, the tangen-
tially separated part of its actual kernel has normal Fourier amplitude

ki(y, z,r,8,5) = x(r — s)a(y)B(z)(2m) dOS/ W= (y, v, k) dny. (ALS)
[Rd
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All bundle-frame and input-density factors are the actual ones in GI19a; they are smooth on the compact
chart pair and are included in the derivative bounds below. For n > 0, let k;,, be the same partial
inverse Fourier transform with c¢;,, in place of 7;. Then k;,, is smooth in both independent tangential
variables and in r, s on compact proper normal strips. For every L,v > 0 and every combined vy, 2,7, s

derivative v,
-1
e Z L
n=0

with the same coefficient kernels on the positive and negative tails. The assertion holds for L > 1; the
L = 0 bound follows from GI19a.

< Oyl (sl =€), (AL9)

Here is the full split giving (AL9). Choose a smooth function of (1+ |n|?)/x? that is one when T' < €|/,
zero when T' > 2¢,|x|, and whose support lies within the cone of (AL5). Such ¢, > 0 exists after
decreasing it in terms of C;; using a smooth quadratic argument avoids a nonsmooth cutoff at n = 0. On
its support, insert (AL5). A y or z derivative of (ALS) inserts at most a finite power TP and differentiates
smooth cutoffs. Since |y — 2| > ¢, integrate by parts N times in 7 using (ily — 2|*) "' (y — 2) - 9, on the
exponential. Choose N > L + D + d. The absolute remainder integral is bounded by

C|I€’—m—L—v/ TL+D—N dn S C"H|—m—L_U. (ALlO)
[Rd

A derivative of the smooth cutoff costs |«|~! on its transition region 7' < ||, which has the same bound
as one T~!; a k derivative costs |x|t. Thus (AL10) includes all requested derivatives.

On the complementary region T > ¢,|x|, use the original mixed bounds of GI3 for 7: 0,]7\7 oyt =
O(R~™*T~N). Since R > T and m + v > 0, after the same D tangential derivative cost the integrated
bound is C|x|4~™v=N+P Choose N > d + L + D. For each subtracted coefficient, o) iy = O(T™N),
and its high-region integral after multiplication by x~™ "V is C|k| " v*4"N+D with the identical
choice of N. Derivatives of the splitting cutoff satisfy the same bounds on its transition region. These
calculations show that replacing the truncated coefficient integrals by their full off-diagonal oscillatory
integrals costs O(|k|"™ £7?). They also prove smoothness of every k,,, by choosing N > n + D + d.
This is (AL9), including arbitrary tangential and normal-base derivatives. The argument does not call a
tangentially separated kernel a smooth full kernel: its remaining inverse normal Fourier transform may
be singular at r = s.

The actual finite patched first inverse

Use exactly the real square partition and bundle transfers of GI24:
Q=> 0,T0,: Fy — By, Y 9?=1. (AL11)

Each ¢, is independent of . In the preferred pullback atlas of the fixed collar, put

Q,(r) = Zﬁ‘i Op, (¢ ()9 : Fyy — By, (AL12)

where both frame transfers and the complete right tangential composition with ¥, are part of this
definition. Thus 9, (r) € V7, (Fy, Ey ); replacing Opy(cm)ﬁi by pointwise multiplication of its symbol
and ¢, would generally be false.

The actual @ has, on every compact preferred product localization, a common two-tail expansion with
coefficients Q,,: its left full symbol satisfies (AL5) with ¢;,, replaced by the complete left symbols of
Q,,, and its tangentially separated normal amplitude satisfies (AL9) with the complete kernels of Q,,.
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To verify the right-cutoff step in the diagonal estimate, use its exact tangential composition integral.
Split the tangential frequency shift ¢ into |(| < €;|x| and its complement, choosing €; so the first part
stays inside the cone of (AL5). On the first part, the exact inequalities T'(n + ¢) < T'(n)(1 + |¢]) and
T(n) < T(n+¢)(1+|¢|) transfer the TE~el factor; the Fourier transform of the smooth compact cutoff
has every polynomial moment, so the defining oscillatory integral preserves the differentiated (ALS5)
estimate. On the complementary shift, integrate by parts in the tangential base difference arbitrarily
many times. Its cutoff Fourier transform then beats every polynomial growth of the original GI3 symbol,
yielding O(|k|~") for any chosen N, including all derivatives. Left multiplication by ¥, is direct. The
same exact kernel multiplication by 9, (y)v,(z) preserves (AL9). A normally proper cutoff changes the
compactly localized full kernel only away from r = s, where GI12 proves smoothness; the left normal
symbol of that compact smooth difference decays faster than every power of || after integrations by
parts in r —s. The preferred chart/frame changes depend on y, not on r, so their exact kernel transports
do not mix the two normal tails. Finite summation proves the assertion for the actual @), not an invented
infinite formal patch.

At leading normal order, each local ¢;; = M; ! is a bundle-map multiplication symbol. The partition
identity therefore gives the exact global coefficient

Qo => MW, =M"1:Fy, — Ey. (AL13)
There is no scalarization or change of density in (AL13).

The first finite correction and both original error sides

The two actual errors remain
Rp=P.Q—1Ip:Fy — Fy, Rg=QP.—Ig: FEy — Ey, Qy=Q—QRp. (AL14)

The full leading normal coefficients can now be calculated, rather than inferred from total mixed order.
Write § = —i0,. and retain complete tangential operator products. The exact normal Leibniz rule for
the differential P, = Z;n:o A;(r)Dr., applied to (AL12)—~(AL13), gives

‘TF = K’ilFl + Otwo tails(ﬁ72T2)7 Fl = MQI + mM(;(Mil) + Am—1M717 (AL15)

‘%E — Hil El + OtWO tails(ﬁ72T2)7 El — QlM - mM715M + MilAm_l.
Here O, tais(K¥2TT) means exactly the differentiated cone estimate of (AL5) at the displayed order
and the corresponding separated-kernel estimate of (AL9); it does not mean an operator norm with the
tangential factor suppressed. For R, the term —mM ~16M comes from k=™ x Mx™; its sign is fixed by
(") = —m. For R, the term mMJ(M ') comes from Mx™  M~'x~™. Differentiating MM~ = I,

1
gives F; M = ME,, in agreement with the exact intertwining (GI31).

For clarity, the first-coefficient product rule used in (AL15) and below follows from the actual normally
proper kernel composition. Partial Fourier transformation in r — s gives the oscillatory integral

(Ao B)(r,k) = (2m)~! Os/ e A A(r, Kk + A\)B(r + t, k) dtd), (AL16)

with exact tangential operator multiplication. The A-region |\| < €|x| stays in the high-normal cone after
the same tangential shift split as in AL3. Taylor’s formula in A and ¢, followed by the oscillatory moment
identity, gives the leading product A,(r)B,(r); every nonconstant term contains one 9,,A and one 6B
and is one normal power lower. The integral remainder is bounded by the differentiated estimates
(AL5): integrate by parts enough times in ¢, A, using the compact normal properness support, and the
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tangential Peetre inequalities used in AL3. On |\| > €|x|, repeat those integrations by parts arbitrarily
many times; the smooth normal-base amplitudes make this contribution O(|x|~") for every prescribed
N. The corresponding tangentially separated kernels obey the same estimate by AL2 and the exact
off-diagonal composition argument GI19c. This proves the leading coefficient rule at the one order used
here without claiming the all-orders product theorem.

Consequently the first coefficient of QR is the complete tangential product M~'F,. Subtracting it
from Q; cancels every partition-dependent Q; term:

QQ = M_lﬁ_m + [—M_lAm_lM_l - m5<M_1>] R_m_l + Otwo tails("i_m_QTQ)‘ (AL]'?)

The displayed coefficient is exactly the full ordered C; of (NL10), including the variable-normal derivative
and every tangential operator factor. The equivalent left construction @@ — X 5@ has the same coefficient
because XpQQ = QR exactly. At this first correction, both actual error sides remain the distinct
identities of GI32:

PQy=Ip—R%, QP =Ip— R (AL1S)

No equality of X and R is asserted.

Actual first patched inverse: common normal tails and ordered correction
e R

Positive real tail

Local raw inverse T; k>0, |[k|=CT I~ One coefficient sequence

Negative real tail /

k<0, |k|=CGT

l

Separated tangential kernel Actual finite patch First corrected coefficient

pi=MK™(1 + Z))

RYS

Cin = UinM;™ on both tails

y # z: integrate by parts in n Q=207 Q:C1=—-M"Ap_ M7t —m6M~1
7

The diagram states AL1-AL18. It does not assert all-length closure for QR% or a general one-sided trace.

Figure 2: Figure AL-F1. Both real normal tails of the actual local inverse use the same ordered
coefficients (AL3)—(AL5); tangential separation gives the complete off-diagonal expansion (AL8)—(AL9).
The finite square partition is (AL11), and its first correction cancels the partition-dependent coefficient
by (AL15)-(AL18). This diagram does not assert all-length product closure or a one-sided trace. The
displayed finite correction is proved in this lesson.

17. The full paired normal class and its finite products
A paired real-normal class with its original weights

Work in the preferred r-independent pullback charts of the fixed collar. Let a € Z. A normally proper
operator A belongs to £%(Fy-, Ey-) when it belongs to the actual global mixed class M? of GI19a-GI19c
and has these two additional properties, with all source/target bundles and input densities retained.

On every compact localization in a common tangential chart, its exact left symbol a(y,r,n, k) has

one sequence of complete tangential-operator coefficients A, (r) € Y7 (Fy, Ey). If a, (y,r,n) is their
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complete left symbol, then, on |k| > CT(n), for every L > 1, every base derivative /3, tangential
frequency derivative o, and normal frequency derivative v,

L—1
05,0507 (a -> ann“”)
n=0

The coefficients and constants may be transported between preferred charts by the actual r-independent
bundle maps. In the other preferred chart, the coefficient is the exact conjugated tangential operator,
not a guessed pointwise symbol. The same sequence is used for positive and negative k.

S CLaﬂv‘K’PiLivTLi‘a" (ACl)

For disjoint compact tangential output/input cutoffs, the normal amplitude of the actual kernel has
an expansion by the off-diagonal smooth kernels of these same A, , after the actual normal properness

cutoff, and
L1
052500 | kg —> kg, k"
n=0

on every compact proper normal strip. Here the amplitude is reduced to the left normal symbol near
r = s; a normally proper cutoff is inserted after that reduction and equals one there. Changing this
cutoff changes the localized kernel by a compact smooth full kernel, hence changes its normal amplitude
by a rapidly decreasing function of |x|. The coefficient kernels are the actual off-diagonal kernels of
A,,(r), multiplied by that cutoff and by the input density and local frame factors; those factors are
differentiated in 7. Equations (AC1)—(AC2) are required at every length, not only for the leading
principal symbol. A compact smooth full kernel belongs to every £% with every coefficient zero.

< C’yLU|ﬁ|a_L_v (Acz)

The obvious filtration is exact: £%' C £ To see the coefficient assertion, insert a zero leading
coefficient and shift A,, to index n + 1. Its tangential order n is at most n + 1; the remainder inequality
follows from T" > 1, and the separated-kernel inequality follows from the corresponding one-power shift.
This inclusion does not identify the two different orders R and T

Exact composition and its full coefficient formula

For composable A € £%(F, E) and B € £°(G, F), their actual proper composition belongs to £***(G, E).
Its coefficient at index n is the finite, ordered tangential operator

(AeB), = (a 7) A (r)6B,(r), & =—id,. (AC3)

P,q,£20
pHg+i=n

The product Apcsqu is the complete tangential operator composition, including every tangential

smoothing term. Its order is at most p + ¢ < n. Equation (AC3) is NL3 with its coefficients realized as
actual operators; it does not commute any of the displayed factors.

Here is a proof of both remainder assertions. Tangentially, the exact left-symbol product of the two
parameter families is the oscillatory integral used in MC2-MC20. For a compact localization, split its
tangential frequency shift ¢ at |(| = €|x|. In the smaller region, choose the output cone constant large
enough that both shifted and unshifted frequencies lie in the cones of (AC1). Insert both length-L
expansions. Every term with p 4+ ¢ > L is bounded by

C‘H|a+b—L—vTL—\cx| (AC4)

after any requested derivatives: use T'(n + ¢) < T'(n)(1 + [(]), its reverse inequality, and T'/|x| < C~!
to absorb the excess p + ¢ — L. The exact tangential composition of a term with p+¢ < L is 4,B,,
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with no truncation of its tangential symbol. A remainder factor satisfies (AC4) by (AC1) and the
finite-seminorm oscillatory estimate (MC6) applied to the shifted orders; the polynomial moment of
the compact base cutoff absorbs the Peetre factor. In the larger shift region, integrate by parts N
times in the compact tangential base difference. Each differentiation falls on a smooth compact cutoff
or a symbol with the GI3 bounds, while the transformed cutoff is O((1 + |¢|)~®). For any prescribed
decay exponent M, take N beyond the GI3 polynomial growth order, the tangential dimension, every
requested derivative order, and M. The resulting integral is O(|x|~*). This establishes tangential
composition of the complete coefficients and the differentiated cone remainder.

For the normal variable, the exact normally proper composition is the operator-valued oscillatory integral
(AL16):

(Ao B)(r,k) = (2m)" 1 Os / e "N A(r, k 4+ \) B(r 4+ t, k) dt d\. (AC5)

The product inside is the ezact tangential composition just controlled. The normal support in ¢ is
compact after localization. Split at |A\| = €|x|, decreasing e so the small region stays in the high-normal
cones. On the small region, Taylor-expand A(r,x + A) in A to the finite order needed for the requested
length L. The identity Ae™"* = i*0fe~"**, followed by integration by parts in ¢, gives the full moment,
after restoring the complementary frequency region by NC5 in Section 18, 9 A6*B/¢! at t = 0. Since
0L (a k™ P) /00 = (*,P)a,x*P~*, the coefficient at total index n = p + ¢+ £ is exactly (AC3).

For the integral Taylor remainder of length L, integrate its factor A by parts L times in t. The
resulting 0L A(r,k + O\) SV B(r + t, k) has the bound (AC4), with arbitrary requested additional
derivatives, because 9% contributes |x|~F and each normal base derivative preserves the tangential order.
Apply the finite-seminorm oscillatory bound of MC6 in the remaining compact t, A variables, with
N > 2L+ |a| + |B| + v + |a| + |b] + 3 integrations by parts to make its absolute majorant integrable.
Derivatives of the small-region cutoff lie where || < |x| and have an extra |x|~* for each normal-frequency
derivative. On |A| > ¢|k|, integrate by parts N times in ¢; the N-th ¢ derivative of the compactly
supported B amplitude obeys the same GI3 polynomial bounds, while |A|7" makes the A-integral
O(|k|~™) for any prescribed M after increasing N. This includes the region where k + X crosses zero,
so no false high-normal expansion is used there. The normal properness cutoffs equal one when each
normal input-output difference is near zero. Their omitted pieces have compact smooth full kernels
there: if an intermediate normal point is away from the output and the final input tends to the output,
both proper factors are away from their own normal diagonals. Repeated normal-frequency integration
by parts makes those pieces rapidly decreasing in the output normal symbol. Thus the coefficients
calculated at ¢ = 0 are the actual coefficients modulo a rapid normal remainder. These estimates prove
(AC1) for the product at every length and preserve its common coefficients on both signs of x.

For (AC2), fix disjoint external tangential cutoffs and partition the compact intermediate tangential
variable into finitely many sufficiently small supports. For each intermediate piece, either the first
factor is tangentially separated from the output or the second is separated from the input. In the
first case the kernel of A is smooth in both tangential variables and has (AC2); its partial tangential
Fourier transform has every negative T-order after integration by parts in its smooth input variable,
exactly as in the forward implication GI19b. Compose it with the complete symbol of B. Its high
tangential-frequency part is O(|x| =) for any M: choose the negative T-order beyond M + d and use
T = |k| there. Its low part obeys (AC4) and the normal calculation (AC5), with each external tangential
derivative absorbed by choosing the smoothing order further below —d. The other case reverses A, B
and uses the same estimates. The coefficient kernel obtained by the finite intermediate integral is exactly
the off-diagonal kernel of (AC3), including the input density. The normal remainder is O(|x|*T0~£7?)
with all external derivatives. This proves (AC2) and actual closure under proper composition, rather
than merely diagonal symbol closure.
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Differential factors, local errors, and the two global errors

The original cylinder polynomial P, = 27:0 Aj(r)Df; : By — Fy belongs to £™. Its coefficient at index
n < m is exactly 4,,_,,(r) € ¥, , and all later coefficients vanish. These statements are identities, so
both (AC1) and the off-diagonal normal polynomial in (AC2) have zero remainder after length m + 1.
The original top coefficient A,, = M is a bundle-map multiplication operator; it is not replaced by I.
The actual local T; and patched @ belong to £~™ by AL1-AL13. Their leading coefficients are M;*

and M1, respectively.

One more exact gain is needed before reindexing an error from degree zero to degree —1. For a local p;
or 7;, the leading coefficient M; or M;™! is independent of 1. Consequently d,p, € L™, O,p; € LML
0,7, € L1 and 0,T; € L™~ with each tangential derivative interpreted componentwise. For 4,.,
this follows directly by differentiating (AC1) and (AC2), lowering every normal power by one. For
877, the index-zero term vanishes; a term at old index n > 1 has tangential order at most n — 1 after
differentiation and is the new index n — 1. The differentiated remainder has the required new bound
because its T-power falls by one. On a separated kernel, 9, corresponds to multiplication by the exact
tangential difference, and the vanishing leading multiplication kernel produces the same shift. These
facts also apply to P, and Q, since their leading coefficients are M, M 1.

In a local chart the pointwise matrix product p,7; = 6,1, and 6, — I - has compact support in the full
frequency variables. Its quantization has a smooth full kernel and lies in every £®. The exact left-
symbol composition remainder P,T; — Op(p,7;) is the frequency-derivative/position-derivative integral
of MC19-MC20. At least one frequency derivative falls on p,; the preceding gain places that derivative
in £m~1 while the differentiated 7, stays in £~™. For clarity about that parameter step, MC21 replaces
the second base argument in (AC5) by r + tu, and the tangential base argument by the same scaled
shift, for 0 < ¢t < 1. The two frequency-shift splits above remain valid uniformly in ¢: derivatives
of B(r + tu) acquire factors t/ < 1, and neither cone condition nor any integrable majorant changes.
The normal moment at order ¢ is tz(azp )Ap(;KBq, with the tangential factors combined by the exact
parameter product of MC21. The low-frequency remainder, high-shift integration-by-parts estimate,
and separated-kernel intermediate partition are uniform in ¢. Consequently C,(d,p;, D, ;) € £~ with
uniform seminorms; the coefficientwise integral in MC20 belongs to the same class. This proves the
stated membership for the exact local error. The opposite composition has its first derivative on 7, and
also lies in £~!. Thus the actual local Rp ;, R ; of GI13 belong to L1, with two separately ordered
coefficient sequences. This argument is stronger than merely observing that the degree-zero leading
coefficient cancels: it proves the one tangential-order improvement at every normal coefficient.

For each scalar tangential cutoff ¥;, p, of GI24, independent of r, the same exact composition remainder
gives

[P.,9;] € £ 1, [T,,9,) € £ L. (AC6)
The zeroth coefficient commutes with a scalar cutoff in both cases. Every remaining term has a tangential
frequency derivative, so its normal index and tangential order are exactly those just checked. The cutoffs
themselves belong to £V.

Now use the actual global decompositions, not a fictitious single error. In GI27 the nonidentity terms
are the left local Ry ;, [T},9;1P;, T,AF, and T;[P,, ;] with their displayed cutoffs and factor order. In
GI28 they are the right local Ry ;, [P;,9;]T;, ART;, and [P,,9;]T;. GI26 proves Al = Al = 0 after the
actual localization. AC2 and (AC6) put every remaining term in £~!. Finite summation proves

Rp € LBy, Ey), Rp € £ (Fy, Fy). (ACT)

The source/target types and two error sequences remain different. At first order their coefficients are
exactly E;, F; of (AL15), both of tangential order zero, as the derivative-gain proof also shows.
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Every actual finite correction, with no infinite patch

For each positive integer N, retain the literal finite operator of GI30:

N—-1
Qn =Q Zj(—ﬂepwl (AC8)

J

The proved composition closure, (ACT), and the filtration in AC1 give Q € £7™, RY € £V and
RY € £7N. In particular every actual finite product QR7. has the common all-length real-normal
expansion (AC1) and the tangentially separated normal expansion (AC2), with complete tangential
coefficients. No product is replaced by a finite tangential Taylor term. At every coefficient (AC3) is the
exact ordered recursion, so the first N inverse coefficients of @ are Cj, ..., Cy_; of (NL7)-(NL10). One
can verify this directly by expanding both exact GI32 identities in £: their errors begin at normal degree
—N, so the coefficients of k%, k71, ...,k N1 vanish in the two differences P.Qy — I and QN P, — I .
In the products P.QQy and @y P, themselves, the constant coefficients remain exactly [, and I,
respectively, and only the coefficients of k™" for 1 < n < N vanish. Invertibility of the original M solves
the leading equations MC, = I and CyM = Iy, and then makes the remaining ordered coefficient
solution unique.

The exact identities themselves remain the two distinct GI32 sides:
PCQN = IF - (_ﬂF>N7 QNPC = IE - (_WE)N- (AC9)

Equations (AC1)—(AC9) establish the analytic common-tail and tangentially separated kernel closure
that was missing in NKb5 for the actual finite patched operators. They do not, by themselves, evaluate
the one-sided normal Fourier limit of Q P, prove its weighted remainder at every original m;, or
compare the differential interior freezing 7" with 7j,. Those are separate calculations: the full original
source SR12a must be inserted into the now-proved expansion, its polynomial normal pieces must be
treated as boundary-supported distributions rather than assigned point values, and both AC9 error
sides must remain present.

The separate boundary calculation has now been carried out in AT1-AT15. It uses, rather than silently
includes within AC1-AC9, the full source SR12a and the upper normal integral T16. The separate
comparison is proved in Section 22.

18. Exact composition moments and differentiated remainders
1. The exact tangential product, with no tangential truncation

Let A € £%(F,FE) and B € £°(G, F), for integers a, b, in the original preferred product charts. Keep
R=1+|(n,x)|, T =1+n|, and 6 = —i0,.. The complete normal coefficients are A,(r) € VP (F, E) and
Bq(r) € V9(G, F), including their smoothing terms. Localized exact tangential composition is

(F#ang) (9.1) = (27) 4 Os // e fy, 1+ O)gly +w, ) dwdC. (NC1)

The factors have their displayed source-to-target order. Actual compact kernel localizations permit
a compact cutoff in w equal to one on all relevant intermediate supports. Pieces outside a common
tangential chart are retained in the separated-kernel calculation in Section 3.

Here is an explicit integrable majorant behind the parameter estimate. Apply (1—A, )7 to the compact
g amplitude. Every derivative is a base derivative and hence preserves its tangential order; Fourier
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transformation in w gives (1+|¢|?)~” times finitely many original base seminorms. For any real exponent
¢, the exact Peetre comparisons give

T(n+Q)/Tm)* < A+, R+ ¢ r)/R(n, k)¢ < (1+[¢]). (NC2)

They follow from the triangle inequality in both directions. Allocate all requested derivatives between
the two factors. The remaining power of 1 + || is a fixed finite number K, determined by those orders
and derivatives. Choose 2J > K + d; the product of that power and (1 + [¢|?)~” is integrable. This
proves the differentiated parameter bound with finite original seminorms. It retains negative as well as
positive tangential exponents.

For the high-normal expansion, split ( smoothly at |(| = ¢|k|, on a cone |k| > C’T. Choose C’ larger
than both input cone constants and choose & small enough that T'(n + ¢) < T'(n) + |¢| puts the shifted
factor inside its own cone. In the smaller shift region insert both length-L expansions. Their complete
coefficient product is precisely A,B,, by (NC1). A term with p+¢ > L has bound || tb-Pma—vPta-lef
which is at most a fixed multiple of |x|*T0~E—vT LIl since T//|x| < 1/C’. An original remainder factor
has the latter bound by the same finite-seminorm estimate (NC2). No finite tangential Taylor expansion
substitutes for (NC1).

In the larger shift region, the same Fourier decay in w yields, after Peetre comparison, a majorant
C|r|PT1(1 4 [¢[)X=2/. For |¢| > €|k, its integral is at most C|x|PTE-2/+dT—lel Increase J after the
prescribed decay exponent and all derivatives. This makes the integral arbitrarily rapid in |x|. The
same estimate applies to the removed parts of each complete coefficient product; restoring them gives
the full A,B,. Derivatives of the smooth shift cutoff have support where |¢| < |x| and supply additional
inverse powers of |k|. These estimates prove the entire tangential coefficient product and remainder at
every length on both signed tails.

2. Exact normal moments and a uniform absolute remainder

After the complete tangential product, normal composition has the exact form
(Ao B)(r,k) = (2r)"t Os // e WA(r,k+w)B(r +t,k) dt dw. (NC3)

All products inside this expression are the complete tangential operator products just proved. The
original proper normal kernel confines relevant intermediate normal values to a compact interval. Insert
a smooth t-cutoff equal to one on that interval and near zero; it is exact on the actual kernel, and all its
derivatives at zero vanish. Input densities and frame factors remain in the localized amplitude.

Choose a smooth normal shift cutoff supported on |w| < €|x| and equal to one on a smaller such region.
Its complementary region has an explicit arbitrarily rapid bound. Repeated integration by parts in ¢,
using (1 — 02)7, gives (1 +w?)~7/. The derivatives of B(r +t, k) preserve its orders. Peetre comparison
for the shifted A, and the finite tangential bound of Section 1, give a majorant C|x|PT~12(1 + |w|) K27,
Integrating over |w| > e|x| gives at most C|x|P+E-2/+17—lol  Arbitrary requested decay follows by
increasing J. This explicitly includes x + w = 0; no high-normal expansion is used at that point.

On the smaller shift region use the exact finite Taylor formula

L-1 ¢

A(r,k+w) = Z %aﬁA(r, K)
=0 -

iy (NC4)

1
— [ (1—60)""19kA .
+ (L—l)!/o (1—0)""10;A(r,k + Ow) d
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The signed frequency stays in the same cone after decreasing € and increasing its constant. The moment
identity, with its original phase, is

whe™w = j9fe—itw, (2m)~1 Os// e Wt B(r +t, k) dt dw = 6*B(r, k). (NC5)

Indeed Fourier inversion gives &, (t); integration by parts supplies (—i)‘0f, precisely 6°. Restore the full
moment from the low-shift cutoff by adding its complementary piece. That piece has the arbitrarily
rapid estimate already proved, now also absorbing the finite polynomial w’. Thus the cutoff moment is
the displayed exact moment plus a rapid remainder, rather than an unjustified literal delta identity for
a truncated integral.

For the integral remainder in (NC4), integrate w” by parts L times in t. The new amplitude is the
complete product L A(r, k + 0w)6L B(r + t, k), with the derivatives of the compact t-cutoff retained.
On this region R(n, k + 6w) =< |k|; after every requested derivative the finite tangential estimate gives
C|k|o+b=L=vp=lel uniformly in ¢,6,w. Apply (1 —0?)7 once more with 2J > 1, increasing it to absorb
any additional fixed polynomial factors. The resulting absolute majorant is this bound times an
integrable power of 1 + w?. It is uniform in §, whose integral has its full factor (1 — 6)X=1 /(L — 1)\
This gives the stronger remainder bound C|x|***~L=vT 1l and hence the required bound with 7%,
Every cutoff derivative either preserves this estimate or is in the previously rapid large-shift region.

Insert the common-tail expansions into each restored moment. Since

%af;nafp - (“ , p) kPl (AeB), = Y (“ ;p> A,6'B,, (NC6)

p+q+l=n
the coefficient formula is exactly AC3 and NL3. Each sum at a fixed n is finite, even for negative a — p,
and each complete tangential product has order at most p + ¢ < n. Terms of larger index and the
differentiated original remainders have the cone estimate just proved. Ordinary mixed composition gives
the global low-frequency class S0, Therefore every required diagonal-symbol assertion of .£%*® holds.

3. Both separated-kernel configurations and the literal finite inverse

For disjoint external tangential supports, cover the compact intermediate tangential set by finitely
many small pieces. On each piece either the first kernel is separated from the output or the second is
separated from the input. A separated coefficient kernel is smooth in both tangential variables; partial
tangential Fourier transformation and arbitrary integration by parts give every negative T-order. The
AC2 remainder at length L has the same property, with original normal power |x|* 7% or |k|>~L 7V,

In the smaller tangential frequency region 7' < C'|k|, choose the negative tangential order below minus
the tangential dimension, the polynomial growth orders of the other factor, and all requested external
derivative costs. The tangential integral is then absolutely convergent with the normal remainder
|k|2tb=L=v On T > C|k|, choose the negative order further below any prescribed decay exponent;
integrating its tail makes the contribution arbitrarily rapid in |k|. Apply the exact normal calculation
(NC3)—(NC6) to these amplitudes. It gives the same normal remainder and the off-diagonal kernel of
the complete coefficient in (NC6).

This argument works in either factor order: when the first factor is separated, transform its smooth
input variable; when the second is separated, transform its smooth output variable and retain the
transposed pairing in its original order. No factor is commuted. Finite intermediate integration and the
original input density give the actual composed kernel. Thus

9y,zr,500 (kAoB - Z k(AoB)nKaern)

n<L

Ao B e Lo+, < C,p |7l (NCT)
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These are complete kernel statements on the proper normal strip. Away from the normal diagonal
repeated normal frequency integration makes all omitted properness pieces smooth in all variables; on
the normal diagonal the separated singularities and their coefficients remain present.

For the actual polynomial, its leading coefficient is the original bundle map M, and the actual inverse
seed has leading coefficient M~!. Differentiating their expansions in a tangential frequency kills the
leading multiplication symbol. The old index n > 1 has tangential order reduced from n to n — 1,
allowing reindexing into one lower normal class. A normal frequency derivative reduces every normal
power by one. The original enhanced GI5 bounds give the same improvement globally, not only on
the exterior cone. In the exact local composition remainder MC20 at least one such free frequency
derivative is present. The scaled base shifts have factors between zero and one; the preceding compact
Fourier majorants are uniform in that scale, so the remainder belongs to £~! at every coefficient. Scalar
tangential cutoff commutators have that same free derivative; their original GI27-GI28 decompositions,
including every cutoff and both bundle types, yield
N—1
Rp € LBy, By), Rp € L1 (Fy, Fy), Qn=@Q Z(*RF)j eLm. (NC8)
§=0
Every summand is an actual proper composition. The induction based on (NC7) gives both powers in
LN the original ordered intertwining relation and finite geometric identity give

P.Qn = IFY - (—WF)Na QnyFP. = IEY - (—jeE>N- (NC9)

The first N complete normal inverse coefficients follow uniquely from the original invertible M and the
right and left NL recursions. The coeflicients of the two differences after subtracting their respective
identities vanish through normal degree —N + 1; the constant coefficients of the products themselves are
the actual I, I. Applying MH3-MH19 to (NC8)—(NC9) gives the all-order volume, supported-source
and measured finite-error bounds. Neither error is silently turned into a smooth full kernel.

The reproducible figure source retains the prior formal figure separately. The present diagram uses
actual operator composition throughout; it does not equate the patched seed with its leading normal
coefficient.

This reconstruction makes the cutoff moment restoration and the integrable differentiated normal
remainder explicit. It proves the complete composition prerequisite of the half-space maps, rather
than requiring an unproved finite rational surrogate. The supported-source and one-sided boundary
calculations are proved in Sections 19-22.

19. The full normal-jet source and both resolvent errors

The original left-ordered operator and its boundary source

Use the inward normal coordinate » > 0, the convention D, = —i0,, and actual bundles £ — Y, F' = Y.
For a normal degree m > 1, let

P=> Ay(r,y,D)Dt: CX(Y xR, E) — C®(Y xR, F). (SR1)
=0

The order displayed in (SR1) matters: D% acts before the coefficient family A,. Each A,(r) is a smooth
family of tangential operators £y, — Fy-; no coefficient is moved across a normal derivative. For a smooth
positive-side section u, write u® = 1,_,u and U, = (Df;u)\TZO, 0 < j < m. Repeated differentiation of
1,-¢ gives, with every term,
-1
Diu® = (Diu)® +i71 ) U, |, ® DS, £> 1. (SR2)
k=0
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../figures/normal_composition_actual_166.py

Actual finite normal Laurent correction

Complete tangential products; both signed normal tails and separated kernels are retained

P.= .Z A/(r)D}

QEL™, Co=M!

m

Re=QP.—Ig (Ey—Ey) Re=PQ—1Ig (Fy—Fy)

\ ReQ = QRF /

N-1 ) N-1 )
Qu= 2 (-RgYQ=0 2 (-ReY
j=0 j=0

Qu : Fy = Ey has coefficients Cy, ..., Cy_1; errors —(—Rg)V and —(=Rg)V

Actual composition and full remainders: NC1-NC9. Half-space and all measured layer maps: MH1-MH20.

Figure 3: NC-F1. The original polynomial and actual patched seed map between the two original
bundles. Its complete leading coefficient is M inverse, while the operator itself is Q. The two errors and
their actual ordered intertwining relation enter the literal finite correction. Both error powers and their
signs remain present; the coefficient and kernel proof is (NC1)—(NC9), and its half-space receiving maps
are (MH1)-(MH20).
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The factor i1 = —i follows already at £ = 1: D,.(1,.qu) = (D,u)? —iU,d,. Induction applies D, once
more to the interior and each delta term, retaining their order. The term ¢ = 0 has no boundary source.
Multiplication by the original A,(r) after (SR2) proves

m /—1
Pu) = (Pu)’ + CpU,  CpU=i"1)"A,(r)> Uy}, ® DEg,,. (SR3)
/=1 k=0

This is GI37 with j = £ — 1. The A,(r) in (SR3) acts on the supported distribution. Replacing it
immediately by A,(0) would discard terms whenever k > 1.

Define the full-polynomial coefficient freeze, without refactoring,

m m /—1
Py=) A0,y,D,)D::E—F,  CoU=i1> A,0)> U, , 4 ®Df,. (SR4)
£=0 =1 k=0

The boundary values in P, are the original ones. The map C|, is the source used in the frozen polynomial
residue calculation; it need not equal Cp.

The exact supported defect and its kernel

For a smooth family A(r) : Ey — Fy, testing against a compactly supported smooth dual section and
applying the Leibniz formula gives

k
A(r)(U @ DEs)) =3 (’;) i((094)(0)U) ® DE45,,. (SR5)

q=0
To verify the phase directly, D¥d, = (—i)kdék). The ordinary distribution product is
TR k (k—q)
A (U8 ) =) (-1) <q> ((0rA)O)U) ®d; .
q=0

Changing back to D¥45, multiplies the g-th coefficient by (—i)*(—1)4/(—i)* ¢ = i9. No tangential
map is commuted with U or another operator.

Subtracting the ¢ = 0 term of (SR5) gives the exact source defect

m (-1 k
AU = (Cp—Co)U =ity " @ (0 A)(0)Uy_y_y,) ® DE5,. (SR6)
0=1 k=0 q=1

All terms are supported at » = 0 and map the original E-jet into F-valued boundary distributions. The
largest remaining normal delta derivative has exponent m — 2, one below the largest exponent m — 1 in
(SR3). This follows exactly from ¢ > 1 and & < m — 1; it is not a claim of a full mixed Sobolev estimate.

The defect determines a concrete space of boundary jets,

m—1
K(P,Py):={U € @ C>*(Y,Ey) : A°U = 0}. (SR7)
=0
The map in (SR6) gives the exact sequence
m—1 c
0 — K (P, Py) — @ C=(Y, By) —— im A¢ — 0. (SRS)
5=0
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Exactness is immediate from the actual kernel and image of the specified distributional map. It says
precisely which original jets permit replacement of the source by its coefficient freeze; outside X' (P, P,),
that replacement changes the layer.

For m = 2, retaining both normal coefficients and their bundle maps,

CpU = it [Al (1)Ugdg + Ag () (U6 + UODT50)]7

S
AU = (0,4)(0)Ugdy,  K(P,By) = {(Uos Uy) : (3, 4)(0)U = 0}. (SR9)

The sign is checked by rD,6y = idy: i1 i (0,A5)(0)Uydy = (0,,A5)(0)Uydy. For m = 3, collecting the
coefficients of the independent J, and D,.d, distributions gives

AU = 2(0,43)(0)Uy ® D,.d

+ [(8,A45)(0)Uy + (8, A3) (0)U, + (82 A3)(0)U,] ® 6. (SR10)

Thus its kernel has the two exact equations obtained by setting the displayed D, d, and §, coeflicients
to zero. The U, jet does not enter this defect, but remains in the original source (SR3).

An explicit nonconstant m = 2 test uses
Ay(r)y =1+ itanhr, Ai(r)=0, Ayr)=1+ D@Q/, P = Ay(r)D? + Ay(r). (SR11)

Here 3/4 < A,(r) < 5/4, A5(0) = 1, and (9, 4,)(0) = 1/4. For the actual jet U, = 1,U; = 0, (SR9)
gives

No inverse or boundary realization is needed to establish this distributional counterexample; (SR2)-(SR5)
prove it directly.

The full jet matrix and its source spaces

The defect has a more exact description than the assertion that its highest delta derivative is one order
lower. Group (SR6) by the output distribution D%J, and the independent input jet U,. With k = b+ ¢
and £ =a+ b+ g+ 1, the exact ranges give

m—2m—2—b m—1—b—a
. b+q).
AU = Z Z Sb,aUa ® D%o» Sha = it Z ( q q) Zq<agAa+b+q+1)<0)‘ (SR12a)
b= a=0 q=1

For m = 1 both sums are empty and A° = 0. Every term in (SR12a) comes from exactly one term
of (SR6); the change of indices is reversible. Thus (SR12a) preserves the entire original source (SR3),
including its normal-derivative contributions, while exposing the complete triangular matrix of the
freezing defect.

The kernel in (SR7) is therefore the concrete space

m—2—b

X(P,P,) = {U £ Y FyaU, =0forevery 0<b<m— 2} : (SR12b)
a=0

Freezing preserves the source for every smooth boundary jet tuple if and only if each §, , = 0 as a

tangential operator. For necessity, choose any smooth tuple U using u(r,y) = (r) """ (ir)2U, (y) /a!,

a=0
with ¢ = 1 near r = 0; then Dfu|y, = U,. Prescribe one jet at a time and test against independent

normal delta derivatives. Sufficiency follows directly from (SR12a). Individual coefficient derivatives
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need not vanish: for m = 3, let A5(r) =2+ r? and A,(r) = —2ir in a collar, with A;, A, arbitrary. In
(SR10), A5(0) = 0, A5(0) = —24, and ¢A5(0) = 24, so A°U = 0 for every U, although both displayed
coefficients vary with r.

The source also has an exact mixed Sobolev domain in a flat product chart ¥ = R"~! with fixed
bundle trivializations. Assume for every real ¢ and every derivative used in (SR3)-(SR6) that
(09A,)(0) : H°(Y; E) — H°m=9(Y; F) is bounded. Tangential differential operators with bounded
coefficient derivatives, or properly supported tangential symbols with the corresponding bounds, meet
this hypothesis. Set U, = @Z:ol HT=2=1/2(Y; E), T € R. Use the original mixed norm

ol = 20 [ [l )+ ). O dedo (SR12¢)
Rr-1 JR

For 0 < b < m, direct normal-frequency integration, with no change of the original tangential weight,
gives
Bb+im—b-1)

”U ® ‘Dg(SOH(27m7T) = ’r 2 HU”%T—erbJrlm(y)- (SR,12d)

Indeed, writing b = (14|n|?)'/2, the normal integral is f[R P (h24+¢%)md¢ = RP2mB(b+-1, m—b—1).
It is finite since b < m — 1. In the term of (SR6) indexed by (¢, k,q),set a =€ —1—k, b=k —q. Its
coefficient belongs to

HT-a-1/2=(m=0) = gT-mtbiq+l/2(y,; ). (SR12e)

The g = 0 terms therefore have the regularity needed by (SR12d). Every defect term has ¢ > 1, so it
has at least one further tangential order. The finite sum and (SR12d) prove the actual bounded maps

CP : UT — H(—m,T) (Y X [R, F), AC : Z[T — H(—m,T+1) (Y X [R, F) (SR,].2f)
The latter gain is a statement about the supported source, not yet about QC'p or its boundary trace.

For jets supplied by a positive-side section, the exact flat Fourier trace estimate gives, when s > a+1/2,

(SR12g)

”%U”waﬂfl/?(y) <

L 1\11/2
Bla+35,5s—a—3) Ju
27-(- (S,t);—‘—'

For a whole-space extension this follows by Fourier inversion at » = 0, Cauchy—Schwarz in (, and
f[R C%¢(h? +¢%)~*d¢ = h**"1725B(a + %, s—a— %) The one-sided value is independent of the extension
because the difference of two extensions vanishes for » > 0 and has a continuous a-th trace at this
exponent. Taking the infimum over extensions proves (SR12g) for the restriction norm. Consequently
(SR12f) applies to all jets of u € H, (R} E) if s > m —1/2, with T = s 4 ¢t. No trace below this
threshold follows from this proof. On a compact boundary, the mapping statement follows chart by
chart with equivalent norms; the beta constants in (SR12d) and (SR12g) belong to the stated flat norm.

Exact parametrix morphism with both error sides

The source defect also enters the operator comparison. Keep actual bundle domains: P, P, : E — F,
Q,Q, : F — E. On a common test/distribution domain where the properly supported products act,
write their distinct approximate identities as

Qolo = Ig + Rp, PQ=1Ip+ Rp. (SR13)

Expanding the ordered product Q,(F, — P)Q, without commuting factors, proves

Q—Qo=Qo(Fy—P)Q— RpoQ+ QyRp. (SR14)
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Indeed its first two factors give (I + Rp ()@, and its second pair gives Q(Ir + Rp); solving the
resulting exact equality yields (SR14). The remainders act on different bundles and are not identified.

Set L = QCp, Ly = QyCy, as actual maps from the original boundary jets to E-valued distributions.
Adding and subtracting Q,Cp, then inserting (SR14), gives the exact layer morphism

L—Ly=Qy(Py—P)L—RgoL+QyRrCp + QyAc. (SR15)

The final term is the source change (SR6). It survives even if the interior inverses were exact. No
boundary trace is applied to (SR15) until the relevant trace mapping is proved; this avoids turning a
distributional identity into an unsupported Calderén estimate. In the explicit cylinder below all kernels
and traces exist, so the trace of (SR15) can be calculated.

This boundary-supported change differs from applying P, to the original zero extension while retaining
the original interior equation. The exact latter identity is

Py(u®) — (Pu)? = CyU + 1, i(Ae(O) — A,(r))Dtu. (SR15a)
=0

It follows by adding and subtracting (Pyu)®. Its second summand is an interior defect; it cannot be
counted as part of the supported map A°€.

20. Half-space mapping and the entire supported-source norm
1. The original class and the maps to be proved

In a preferred product chart with tangential dimension d, retain

Rnw) =1+ k), T) =1+, A =1+ 22, QG k) = (1+ [nf? + k212,
(MH1)
Here R,T are the original symbol weights and @, A are the original quadratic Sobolev weights. In
particular Q% = A24+k2,Q > M\, A < T < v2), and Q < R < v/2Q. These inequalities prove comparison;
none is a numerical identification of the weights.

Let A: Fy — Ey belong to the actual normally proper class £¢, for an integer a. Its exact localized
left symbol h(y,r,n, k) has the GI3 estimates with orders (a,0). Its complete tangential coefficients
H,(r) € U"(Fy, Ey ), with exact left symbols h,,, satisfy, on both real tails |x| > CT,

L—-1
95 ,.000; (h -> hnﬁa—">
n=0

Its tangentially separated normal amplitudes have the AC2 estimates with the off-diagonal kernels of
the same complete H,,. Every assertion below is on a compact collar localization, with the exact input
density and separate source and target frame factors. A finite chart partition gives the global maps on
the unchanged compact boundary.

< CLaﬁv’ﬂ‘a_L_vTL_la“ (MHZ)

The first asserted map, for every real ¢t and s > 0, is
rtAet : F(s’t) (Y xR, Fy) — F(sfmt)(Y xR, Ey). (MH3)

The zero extension here is defined as a distribution using the embedding into L? in the normal variable
with tangential Sobolev values proved below. It is not claimed to preserve positive full normal Sobolev
order.
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The second assertion, for an integer m > 1, every real 7, and every real v, is

r+A|{weH( cw = rTAw € F(V,T—m—a—l/)' (MH4)

—m,7)SUpPp U)CY}

The source in this formula is an actual boundary-supported distribution. This is an all-order special-layer
result and does not give ordinary traces of arbitrary volume distributions.

2. An exact upper analytic subtraction with complete tangential coefficients

For an integer L > 1, define complete tangential operators successively by

Uy(r) = Hy(r),

Unlr) = Halr) = ni (a —j) U, 1=n<r, MNP (MHD)

n—J

All factors in this sum have their displayed order. On a local Euclidean extension, A is the scalar
tangential Fourier multiplier with symbol A(n). It acts to the right of U ;- Thus the exact left symbol
of U;(iA)"™7 is the pointwise expression u;(y,,1)(iA(n))""7: the right multiplier has no base-variable
dependence, so the exact composition integral, rather than a truncated tangential expansion, gives
that equality. In particular U,, € ¥™, with every parameter derivative. These are complete operators,
including their tangential smoothing terms.

Use the actual finite upper analytic model

L—1 L—1
V=) U;(n)(D, +iM), wp(y,rn, ) =Y gy, r,m) (s +i(n)) . (MHG6)
j=0 Jj=0

Every integer power is taken in its literal scalar Fourier multiplier sense. For a nonnegative exponent it
is a polynomial; for a negative exponent its only normal pole is —i}, in the lower half-plane. The model
is holomorphic in the upper normal half-plane and uses every coefficient needed for length L.

The binomial expansion of each summand on || > C'T, with C” > 2, is

£=0

L—j—1 )
(kN = (a , j) (N RO (MHT)

For a negative exponent this is a finite Taylor formula for (1 4+ 2)*7 on |z| < 1/2, with its integral
remainder. For a nonnegative exponent it is the corresponding finite polynomial, retaining any remaining
polynomial terms. The differentiated remainder in both cases is bounded by C|x|*~L~vTL=7-lel before
multiplication by u;; product differentiation gives the same final bound with TL=lel Derivatives of A
have order 1— ||, obtained by differentiating A> = 1+ |7|? and induction. Normal derivatives contribute
the displayed |<|™¥. The finite bounds are uniform for either sign of .

At the coefficient of k%", (MH7) gives u,, + Zj<n (Z:g.)uj(i)\)”*j = h,,, exactly (MH5). Therefore the
same original coefficients, with every factor, are matched on both tails. Set G;, = A — V. Its full
localized symbol satisfies

”85,7"87?829L ” < CLaﬁvRaiLivTLi‘ala gr € SaiLL' (MH8)

On the exterior cone this follows from (MH2), (MHT), and R < |k|. On the remaining region |x| < C'T),
the exact comparison 7' < R < (14 C’)T bounds both the original symbol and each model term by
cTev—lol, Since R/T stays between those fixed positive constants, this is precisely the bound on the
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right of (MHS), for positive or negative exponents. This proves the global estimate and all its derivatives
without differentiating R or T

Each model term also lies in $%°. Its direct differentiated bound is CR*7—vT7-1ol; the inequality
T < R gives the asserted order. The original A and both parts of its exact decomposition therefore act
by the mixed mapping theorem at their stated orders.

Tangential proper support does not remove any coefficient. First localize the original operator as y A,
with compact input cutoff ). Choose a further compact input cutoff ¢/’ equal to one on a neighborhood
of its input support. Then (xAv)y" = x Ay exactly, and every complete coefficient obeys H,¢" = H,,.
Construct the Euclidean model just described for that localized symbol and replace it by V;1’. The
exact difference is (A — V} )¢’. The mixed composition theorem preserves its order (a — L, L), while
the complete normal coefficient at index n is H,v" = H,,. Right composition with ¢ also preserves
the normal support relation. This proves compact tangential support and exact coefficient retention
together; it does not treat a tangential cutoff error as a smooth full kernel.

To retain proper support, multiply the model kernel by the actual compact normal-difference cutoff,
equal to one near zero, and retain the resulting change in G;. This does not change (MHS). Here is the
full kernel check. If h > 1 and 6§ = r — s, inverse Fourier transformation gives

_i\h
T+ N0 = Lo (0. (MHO)
The formula follows from the clockwise lower contour for 8 < 0, including the factor —¢ multiplying
the residue and every factor (i)"~!; for # > 0 the upper contour encloses no pole. It also holds as a
tempered distribution by exponential damping, or by applying D, + ¢\ successively starting with h = 1.
For a nonnegative integer ¢, the exact inverse is

F (k41 = Zq: <q> (i) T DY, (MH10)

v=0 v

Thus every model kernel has normal support r — s < 0. Away from r = s, (MH9) and all its derivatives
have arbitrary tangential frequency decay because e*? < e~**. Every polynomial tangential factor
and every requested derivative is absorbed by this exponential. After the compact localizations, the
properness change is a smooth full kernel; it has every mixed order and is retained in GG;. The polynomial
kernels in (MH10) are supported on the normal diagonal and undergo no change.

For separated tangential chart pieces, use the exact smooth coefficient kernels in AC2. Apply the same
triangular recursion with the fixed scalar pole —i, and powers (k + )% 7. All coefficient kernels and all
tangential derivatives remain smooth. Matching gives a remainder normal amplitude of order a — L;
its partial tangential Fourier transform has every negative tangential order by integration by parts in
the smooth input variable. In particular it obeys (MHS). Its model still has normal support r — s < 0.
A normal properness change is a smooth full kernel, since the tangential coefficient is already smooth.
Finite summation of these exact local and separated constructions gives a global decomposition

A=V, +Gyp, Vi, e M, G, e Mo Lk supp Ky, C {r <s}. (MH11)

The finite partition and source/target transfers are independent of the normal coordinate and preserve
this support relation. No full-kernel or density term is omitted. This is a finite subtraction for each
requested estimate, not an infinite patch or a rational replacement for the original operator.
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3. The truncated volume map at every original nonnegative normal order

For a full extension w, its original quadratic norm gives, for s > 0,

[l ore) = (27r)_(d“>/)\2<5“)!ﬁ\2 < (27T>‘(d+”/Q25/\2t!ﬁ\2 = [[ullf, 4- (MH12)
Taking the infimum over full extensions gives the same restriction-space embedding. By normal
Plancherel, H, ;) is exactly the space with norm (27)~¢ J L A2HD|q, (n,7)|2dn dr. Zero extension in
r is an isometry from its positive restriction space. Consequently the e™u in (MH3) belongs to H, (0,541)
with the bound (MH12), even when it fails to belong to H ;.

The normal support relation in (MH11) proves that, at a positive output normal value, V; only uses
input normal values at least as large as that output. If two full extensions agree on r > 0, their difference
has support in r < 0; the support of its image under V; is again in r < 0. Hence r™V,etu is the
restriction of V; applied to any full H, ;) extension. The mixed order (a,0) mapping theorem therefore

bounds it in ﬁ(s_a’t) by the infimum extension norm of u.

Choose an integer L > max(1,s). The order (a — L, L) mapping theorem and (MH12) put G e’ u in
H g s1t—1)- Its norm controls the desired one, since

QLfa )\5+th

sta)\t < QL—a)\&H*L when L > S, W

= (/N > 1. (MH13)
Restriction and addition in the exact identity (MH11) now prove (MH3). The proof covers the endpoint
s = 0, any real tangential exponent, negative output normal orders, and all positive s, without invoking
an invalid positive-order zero-extension bound.

4. Boundary-supported distributions and the whole original jet Gram matrix

On a compact tangential localization, a distribution supported at r = 0 has a finite normal-jet
representation. To prove this, let its distributional order be at most B on the compact set. A test
function whose first B + 1 normal jets vanish is O(rP+1), with the corresponding differentiated estimates.
Multiply it by a cutoff x(r/e) equal to one near the support. Every derivative of total order at most
B of that product is O(¢), also after tangential differentiation. The distributional bound makes its
pairing tend to zero. The support condition makes the pairing equal to the original one, so it is zero.
Subtracting a finite Taylor polynomial times a cutoff therefore expresses the distribution by its first
B + 1 test jets. Changing from ordinary delta derivatives to D25, = (—i)bdéb)
coeflicient distributions.

gives unique tangential

Ifwe H_,, ., its representation has the precise form

w= Y f,® D, fy € HT—m0H12(y Fy), (MH14)
b

3

Il
o

Here is both the necessity of the range and the exact norm calculation. The Fourier transform is
Zb Kb fb(n). Because the full weighted transform of w is an actual locally square integrable function,
each coefficient is an actual locally square integrable function too: integrate that function against
finitely many compactly supported r-test functions with an invertible polynomial moment matrix. Such
test functions can be chosen using a positive compact cutoff times the monomials; their Gram matrix
is positive definite because a nonzero polynomial cannot vanish on an interval. Normal Fubini then
identifies the polynomial for almost every 7. A nonzero polynomial of degree b > m has infinite squared

46



norm against (A2 + k?)"™dk. Its top coefficient must therefore vanish almost everywhere; descending
induction removes all indices at least m.

For the surviving full polynomial, put

Gércn) = /zb”(l +22)"™mdz, 0<b,c<m, vy () = AX0)°f,(n). (MH15)
R

Every integral is absolutely finite, including b = ¢ = m — 1; its integrand then decays as |z|72. Odd
entries vanish by reflection. The whole matrix is Hermitian positive definite, since its quadratic form is
the squared integral of the full polynomial. The minimum and maximum on the original finite-coordinate
unit sphere are finite positive numbers v_, v, , by the proved finite compactness and extrema theorem.
No cross term in this matrix is discarded. The exact substitution x = Az, keeping all Fourier constants,
gives

e, ) = (2m) 1 [ Xer2mtof) Gl doy
d

m—1 i m—1 (MH16)
- g

% ; Hfb”?’{T*TnerJrl/? S “wH(2—m7T) S 77—:_ ; ||fb“?—[7’*m+b+1/2.

This proves both directions in (MH14). Compact coordinate changes preserve the norms with their
actual finite constants; the normal coordinate and pullback bundle frames are unchanged. If the input
density is represented by a nonconstant smooth normal factor, multiplying the supported distribution
by that factor uses the full SR5 Leibniz formula, retains every lower delta coefficient, and gives the
same finite triangular norm comparison. A finite partition then proves the global representation and its
bound.

For one coefficient f;, the operator ADY has exact left symbol hx®, belongs to £t and retains the
same complete tangential coefficient sequence with the shifted normal powers. Apply (MH5)-(MH11) to
this actual operator. Its upper model applied to f,d, has support in r < 0, so its positive restriction is
zero. Thus its positive layer equals the positive restriction of its remainder of mixed order (a +b— L, L).

Put t, = 7 —m — a — v and choose an integer L > 1 with v +a + b — L < —1/2. The original delta
integral gives, for p < —1/2,

C
1802, = S22y %=/h+ﬁwa
P 2 R (MH17)

p=v+a+b—1L, o=t.+1L, pto+1/2=7—m+b+1/2.

The mixed mapping theorem for the remainder therefore yields r* A(f, D%6,) € H(Vvt*), with the norm
controlled by the exact coefficient norm in (MH16). There are exactly m coefficients. Finite addition
proves (MH4) for every real v; L is chosen for that requested output norm, so no fixed finite subtraction
is incorrectly asked to prove every norm at once.

5. Both finite inverse error sides and every source derivative

Keep the original operator P, = Z;nzo Aj(r)Di' : By — Fy, the literal finite @, of GI30, and its two
distinct errors. AC1-AC9 place @, in £~™ and the separate powers in £ . Applying (MH3)-(MH4)
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gives

r Quet  Hig y(Fy) = Higimy(By), 520,
T‘+(—‘%E)Ne+, ( )%ﬁs+Nt)<EY>7 s>0,
7’+<—73F)N€+ : H(s,t) (Fy) — H (s+N,t) (Fy), s 20, (MH18)
we H(*mv”')’ suppw C Y = T+QNw € F (v,7—v) (EY)7
we H_,, ), suppw CY = r"(— Rep)Nw, rH(—=Rp)N WEHwam,H,)a veER.

Each error acts on its own original bundle; the fourth row requires an Fy-valued source, while the
last row uses the corresponding Ey- or Fy-valued source separately. For N = 1, these are exactly the
needed GF5-GF6 estimates. For larger IV, the extra gain is NV, with no smooth-kernel assertion for a
finite error.

The full original source is the finite sum

m—1m—a—1m—a—b—1 b—l—q
=y > > 1( )(azAa+b+q+1><0>Ua ® D24, (MH19)

a=0 b=0 4=0 q

The exact tangential order of its (a,b,q) coefficient is at most m —a —b—q—1. If U, € H % 1/2,
this coefficient belongs to HeT0+4-m+1/2 Formula (MH16) therefore places the ¢-th source part in
H_,, ».q); the complete sum belongs to H_,, . Every normal derivative and binomial factor in (MH19)
is retained. For q > 1, (MH18) gives a separate gain of ¢ in the total boundary regularity split.

In particular the same full source, fed into either literal finite error-layer product (—Rz)NQ, or
Qn(—Rp)N, has class £ N, Tts g-part lies in F(u,a+q+Nﬂ/) for every real v. Taking any fixed jet k
by choosing v > k + 1/2 gives the tangential target H°T9+N=k=1/2 Composing with each original row
By, € U gives HOTOHN=m;=1/2 Thus every original m; and every actual ordered finite error term
has its full weighted remainder bound. The two GI32 identities, their signs, bundles and factor orders
remain unchanged.

6. A complete finite jet example retaining its cross terms

For m = 3, the full Gram matrix in (MH15) is

Y 30 1 - _
GH==1010|, ~v == ~ == (MH?20)
8\y o 3 8 2

To calculate every entry, put z = tan 6 in its original integral, with —7/2 < § < w/2. The three even
moments are the integrals of cos* ), sin® # cos? 0, and sin* 6; expanding their double-angle identities and
integrating the cosine terms gives 37/8,7/8,37/8, respectively. Reflection makes the odd entries zero.
The three eigenvalues of the displayed full matrix are 7/8,7/4,7/2: the middle coordinate and the two
vectors in the original first/third-coordinate plane give them directly. Thus the f; and f, source terms
have a nonzero cross term. Estimating each delta term separately suffices for an upper bound, but
cannot replace this exact source norm or its two-sided comparison.

The reproducible figure source, vector render and exact sample data accompany this note. The figure
shows a model used for subtraction, not the poles of the original inverse.

The bounded original-author TeX comparison is Grubb, arXiv:1310.0951v5, myAIM. tex lines 402-420
and 548-586, equations (1.3) and (1.9)—(1.11). For an integer exponent z, the exact factor relation is
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../figures/mixed_halfspace_mapping_166.py

Complete tangential coefficients give actual half-space maps

Exact sample n=0,A=1: (k +i)7! MH9: the full inverse Fourier factor is 1/(2m)
0.2
2.0 e —
//’ \\\
1.5 5~ SN
/ \
,Upper half-plane} no model poleS\
] / \ K(6) = 0 for §> 0
[} \
. 051 5 \ g
1 |
E 0.0 - 1 £
-0.5 .
_os{ K(@)=—ie®for6<0
-1.04 X only model pole: —iA = —i No point value is assigned at zero|
-1.0
-15
-3 -2 -1 o 1 2 3 -4 -3 -2 -1 0 1 2 3
Rek 6=r—s
MH15-MH20: keep the entire boundary-jet Gram matrix The two exact maps, for the original order a

G®) =T times the displayed matrix

8 Volume input; s = 0, any real t
c=0 c=1 c=2 _ —
b=0 3 0 1 His,op — His-an
b=1 0 1 0 r*Ae*; MH3, MH11-MH13
b=2 1 0 3

Boundary-supported input; every real v and T
Goz = Goo = n/8: the cross terms remain.

y_=mB, y.=m2 H(—m,r) — H(V,T—m—a*\))
- =n/3, + =

+ .
MH16 retains the extra factor 1/(2m) in the norm. r*Aw, suppw < Y; MH4, MH14-MH18

Proof source: ORIGINAL_MIXED_HALFSPACE_MAPPING_166.md, MH1-MH20. Numerical sample uses n = 0 only; no frequency weight is replaced.

Figure 4: MH-F1. The exact lower model pole and its complete inverse Fourier profile are (MH9) at the
sample eta=0, lambda=1. The open endpoint marks assign no value at zero. The full three-jet Gram
matrix, including both cross terms, is (MH20); its norm comparison retains the factor in (MH16). The
two actual half-space maps are (MH3) and (MH4).
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(k+1iX\)? = i*(A—ik)*. Thus this model has the opposite support direction from the author’s plus factor;
(MH9) proves its support and every phase directly. The author’s alternative homogeneous bracket,
complex noninteger powers and general Lp claims are not substituted for the original quadratic Hilbert
weights or imported into this proof. The original archive is retained, and the complete reading and use
record distinguishes this limited comparison from a whole-paper reading or a novelty claim.

This reconstruction supplies the half-space mapping step from the complete common-tail class to the
existing boundary Fredholm argument. The common-tail closure and the source and interior freezing
statements are still checked at their own exact proof locators; this note does not turn a historical
completion label into independent review or identify finite errors with smooth ones.

21. All one-sided traces and original boundary orders
A normal integral lemma with both original frequency weights

Let d,e be integers and let h(y,r,n, k) be a localized matrix symbol. Retain R = 1+ |(n,x)| and
T =1+ |n|. Suppose all differentiated low-frequency bounds have the exact form
105 ,0008h| < C,g,RIVT 1], (AT1)

y,rvn VK

S€+n

o’ work on the two real tails:

and, on |k| > CT, the same coefficients h,, (y,r,n) €

L—-1
98 020y (h -> hn/id_n>
n=0

The matrix source and target are arbitrary fixed finite-rank bundles; no factors in later products
are commuted. For each fixed (y,r,7n), take L > max(1,d + 2) and form the actual upper-exterior
holomorphic Laurent polynomial

< Cpagols|* oot Eolel (L > 1), (AT2)

Hy(y,r,m,Q) = Zh (y,r, )¢ (AT3)

Because d — L < —2, (AT2) says h — H; = O(|x|72) on both real tails. Thus the analytic subtraction
J . (h) of (T16) is defined, independently of L and of the admissible arc radius. Put

tr, h(y,n) = (27)"' 7, (h(y,0,n,-)). (AT4)

Then tr, h € SEiet! with every differentiated estimate

10503 tr, h|| < C,gT¢er1=lel, (AT5)

Here is the exact scale calculation. For the estimate at a chosen 7, use the arc radius A = CT'(n),
increasing C' to the cone constant in (AT2). The inner real integral has length 24, and R < T there, so
(AT1) bounds its differentiated integrand by CT¥+e~1ol; its integral is O(T 4 ¢*1-12l). The tail remainder
has bound

Cd—L+1

L_id_leJreJrlf\a\_ (ATG)

Te+L7|a\ /OO ude du =

A
Each arc term has the bound Tet"~lelgAd=n+1 — Q(Td+et1-lal) “including negative powers and the
endpoint d —n = —1. To justify the displayed 7 derivatives without differentiating the nonsmooth
function T'(n) at zero, hold an admissible arc radius fixed in a small n-neighborhood, use the uniform
differentiated tail estimates in (T16), differentiate under the finite integrals, and only then choose
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A = CT(n) to estimate the derivative at the observation point. Independence of radius proves this is the
derivative of one and the same symbol. This proves (AT5), with the original R, T retained throughout.

For r > 0, (2m)~ 7, (" h(y,r,n,-)) equals the actual oscillatory inverse normal Fourier integral by the
damping and integration-by-parts argument in (T16). The factor /"¢ is bounded and holomorphic in
the upper half-plane for » > 0. Both (AT1)-(AT2) and their r-derivatives are uniform on a compact
collar strip. The parameter continuity part of (T16), applied to the integrable tail and the finite interval
and arc, therefore gives its r | 0 limit (AT4). It also applies after any finite output normal derivative:
differentiate the actual integrand first, retain every k term, enlarge L so its new tail remainder is
integrable, and repeat (AT6). Hence the inverse normal integral has all finite one-sided r-derivatives
for smooth tangential inputs. The polynomial nonnegative powers of x in (AT3) have inverse Fourier
transforms supported at r = 0; they are treated by J_, never assigned a point value there. The £~ !
term is also retained: its upper-arc contribution can be nonzero, as J_ (k/(k? + 1)) = im verifies.

Tangential operator composition with the exact source coefficient

Let @y be the literal finite operator (GI30), whose local left symbol gy satisfies AC1 with a = —m.
Let F: Y, Ey — Fy be a smooth family of properly supported tangential pseudodifferential operators
of order f, independent of the input normal variable, with its actual input density. In a common
tangential chart, the operator @y o F' has the exact tangential left product qn#,,fr. It satisfies (AT1)
with d = —m, e = f and (AT2) with coefficients C, (r)F € W/ where C,, is the complete tangential

coefficient of (). This statement includes the full composition of C,, with F', not merely their pointwise
symbol product.

To verify it, apply the exact tangential oscillatory integral of MC21 to each complete coefficient. On
a shift smaller than |x|, both frequency arguments remain in the high-normal cone after increasing
the cone constant; the remainder factor has |x|~™ L=vT/+L=lel and Peetre’s two inequalities transfer
the shifted T" powers. Every polynomial shift moment is integrable after the compact base cutoff
is Fourier transformed. On the complementary shift, integrate by parts in the compact tangential
base difference more times than the dimension, desired decay exponent, growth orders and requested
derivatives; the resulting term is O(|x|~™) for arbitrary prescribed M. The same MC6 estimate without
the cone split gives the low mixed bound R—™ vT7-1el, Off the tangential diagonal, use the finite
intermediate partition of GI19c and the separated coefficients (AC2). A separated factor has arbitrary
negative tangential order at each fixed normal k; the high tangential-frequency part is rapid in |k|,
and the low part has exactly the preceding coefficient /remainder bounds. The resulting off-diagonal
normal amplitudes are smooth in both independent tangential variables with the same all-length powers,
including the input density. These calculations also apply when F' is a sum of the original coefficient
derivatives (97A;)(0).

A compact smooth full-kernel term is kept in the exact localized q,. If a different normal cutoff
represents it separately, it contributes a smooth tangential kernel to every layer trace and obeys all
the estimates above; it is not discarded from an equality. Preferred chart and bundle transfers are
r-independent, and their exact kernel transport preserves the normal powers. A finite partition therefore
gives the asserted global tangential operator and off-diagonal kernel.

The whole original source, including every coefficient derivative

For0<a<m,0<b<m-—a—1,and 0 < q¢g<m—a—>b—1, define the actual tangential operator

b
F9 = a1 ( J(; q> (094,41410:1)0) : By — Fy,  ordFY <m—a—b—q—1. (ATT)
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The ¢ = 0 term is i ' A,.,.(0), with no omitted derivative. The distribution identity (SR3) and its
reversible reindexing (SR12a) give the exact full source

CpU = 3 F2U, ® Dbs,. (AT8)

The ¢ > 1 part is precisely A°U = CpU — CyU; no source term is replaced by the freeze in (ATS8).

For a fixed term of (AT8), take the actual @ kernel, apply the input distribution D28, and differentiate
its positive-side output k times. The sign from transposing DP cancels the sign of D%~ leaving
kY. In an exact localized left-symbol representation (with the compact smooth-kernel contribution
retained), the full output Leibniz rule gives the following formula. Consequently the local left symbol of

its one-sided trace is

k
Gl =53 (‘“) I (D (an ) )| ) o). (AT9)

2T = \v r=

Here 7, acts in , and the order of ¢, and F, b(g) is literal. If an off-diagonal chart pair is represented by
a two-normal-variable amplitude, transposing D? differentiates that amplitude too; the AC2 estimates
include all s-derivatives, and the AT1 argument gives a smooth tangential kernel for those terms. In a
left-normal reduction near r = s = 0, those amplitude-derivative terms combine with the reduction into
(AT9). Thus (AT9) is an exact local symbol formula, while the corresponding different-chart pieces are
retained as smooth tangential kernels.

Apply AT1-AT2 withd =b+v—m and e =m —a —b— ¢— 1. Each summand in (AT9) belongs to

soea Gl ewkem (AT10)

tan tan

where the latter uses v < k and the separated-kernel calculation for globalization. This includes every
original m, because no bound on m; has entered. The finite source ranges in (AT7) retain all a, b, ¢, all
binomial factors and every original normal coefficient derivative.

Exact Cauchy and measured maps at the original boundary orders

For each N > 1, define the actual finite-layer Cauchy matrix on smooth U = (U,,...,U,,,_;) by

m—a—1m—a—b—1

Cola= Y Z G, 0<ka<m (AT11)
b=0

AT1 proves that this is the one-sided trace v,r*QyCp, not a coefficientwise formal proxy. Its ¢ = 0
part is the source-frozen matrix C}° for the same @) 5, while

m—a—2 m—a—b—1

(Cy — C39)s Z Z Groa? € Who L. (AT12)

An empty sum is zero, in particular for m = 1. The exact source correction, including any nonzero
cancellation among its ¢ terms, is the displayed matrix; the one-order gain is an upper order bound, not
a claim that each entry is nonzero.

Keep the original B; = 22:01 Bk, with By, € W

actual measured finite layer is

(Ey, G;) and unrestricted integer m;. The

tan

m—1 m—1
My, = ByrfQnCp = Z B (Cxn)pes (MN,j_M%r:j)a = B (Cn —C¥ )k € U
k=0 k=0

—a—1
tan

. (AT13)
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The factor Bj, stays to the left, and every individual g-term has the sharper order m; —a —¢. With
the original spaces C° = QBZ:Ol H* " 12(Y Ey) and D* = G}j Hs ™12y, G;), the tangential
pseudodifferential mapping theorem gives for every real s

Cy:C* =€ My:C° D% My—MI:€° — DL, (AT14)

These are maps of boundary data defined by the finite layer and extended from smooth input by
continuity. They do not claim that every arbitrary H® volume distribution has an ordinary k-th trace
below its usual threshold.

The two interior identities remain, in their original bundles and factor order,
PQy=1Ip, — (—Rp)N, QNP =1, — (—Rp)N, Ry € LN(Fy), Ry € £ N(Ey). (AT15)

They are not a single error, and (AT11)—(AT14) do not assert that Cy is an idempotent or a com-
plementing boundary condition. The separate differential interior-freezing comparison 1" versus 7},
is now proved in IF1-IF14 and IF12a; IF15-IF21 separately treats the matched finite mixed layers.
Both comparisons are proved in Section 22. The actual finite products in (AC9) retain their constant
coeflicients I, I; the zero coeflicients through normal degree —/N + 1 belong to the two differences
after subtracting those respective identities.

Actual finite mixed collar layer: source, tails, trace, measurement

Fixed collar; complete tangential operators; every original boundary order

Full supported source Actual finite inverse One-sided Cauchy trace
CeU= 3 Fi3Us®DP0o n=03 (=RY Vel tOuCr= 3 Gip,U,
a,b,q N= — Uz a,b,q
F =i~ binom(b + ¢, )3%As+ b + g +1(0) qn~ JCu(Nk™ " G-I e yk-a=a
=20 . . .

orde,‘;' <m-a-b-g-1 samé caefficients on both real tails upper analytic subtraction includes k!

Source freezing comparison Original boundary measurement

g =0: the same Qy applied to CoU Bi= Y BiYyw, oOrdBp=m;—k

k<m

g=1: A°U; trace orderk—a—gq ord(B]kGL'g;a"') =mj—-a-—q

the correction gains at least one tangential order My = Myc: s »D*1!
POy =1Ir = (=Rp)V OnPc=lg = (=Rg)V

Two distinct error bundles remain; no idempotence or complementing condition is asserted.

Proof locators: AC1-AC9 and AT1-AT15.

Figure 5: Figure AT-F1. The complete original source (AT7)—-(ATS8) enters the literal finite inverse
(ACS). Its common two-tail expansion gives the one-sided Cauchy trace (AT9)-(AT12), and the original
measurement rows give the order at every m; in (AT13)-(AT14). The distinct error bundles are (AT15);
no projection claim is shown. Reproducible scene source: figures/normal laurent_one_sided_ trace.py.
The displayed trace and measurement identities are proved in this lesson.

53



22. Keeping source freezing and interior freezing separate
Two different freezes and their exact source

Assume P is a smooth elliptic differential operator of positive integer order m on the chosen collar, with
matrix principal symbol invertible at every nonzero real covector. Let

PO:ZA€(07y7Dy)D£7 PO_P:Z(Aé(o7y7Dy)_Af(r7y7Dy)>Df" (IFl)
£=0 =0

The second equality is the full original coefficient difference. It is zero at r = 0 as a coefficient family; it
is not the zero operator on a layer supported throughout r > 0.

Let T: FF — E and T, : ' — E be properly supported classical parametrices on a common elliptic
extension, with their two distinct error pairs

TP=Ig+Rp, PT=Ip+Rp, IzyPy =Ig+ Rpy, Byly=Ip+ Rpp, (1F2)

where each displayed R has a smooth full kernel on the compact working set. The smooth-error condition
is the actual differential construction proved in the named Cauchy-data prerequisite; no finite mixed
@y is substituted into (IF2).

Write C'p for the full source (AT8), and C|, for its exact ¢ = 0 part. The independent coefficient-derivative
source is

b+gq

FZSZ)UG, ® D26y, FZS(? =971 ( .

)(33Aa+b+q+1)(0)- (IF3)

The range is empty when m = 1. Equations (IF1) and (IF3) are different maps: P, — P changes the
interior differential expression, while A€ changes the boundary-supported source.

The original matrix principal inverse at the boundary

Fix a preferred collar chart, a common left quantization and the actual input density. Let p,,(y, 7,7, %) :
E, — F, be the full homogeneous principal symbol of the original P, with every tangential and normal
coefficient retained. The frozen principal symbol obeys the exact equality pg ., (y,7, k) = p,,(y,0,n, k).
Ellipticity gives the ordered matrix inverse. Therefore the complete left symbols ¢,t, of the two
parametrices have, on the same chart and at r = 0,

t(yu 07 m, ’i) = DPm <y) O) 7, K)il + tg_m—l (y7 7, ﬁ))
tO (yv 07 777 R) = pm (y7 O) 77) H)_l + tO,g—m—l (y7 777 ,‘i), (IF4)
H(y, 0,17, 8) — to(y,0,m,5) € Sy, DE(t—to)|,c € S (u>1).

The first two equalities follow by taking the degree-zero coefficient of the two ordered operator products
in (IF2): p,,t_,, = Ip and t_ = Ip, sot_,, = p,l; the same calculation holds for P,. Classical
symbol remainders then give the third line, and normal differentiation preserves symbol order, giving
the last. Low-frequency cutoffs and compact smooth kernels belong to every lower class and are retained
in the exact local symbols. Off the full diagonal, classical parametrices have smooth kernels; all their
tangentially separated layer-trace pieces are smooth as well.

mpm

For completeness, the required one-sided normal integral does not rest on an arbitrary mixed-symbol
trace theorem. The symbol of a differential operator is polynomial in the original x, with top coefficient
M = A,, invertible; the formal ordered inverse recursion gives one common integer Laurent sequence
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on positive and negative normal tails. In the exterior cone || > CT, the matrix factorization and
differentiated finite geometric identity of AL1-ALT give the corresponding real-tail remainders for its first
local inverse. Each subsequent classical composition correction uses the exact normal product formula
(AC3), so it retains the same common-tail property at every chosen finite length; classical smoothing
completions have zero tail coefficients. This proves the AT1 hypotheses for ¢, %, their output-normal
derivatives and the differences in (IF4), with the standard classical total-frequency bounds supplying
(AT1). Equivalently, the ordinary differential transmission criterion and its all-layer result are proved in
T16-T24. Thus the analytic subtraction below is the value of the actual positive-side layer, including
polynomial boundary-supported pieces and its x~! arc term.

Complete traces without restricting the original boundary order

Do not impose k£ < m. For any output derivative k > 0, input jet 0 < a < m, and source indices in
(ATT), the exact local symbol of the variable layer trace is

1 s [k
T,q _ * b+v yk— (q)
Gkba - It — (U) ‘7+ |:F”- UDT v@(n”)#taana >‘r:0:| : (IFS)
Its operator factors remain in the displayed order. The frozen layer T;,C, has the same formula with ¢,
and only ¢ = 0. Since ord Fb(Z) <m-—a—b—q—1, AT1 gives
: k—a—
Gl e wg v, (IF6)

tan

This is a statement about the specially constructed layer, not ordinary traces of arbitrary low-regularity
volume elements. For smooth boundary input, all one-sided output derivatives exist by AT1; the
pseudodifferential operators in (IF5) then extend to every real Sobolev index.

The interior-freezing part uses the same source C;; on both sides. Its exact k, a, b left symbol is obtained
by replacing ¢ in (IF5) by t —t, and setting g = 0:

2T —\v

k
Gt =53 (k") I, [k (= o) |- (1F7)

For v = k, no output derivative hits ¢t — t,; the third line of (IF4) gives total normal order —m — 1, so
AT1 gives tangential order (b+k—m—1)+(m—a—b—1)+1=k—a— 1. For v < k, the last line of
(IF4) gives order —m, and AT1 gives (b+v—m)+ (m—a—b—1)+1=v—a <k—a—1. The same
estimates hold after every tangential derivative and for the smooth different-chart kernels. Hence

m—a—1

Gl € Ui, Y (TCy — Ty Co)y = Z G € Ui (IF'8)
b=0

The equality is exact for the two parametrices in (IF2), including their smooth full-kernel terms. It does
not identify the source change with the interior change.

The source-only part TA° has ¢ > 1, so (IF6) yields the separate bound k—a—¢q < k—a—1. Combining
the two exact maps gives

Y (TCp —ToCo) o = W TTAG + 7™ (T —T4)Cy , € what, (IF9)

Let each original boundary differential measurement be written without division as
K

i
Bju = ZBjk’yku, ord By, <m; —k, K. <m; (IF10)
k=0

J ="
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where K; may be at least m. This retains every high normal row that normal polynomial division can
also divide by P. The direct special-layer trace (IF5) allows its actual k, even if ordinary volume trace
theory would exclude it at a low Sobolev index. With the original source/target bundles and matrix
factor order, each summand in

K
(Bjr™TCp = ByrTyCo)y = ) By (TCp = TyCo)y € ¥
k=0

mj—a—l
tan

(IF11)

has the displayed order because (m; — k) + (k—a—1) = m; —a— 1. Thus the full measured difference,
including both source and interior freezing, is bounded

m—1
= H VY, Ey) — D = P HT T V2(Y,G;)  for every real s. (IF12)
a=0 J

The g-th source term alone has the sharper order m; —a —q. The two full measurements have the same
weighted principal boundary symbol, while their complete lower-order difference is the full resolvent
expression below; the interior-freezing terms are retained even when A° = 0.

The direct high-k formula (IF11) also retains the exact remainder seen if an original high-normal row is
divided as B; = B; + C;P. Applied to the source-only part, the original identity PT = I + Rp gives

Byt TA® = Bir"TA® + Cyir RpA°. (IF12a)

The I,A° term vanishes only after restriction to r > 0; it is not zero as a distribution on the closed
collar. The plus sign and the smooth C;RrA¢ contribution follow from the displayed ordered calculation.
Thus avoiding the division in the order proof does not remove its actual correction.

Every term of the original ordered resolvent comparison

The exact resolvent identity, obtained by expanding the two products in (IF2), is retained in full:
" TCp —r*T,Cy = r* [Ty(Py— P)YTCp — R (TCp + TyRpCp + T, A°] . (IF13)

The factor P, — P is exactly the unsuppressed sum (IF1), not just its first normal Taylor derivative.
The operator Ry, has a smooth full kernel, so Ry, (T'Cp has a smooth output kernel in the boundary
input. The same is true of TyRpCp: Ry first maps every normal delta derivative and tangential source
operator through its smooth full kernel, and the properly supported 7, maps that smooth compact
family to a smooth family. Every B; keeps these two contributions tangentially smoothing. The fourth
term T, A° has the m; —a —q, ¢ > 1, estimates from (IF5)—(IF6), including high normal K.

Equations (IF9)—(IF12) give the same one-order measured gain for the whole left side of (IF13). Subtract
the three individually controlled terms in the exact distributional identity. This proves the remaining

interior term itself has, after each original measurement, order at most m; —a —1:

Byr*Ty(Py, — P)TCp : Hs " Y2(Y Ey) — H1-m1/2(y, G;) for every real s. (IF14)

The proof is indirect but exact: it neither treats P, — P as zero because its coefficients vanish at the
boundary, nor replaces its action on the full interior layer by a boundary delta. The two smoothing-error
terms are retained in (IF13) even when a particular chosen parametrix makes one vanish.
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Matched finite freezing in the original mixed collar class

The same one-order result holds for the literal finite inverse in the broader original GI1-GI6 fixed-collar
class, without assuming that its tangential coefficients are differential. This is a separate theorem from
the smooth-error differential statement IF1-IF14. Freeze the unchanged mixed polynomial at the actual
boundary:

P.o=)Y A/ 0)D.: By — Fy. (IF15)
£=0

Its full original tangential operators and invertible M (0) remain. Since P, is elliptic at = 0, the same
real-covector lower bound makes P,  elliptic on the product cylinder. Build @ for P, and @ y for P,
by GI7T-GI32 with the same tangential atlas, original bundle frames, local extension maps, sufficiently
large common frequency cutoffs, normal properness cutoff and real square partition. All these choices

exist for the two finite constructions because the raw ellipticity constants can be bounded together.

For every local chart, the two exact local polynomial symbols at output » = 0 agree coefficient by
coefficient. Therefore their pointwise cutoff inverses, their output-left kernels after the identical normal
properness cutoff, and their square-partition sums agree in the entire input variable:

~

Q(y,0;2,8) = Q(y,0;z,s) as distributions in (z, s). (IF16)

The equality includes the input density and all exact tangential cutoff compositions; it does not assert
equality of either full operator away from the boundary.

ACT-ACS8 prove

Qn —Q € LT (Fy, By), Qn— Qe L™ Py, Ey). (IF17)
Thus the output row of Q) — QVN at r = 0 has the paired order —m — 1, by (IF16), while a positive
output-normal derivative has the paired order —m from the two individual £~™ bounds. Apply the
one-sided lemma AT1 and the full source AT7-AT9. The v = k term in the output Leibniz sum gains
one order from the first statement, and every v < k term gains one because v < k — 1. The separate
source difference has ¢ > 1. Therefore for every 0 < k < m and 0 < a < m,

mjfafl

Yer T (QnCp — §NCo)a ek ot (Bjr+<QNCP - azvco))a € Yian (IF18)

The second conclusion uses the original GIla rows, with unrestricted m;, and gives €* — D5+ for every
real s. This is a finite matched-parametrix comparison, not an assertion that arbitrary distinct patch
choices give the same exact row; their lower-order differences must be retained by their own comparison
formula.

The exact finite resolvent comparison preserves the two error bundles. Define
50,N = QNPc,o —Ip = _<_‘%E)N7 Fn=PQy—Ip= _(_%F)N' (IF19)

Associativity and the two GI32 identities, with no factor commuted, give on the common supported-data
domain

r"QnCp — 7”+§N00 = T+[§N(Pc,o —P.)QNCp — &y NQNCp + @JN?NCP + GNAC]- (IF20)

Here P, — P, = 3_,(A4,(0) — Ay(h(r))) D! on the full cylinder, retaining the exact original h of GI6;
near the actual positive collar h(r) = r, so it is precisely the unchanged coefficient difference (IF1). The
first error in (IF20) acts on Ey-, the second on Fy-; they have not been merged.

By AC2 and AC7, each of &, yQ y and @N?N belongs to £~ V. Applying AT1-AT3 to every original

source index a, b, ¢ gives one-sided Cauchy order kK —a — ¢ — N and measured order m; —a —q — N for
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both error terms. The last term of (IF20) has ¢ > 1, so AT10-AT14 give its separate one-order gain.
The left side has the gain (IF18). Subtracting these three controlled terms in the ezact identity (IF20)
proves the interior factor itself:

Bt Qu(Puy— P)QnCp : € — D1 for every real 5, N > 1. (IF21)

This does not call finite-order errors smooth: their displayed —N orders are the actual ones. It proves
the separate mixed finite interior-freezing map at every original measurement order, retaining the source
change, both GI32 sides, all A,, and all proper patch factors.

The smooth-error differential comparison IF1-IF14 and the finite mixed comparison [F15-1F21 are
distinct receiving statements. Neither makes the resulting Cauchy operator idempotent, imposes a
complementing condition, or establishes Fredholmness for an arbitrary boundary row. Sections 1-10
supply the separate complementing condition and Fredholm argument.

Differential layer: full source and interior coefficient freezing

The two changes have different formulas; both contribute at one lower measured order

Variable route Measured difference Frozen route
Cp=Co+A° Byr* (TCp — ToCo) Po = > Ai(0)D}
fl
rtTCp el "1 oninput U, r*ToCo
Byr+TCh c—pstl Bir* ToCo
Source term — IF3, IF6 Interior term — IF4, IF8
TA: each g =1 contributes orderm;—a—g t(0) — to(0) €S5M 1
FL? = 9= Yoinom(b + g, §)8%Aq + b 1 g+ 1(0) DU(t—to)lo €S (u=1)
The original supported source is retained. Ver P (T—=To)Co: Uy WE-21
To(Po — P)TCp _RE, oTCp +ToReCp +T oA

Exact BM21/IF13 comparison: the middle two kernels are smooth; the first retains every coefficient of P, — P.

Proof: IF1-IF16, using CD10-CD11 and T16. Scalar nonzero check: TP19-TP22.

Figure 6: Figure IF-F1. The variable route keeps the full source (IF3), while the frozen route uses both
the frozen source and the separate frozen interior operator (IF1). Their exact measured difference has
the one-order gain (IF11)—(IF12); the original four-factor comparison (IF13) retains both smooth-error
contributions and every coefficient of Py — P. Reproducible source: figures/differential interior freez-
ing.py; the PNG was visually inspected. Proof locators IF1-1F14, CD10-CD11, and T16.

23. The exact nonlocal correction of the elliptic estimate
1. An elliptic operator with an exact separated normal kernel

Take the circle Y = R/(12Z) with its fixed density dy, and a coordinate chart containing three disjoint
compact intervals. Choose real nonzero smooth functions f,g, h supported in the three intervals,
respectively. The global periodic differential operator is L, = Dz + 1. Define the actual rank-two
smoothing operator

S hovdy
[1h[2dy’

Sv:fMJr(Lyf)

[ lgl2dy (ML1)
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Matched finite mixed inverses: boundary row and both error sides

Original fixed collar, complete tangential operators, real normal tails

Variable finite route Matched boundary row Frozen finite route
Original Ai(h(N)D}, 0<f<m Qly, 0;z,5)=0ly,0;z,5) Frozen A,(0)D!, 0<f=m
Cp=Co+A°, Qn:F-E both corrections lie in £~ 1 G OyaF=E
Re:E—=E, Rf:F—F v« difference: order k—a—1 Re:E—E, Rr:FoF

Full source and measured gain Exact finite resolvent identity

A% each g = 1 contributes orderm;—a—q OuMPe. o — PIONCP

Bjr *(QnCp — OnCo) : (5 » D +1 — &0, NONCp + OnFNCp + Quis°

every original m;; no principal-coefficient replacement EonELME), FyEL™N(F)

POy =1Ir — (=Re)", QpPc=Ig—(—Rg)"
PeoQn=1r = (=R, OnPco=Ig — (—Re)V

Proof: IF15-IF21, AC1-AC9 and AT1-AT15. No finite error is called smooth.

Figure 7: Figure IF-F2. The matched actual finite mixed patches agree as output row kernels at the
boundary (IF16); every finite correction begins one paired normal order lower (IF17). The full source and
original boundary rows then give (IF18). The exact four-term resolvent comparison (IF20) retains the
frozen E-error and variable F-error as separate order-—N operators, yielding the interior term (IF21).
Reproducible source: figures/mixed_ finite_interior_ freezing.py; the PNG was visually inspected. Proof
locators TF15-1F21, AC1-AC9 and AT1-AT15.
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Every denominator is positive, and the two integrals and their densities remain in this formula. Disjoint
support gives Sg = f, Sh = L,f, and Sf = 0. Its complete smooth kernel is the sum of the two
indicated output/input tensor products. Retain

P=D;+L,+SD,, D, = —id

T T

(ML2)

The homogeneous principal polynomial is exactly x? + 72, so it is invertible at every nonzero real
covector, with unchanged top coefficient 1. The smoothing tangential coefficient of D, has one lower
total order and is allowed in the original mixed class. Its full kernel is K¢(y, z)D,.6(r — s). It is nonzero
at separated tangential points and singular where » = s. Thus it is not a smooth full kernel. This proves
the precise failure of the smoothing claim, without inferring anything from a failed pointwise symbol
transformation.

For the original compact-collar presentation one may multiply every displayed coefficient by the stipulated
normal cutoff, chosen identically one throughout the working strip, and keep the original interior term
outside that strip. The construction and every identity below occur inside the unchanged strip. The
resulting product-cylinder extension there is still exactly (ML2); no coefficient is divided out or replaced.

2. A full counterexample to the cutoff-only GF9 estimate

Choose a tangential cutoff 7, equal to one near the support of f, and zero near the supports of g, h.
Choose x, with support inside the region where 7, = 1, still equal to one on the support of f. Choose
compact normal cutoffs x,. < n,, with x,. # 0, and a further v identically one on a neighborhood of the
support of 7,. All normal supports lie in the working strip. Write x = x,x,., n = n,7,, and for every
integer n > 1 take the exact compact section

u, (y,r) = Y(r)e™ (f(y) — ng(y) —n " h(y)). (ML3)

On the support of 1, every positive normal derivative of 1 vanishes. There D,e™" = ne™"; the
differential outputs of g, h vanish in the tangential output region, while (ML1) gives the two smoothing
outputs. Consequently

nPu,, =n,e"" (n’f+ L, f —n*Sg — Sh) =0, nu,, = n,e"" f, X, = X" f. (ML4)

Every term, including the n=! source component and the SD,. factor, is needed for this exact cancellation.

The original quadratic Fourier norm gives |nu, ||z < C(n + 1). Indeed its squared norm is the sum
of the original L? norm and the squared norms of its first coordinate derivatives, with the original
Fourier constants. It also gives vz > | D?v|y, because (1 + |£]*)? contains the full nonnegative x*
term. Retain the exact derivative identity D2(x,.e™" f) = ™" f(n?x,. + 2nD, X, + D?x,). The triangle
inequality yields

Ixun gz = 02 fx e = 200 Doxlz = 1 D22,

2 (ML5)

x|l gz = en®  for all sufficiently large n, c>0.

Local coordinate and global norms have fixed equivalence constants on the chosen compact supports.
GF9 at s = 0,m = 2 would bound the second line by a fixed constant times |nPu,|s + |nu,, |1, at
most a constant times n + 1. This contradicts (ML5). The operator is elliptic; the failure comes from
the omitted far tangential input, not a missing ellipticity hypothesis.
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3. The full-operator localization and the corrected estimate

Keep the entire given elliptic extension P=pP+PiIna product collar chart its exact symbol is the
sum of the two actual complete symbols, not the symbol of P? alone. Both its full symbol and each first
frequency derivative have the original mixed bounds of orders (m,0) and (m — 1,0). For the polynomial
summand this is GI7; for the ordinary interior summand it follows from its usual R™ 1% derivative
bounds and T' < R. The full elliptic principal map on each compact chart support has a positive smallest
singular value. Its complete symbol differs from that full principal map by O(R™!). Thus the same
raw matrix inverse argument GI9-GI11, applied to this actual sum, supplies the high-frequency inverse
used by MSI. All sums, lower terms and matrix factors remain.

Choose the product atlas wherever the original collar summand can be nonzero. Choose ordinary interior
charts only after that summand vanishes. On overlaps inside the product region, GI14-GI19c preserves
the mixed class. In the remaining overlaps the operator is ordinary and the existing coordinate calculus
applies. Compact coefficient extensions and frequency cutoffs therefore give actual local inverse operators
with both order-one-lower errors. A finite real square partition, the exact complete-symbol localizations,
and the separate left and right GI27-GI28 decompositions give an actual proper T : FF — E and

TP =1, + Ry, PT =1, + Ry, Ry, R have total order at most — 1. (ML6)

The local symbols, separated normal kernels, cutoff commutators and both bundle error types are
retained. The local commutator gain follows from the free enhanced first frequency derivative. The
separated pieces have the corresponding lower normal residual order and need not be fully smoothing.
The mixed mapping theorem on a finite chart partition nevertheless gives the actual full Sobolev gain of
one. Near the boundary, the interior summand vanishes and these local inverse and error pieces have
the complete common-tail properties NC1-NC9; pieces separated in the normal variable are smooth
there by repeated normal frequency integration. Thus MH3-MH19 gives the corresponding half-space
and source bounds without changing the original operator.

For the original cutoffs x < 7, apply the first exact identity in (ML6) to nu and use the complete
commutator. There is no missing kernel contribution:

xu = xT(nPu) + xT([P,nlu) — xRg(nu),  [P,n]=Pn—nP. (ML7)

If the unchanged GF8 display retains an extra G, u, comparison with (MLT7) proves G, = 0 for these
exact global identities. If a different implementation introduces separately localized remainder terms,
they must first be written and estimated at their actual mixed orders; tangential separation alone never
proves full smoothing.

The commutator acts on the whole original u. It has total order m — 1, so the mixed mapping theorem,
finite cutoff seminorms and (MLG6) prove the corrected estimate

x| goem < CX’,]’K(HUPUHHS + |lull gascm-1), suppu C K. (MLR)

The second norm keeps the far tangential input in (ML3). Every displayed operator is bounded between
these exact spaces: the three orders are —m, —m + (m — 1) = —1, and —1, in their original factor
orders. A finite cover of the compact support gives the valid global GF10 bound with the full Hﬁu” s
and |u] gsem-1. Where the collar summand remains present, it uses the full symbol of P? 4+ P%; it is not
an ellipticity claim about P! alone.

The solution bootstrap with global data can use the exact global GF29 identity directly, or (MLS8)
with the known full lower Sobolev norm at each step. A tangentially separated term is retained at its
actual normal order. For the global range annihilator in GF54Z, the dual identity holds on the entire
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compact boundary; transpose the global parametrix and use MH3-MH19 rather than asserting that
all tangentially separated terms are smooth in the normal coordinate. Ordinary interior regularity is
used only where the complete operator is ordinary. A separately asserted result for arbitrary isolated
tangential patches needs its exact outside-input term and is not inferred from the global annihilator
proof.

This correction does not cancel the global Fredholm argument: its required full-operator regularity
estimate is (ML8) and the finite-cover consequence just proved. It corrects the false stronger cutoff-only
claim and the discarded mixed kernel contribution. The corrected full-input estimate is GF9, and
Section 24 proves its globally scoped dual receiving argument.

24. The actual Cauchy principal symbol and global dual spaces
1. Comparing the actual inverse with the full principal polynomial

In a compact preferred tangential chart let p;(r,y,n) be the exact left symbol of A;(r), and let p; ,,_;
be its homogeneous term of degree m — j. Put

m m
P=Y_0i  P=D Djmits Py =Dmo =M. (PC1)
=0 =0

The term M is not removed. Choose a smooth tangential frequency cutoff p, zero for |n| < 1, one for
|n| > 2. The smooth global comparison polynomial is

m—1 m—1
phom = MkK™ + Z p(n)pj,mfj(r’ v, 77),{]’ d= D _phom — Z (pj — ppj,mfj>’{']' (PC2)
7=0 J=0

Every coefficient in d has tangential order at most m — j — 1. Indeed the original classical remainder has
that order for large |7, and the retained complementary cutoff term is smooth and compact in 7. Thus
d has the paired normal order m —1: its leading normal coefficient is p,,,_y —pp,,_1 1, of tangential order
zero, and its coefficient at power K™ 1" has tangential order at most n. Its finite polynomial remainder
is zero after all its coefficients are included. Low-region estimates follow term by term from T' < R;
high-region estimates keep the factors 7™ 1~". The same statements hold for every differentiated
coefficient and separated kernel. This is membership in the actual class of AC1, not a comparison of
formal powers alone.

The elliptic polynomial p has a positive smallest singular value on the compact real cosphere. The full
p and the comparison p"™ differ from it by bounded O(R™!) terms: in the cutoff region the terms
missing from p"°™ have j < m — 1. GI9-GI11 therefore gives actual pointwise matrix inverses outside a
fixed compact frequency set. Retain a cutoff 6 equal to one outside a larger such set. In that region the
exact matrix identity is

pt— ()t = p (o™ —p)(p"om) Tt (PC3)

Both inverse factors have paired normal order —m, with leading coefficient M !, by AL1-AL10 applied
to their full polynomials. The middle factor has order m — 1 by (PC2), so the difference has paired order
—m — 1. For pointwise products this follows directly by multiplying the finite two-tail expansions and
estimating all remainder products with their original T'/|x| powers. For complete operator products the
same statement is NC1-NC7. Differentiating (PC3) retains the two differentiated inverse factors and
the middle derivative in their displayed positions. The complementary full frequency cutoff contributes
a retained smooth kernel. Consequently the local raw inverses differ by an actual paired operator of
order —m — 1.
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The complete patched inverse has the same leading normal coefficient M ~!. The square partition in
GI22-GI24 sums its leading local coefficients to M~! ZZ ¥? = M. Every overlap and commutator
defect is one lower paired order by GI17-GI28 and NC8. Every finite correction after its first raw inverse
contains at least one of the errors of order —1; its paired order is at most —m — 1, by NC9. Thus
comparison with the patched homogeneous raw inverse Q"™ with the same chart cutoffs, gives

Qy — Q™ e ™1 (N>1). (PC4)

Here Q5 and Q"™ are actual operators with every proper cutoff and separated kernel retained. Neither
is equated to its leading monomial. Normal proper-cutoff changes have smooth kernels by GI13.
Tangentially separated changes need not be smooth in the normal coordinate, but satisfy the paired
estimates and have smooth tangential traces by AT1-AT10.

2. The exact top trace term and its residue projection

Keep the full source coefficients and every output derivative in AT7-AT9. In the (k,a) entry, a source
derivative ¢ > 1 has order at most k —a —¢ < k—a — 1. A term with v < k in the output Leibniz
sum has order at most v —a < k — a — 1. Substituting the actual difference (PC4) into a ¢ = 0 source
term lowers its paired normal order by one, so AT1-AT6 again puts its trace in order at most kK —a — 1.
Substituting p, 541 — PPatb+1,m—a—b—1 lOWers the tangential source order by one and has the same trace
bound. Every one of these differences is retained as part of the exact trace operator; none is silently
assigned value zero.

There is one further complete tangential composition term to check. For the homogeneous inverse, the
free derivative 87“ (p"°™)~! has paired order —m — 1. To see its high-normal coefficients, its coefficient
of K7™ is 0WM 1 = 0; the next coefficient has tangential order zero, and the coefficient at x~™~1~" has
tangential order at most n. The differentiated two-tail bounds of AL7 give precisely the corresponding
all-length remainder. The low bounds follow from the inverse derivative identity with the enhanced
derivative of pP®™, as in GI12. Taylor expansion to length one in the exact tangential product NC1
therefore proves

(phom)=1g, f — (p"°™)~1 f has paired orders (—m — 1, ord f). (PC5)

The remainder includes its full integral Taylor coefficient, not only the first derivative at zero. NC2’s
compact-base Fourier estimate controls it with every differentiated seminorm. Thus replacing that one
complete product by its pointwise top product changes the trace only by order £k —a — 1.

For completeness, the resulting trace is classical in the tangential variable. Expand each original classical
coefficient through tangential degree m — j — L for a prescribed L, and retain the remainder with all
derivatives. For n = tw, |w| = 1, t > 2, substitute x = tz. The leading inverse is t ™p(r,y,w, z) L.
Successive inverse terms follow by the finite ordered matrix inverse identity, keeping each lower coefficient
in place. On bounded z the real-cosphere singular-value estimate is uniform. On both large signed
z tails, AL7 supplies the common Laurent remainder after this substitution. Apply the same finite
tangential and normal composition expansions NC1-NC6, including all derivative terms, through total
tangential loss L — 1. The still-retained term of loss L has AT1-AT2 bounds whose trace is Sk a1
by AT6. Integration of each preceding homogeneous term gives degree k —a — j, 0 < j < L: the
change x = tz retains the factor ¢ in dx, and the original source factors have the degrees shown below.
Smooth tangential cutoff and separated traces contribute only smooth tangential kernels. This proves
the all-length classical expansion, rather than inferring classicality from a single order estimate.

The only remaining top term is ¢ = 0,v = k, with factor iflpa+b+17m_a_b_1 on the right of the inverse.
For n # 0 it is the trace of the full rational matrix polynomial inverse, and upper analytic subtraction
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gives the exact expression

m—a—1

1
Gra(y:m) = 5— / > Fp(Y,0,7,)  Pasbtmea—b1 (45 0,m) dC. (PCo6)
[ Ny

The contour is counterclockwise around every upper-half-plane pole, counted with its full multiplicity,
and none on the real line; ellipticity gives the last assertion. One may take a finite union of small
enclosing contours. The matrix inverse is never commuted with its coefficient. The factor 1/(27) is the
original inverse normal Fourier factor; multiplication by i~ from the source gives 1/(27i). AT3-AT4
retains the polynomial powers and the (~! arc term, so no divergent real integral is substituted for
(PC6). The total homogeneity is k+b—m+ (m —a—b— 1)+ 1 = k — a, with every factor present.

The frozen Cauchy jump calculation CD23-CD26 applies to this entire matrix polynomial. Its distribu-
tional source has the same order i 1p, +p41 as (PC6). The upper contour supplies the inward-decaying
solutions; their Cauchy vectors are fixed by their own jump reconstruction, and every reconstructed
solution decays inward. Hence ¢?> = ¢ and its range is exactly the stable Cauchy bundle. The comparison
just proved gives the actual weighted statement

(7 QNCp)ra € ‘P’Sﬁg‘, 00V QNCP)ra = Ghas Q*—Q e T (PCT)

This retains the complete source and actual inverse while proving their exact relation to the principal
residue map. The separate exact defect GF18 supplies the actual ordered remainder, and does not assert
that it is smoothing.

3. The global dual bootstrap with the correct supported spaces

Use the relation GF42 for the whole compact X,Y, for every smooth original test section, with
vE ﬁ(o,to) and h; € Htotmi+t1/2=m(y)  The full parametrix GF28 has smooth output for smooth data
by MH3-MH19 and AT1-AT15; therefore inserting its two smooth data columns into the global relation
proves the two identities GF44 and GF47, without a cutoff inference about a distant tangential input.

On the collar, the exact norm for normal order zero is the integral of the tangential H' norm over the
normal variable. Zero extension e*wv is consequently an isometry from the half-cylinder restriction norm
into H, ), with the original Fourier factor. Local frame and finite-chart norms change only by their
fixed proved equivalence constants. It has support in X. The continuous dual of a restriction space
H (a,p) 18 the supported space H (—a,—b) (X), with the original density pairing. The quotient dual is the
annihilator of extensions whose restriction is zero. Testing against smooth functions supported in the
complement first proves that every such annihilator is supported in X.

For the converse, take a collar representative z € H, ;) with zero restriction, hence supported in r < 0,
and translate it to z_(y,r) = z(y,r + €), € > 0. Its support is in r < —e. The exact Fourier norm of the
difference is

(2m)—(d+D) / Q2N |eiex _ 11212(n, ) [2 dip d. (PCSa)

The integrand tends to zero and is bounded by four times the original integrable norm integrand.
Dominated convergence proves convergence in the entire original mixed space. Smooth mollification
and compact cutoffs, with support still a positive distance from r = 0, approximate each translated
representative in that space; Fourier multiplier approximation and the bounded compact-cutoff estimates
prove this density. A supported distribution in the opposite dual space has zero pairing with every
approximating smooth function, because their supports are disjoint. Continuity and then € | 0 prove
zero pairing with z. A finite collar partition proves this on the manifold; away from the boundary the
supports already have disjoint neighborhoods and the same smooth approximation applies. Hence every
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supported dual distribution annihilates the entire restriction kernel. The quotient norm’s dual identity
makes the pairing independent of the chosen extension and gives precisely the stated dual space. Thus
the transpose in the next calculation acts on e*v, not on an unspecified extension.

GF35 with parameters (—1, —t;,—1) has output H(o,fto)- Its transpose acts on the supported etv € H(O,to)

and gives h; € Htotl+my+1/2=m. GEF38 handles the other GF44 term. Further, the exact pointwise
weight comparison is .
Q 2Nt < \Ho, e e H_yy 1) (PC8)

since A < Q. GF37 with (0,—t, — 1) therefore transposes into H(o,t0+1)§ GF34 with those same
parameters has boundary exponent —t, +m —m; —1 /2, whose dual is exactly the original exponent
of h;. Botl_1 GF47 terms give a supported distribution in H (0,¢5+1), and restricting their exact identity
gives v € Hg, .1). These are the full spaces needed by GF46 and GF50.

Repeat this finite one-step calculation for every integer N > 1. It proves

h; € HlotNmy1/2=m(y), ve Hyg, o) (X). (PC9)

Sobolev embedding makes every h; smooth. Once ¢, + N > 0, the second inclusion gives v € L?, and
tests in the interior give PTv = 0. Its complete supported source is GF51. The original invertible
leading map (—1)™M?, the finite downward delta-jet recursion, and the subsequent Borel recursion
GF51-GF52 construct the smooth exterior section cancelling that full source. ML6-MLS8 applied to the
full transpose operator then makes v smooth up to Y. The transpose has the same mixed estimates
because transposition is the exact kernel reversal with the retained density, its leading map stays
invertible, and NC1-NC7 supplies its amplitude reduction. Its full principal symbol is the original
transposed symbol at the negated covector and is elliptic. No claim about ellipticity of the interior
summand alone occurs. This proves smoothness of the global GF54Z annihilator and the regularity
used in GF56—-GF57.

25. A full matrix defect on two boundary topologies

The compactness used in GF17 is on the original space €": every entry of the defect has order k—a—1, so
it maps that space into €"*1. The following complete calculation constructs an exact Cauchy projection
and compares this topology with one that gives the complementary Cauchy component two more
derivatives. It retains the original second-order operator, the zero frequency, the normal-derivative
phase, all four matrix coefficients and every term of the defect.

The exact cylinder layer and its original Cauchy coordinates

Take Y = R/(27Z), density dy, inward normal r > 0, and

P=D2+D;+1, D,.=-id,, D,=—id

— 2 2 — 2 2
T T Yy Yy )‘n - (1 +n )1/ ’ A= (1 +Dy)1/ . (GBl)

For f, = (271')’1 fOZﬂ f(y)e’my dy, the full norm is

[£13e ) = 20 D AZ|F, 2, €5 = HM2(Y) @ H%2(Y). (GB2)

nez

The multiplier at n = 0 is A\; = 1; it stays in every formula. The full supported source for the two
original jets Uy = u|y, U; = D, ul, is
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For the actual inverse on the full normal line, contour integration of (k2 + A\2)~! gives the kernel
(2),,) " te *nl"=sl. The upper pole for r — s > 0 has residue (2i)\,,)~"; the factor i from inverse Fourier
integration gives (2)\,,)~!. Applying the full source GB3, including D,.d,, gives on r > 0

(r* P COpU), (1) = e A7 (WS)" + <2U21A):> ,  C= ( 2 21iA_1> . (GB4)

Indeed Dre”‘nr = i)xne*Anr, so taking both jets gives exactly the displayed matrix. Each frequency
equation has solutions a,,e™*»" + 3, e*n": square integrability in the normal variable removes 3,. Thus
the projection range is the decaying Cauchy vector, frequency by frequency. This calculation constructs
C directly; it does not import an exact projection from the principal symbol.

Keep the exact change of coordinates and both of its columns:

(1 0 /11 wtr w1 -1, (1 0)
J_<O A1>’ V_\/§<i —i)’ V'V =1, VJcJ V_<O 0>_.H. (GB5)

Multiplying the four matrices verifies this identity, and hence C? = C. If (z,y) = V*JU, GB2 gives the
exact identity
19

2o =2m ) A (w4 lynl?). (GB6)

The original U, its factor 4, and its Sobolev exponent are recovered by U = J 'V (z,y). The coordinate
map is an explicitly proved isometry to the displayed product space, rather than a replacement of the
original jets.

The two-derivative split and its connecting maps

Define the complete boundary space and its norm by

My=CC & (1—-C)C2,  |Ul3, = CU20 + (I — C)U 2 = 21 S (A e, |2 + Xly, [2). (GBY)

Both summands lie in €°. Their intersection is zero by C? = C, so the sum and its coordinates are
unique. GB7 identifies this space isometrically with H~/? @ H3/2, which is complete. The two identity
maps satisfy

. i . ,
C?— My, — € ju=Ilex, W, <IUle2s 13Ulleo < [Ulpe,- (GB8)

These inequalities follow term by term from A, > 1. Truncating both Fourier series proves density of
both inclusions. They are proper: the coordinates x,, = n~!,y, = 0 for n > 1, zero otherwise, belong to
M, and fail to belong to €%; the coordinates z,, = 0,y,, = n~! belong to €° and fail to belong to M.
The original sums converge in the lower norm and diverge in the higher norm because n < \,, < v/2n
for n > 1. Neither inclusion is compact: unit Fourier vectors in the unchanged y component show this
for ¢, and unit vectors in the unchanged x component show it for j.

For subsequent operator calculations use the exact isometries onto L?(Y)?

A2

W, =AY ] 05— L2(Y)?, Wy = ( 0 A2

) V*J s My — L2(Y)2, (GBY)

Their inverses are the displayed inverses of the actual matrices and multipliers. GB6-GB7 prove their
domains, surjectivity and norms. In particular the higher weight on y remains present when an operator
transfers x to y.
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Every coefficient of an operator with the original principal symbol

Let a,b, c,d € C be specified constants, keep all four entries of

A= (Z Z) , Q=C+J WA LAV*], E=Q%—-Q. (GB10)
These are actual operators on smooth jets, and @ is bounded on every €°. Its added (k,[) entry has
order at most k — [ — 1, since the outside multipliers in GB10 are A* and A~!; the constant matrix
between them retains every phase and coeflicient. Thus its weighted principal Cauchy symbol is that of
C. No claim that it is the Cauchy map of the same equation is needed or made.

All matrix and multiplier factors in GB10 commute only where they actually do: A is scalar and the
entries of A,V are constants. Direct multiplication gives the full defect

. i a1 fa O o (a?>+bc ab+bd
V*JEJV =A (0 _d>+A (ca—i—dc b+ d?) (GB11)

Indeed the term linear in A is ITA + AIl — A, and the term quadratic in A is A%2. This proves the zero
linear off-diagonal terms without discarding either quadratic off-diagonal entry. By GB6 the entire
defect maps €* boundedly into €**!, and it is compact on €* for every real s. To prove compactness
directly, A™P for p > 0 is the operator-norm limit of its finite Fourier truncations: the tail norm is
SUp,, - AP — 0. Every entry of GB11 has this property after the isometry W..

On the split space the exact conjugate is instead

aA™! + (a® + be)A? (ab + bd)A~* )

-1 _
WarEWse = ( (ca+dc)I —dA™! + (cb+ d?)A2

(GB12)
All four entries are bounded. Three are compact by the finite Fourier argument; the lower-left entry
is compact exactly when ca + dc = 0. For necessity take the unit vectors e'™¥/y/27 in the first L?
component. If ca + dec # 0, their second output components are pairwise orthogonal vectors of the fixed
nonzero norm |ca + dc|, so the outputs have no convergent subsequence. Sufficiency follows by the
vanishing of that entry and the compactness of the remaining three. Hence the complete criterion is

E: My — M, is compact <= ca+dc=0. (GB13)

This is a criterion for the actual defect extended from smooth jets. It does not silently compose an
unbounded @ on M,. In fact its exact expression is

~1 -3
Wi QW5 = (I +CC/LXA Zj/t1> ) Q: My — M, is bounded < ¢ = 0. (GB14)

The unit Fourier vectors prove unboundedness when ¢ # 0, since A\, — oo; when ¢ = 0 every displayed
entry is bounded. Even when GB14 is unbounded, Q% — @ is first formed on smooth original jets and
its full GB11 expression has the unique bounded extension GB12, by density. This domain distinction
is part of the calculation.

For the complete numerical coefficient choice a = b =c =d = 1, every entry of A is nonzero and GB12
becomes

(GB15)

—1 —2 —4
W EW = (A +2A 2A > '

21 —At 2772
The defect is compact on every original common grade and bounded but noncompact on M,. For the
different full choice a = b = ¢ = 1,d = —1, the lower-left coefficient is ca + dc =1 —1 = 0, so the defect
is compact on M, as well; () itself remains unbounded there by GB14. Both examples keep all four
coefficients and establish exactly which assertion changes.
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The human source and the receiving Fredholm proof

Bandara, Goffeng and Saratchandran, Realisations of elliptic operators on compact manifolds with
boundary, arXiv:2104.01919v2, define the graded spaces in Section 3.1 and use the direct sum P A “12g
(1 — Pg)F™ /2 in their maximal-domain trace description. At m = 2, those exponents give exactly the
two grades in GB7. GB4 supplies the projection for the present cylinder calculation, while GB8-GB9
prove its connecting maps. No identification with the maximal graph-trace space on an arbitrary
compact manifold is inferred from this model. Their Proposition with source label charcompacssndaa
concerns first-order operators and the order-—1 low-to-high block; it is not a second-order compactness
theorem. Here the full two-derivative split and both defect terms give GB12-GB13 directly.

Their approximate Calderén definition requires a smoothing idempotence defect. The operator GB10
generally has the explicitly nonsmoothing defect GB11, so it is described here by its unchanged principal
symbol and its full defect. The source definition, the lesson’s one-order defect GF17, and an exact
Cauchy projection remain identifiable mathematical objects with the displayed maps. GF17 and the
Fredholm construction in Sections 5-10 use €¢, where the proved gain and compactness remain valid.
GB15 supplies no counterexample to that argument; it determines the additional lower-left condition
for this explicitly constructed split space.

The same full defect on two boundary topologies

e N e 3
Original jets and exact projection All four coefficients retained
GB4--GB11
P=D,2+Df+l, /\=(1+Df)1/2 A has rows (a, b) and (c, d)
— =i =il =
J=diag(l, A7), (x,y)=V*JU Q=C+J7lvAlAavT)
—0N2 _
Ve o2-12(1, 0t 2712(1, — i)t Fmon-oe
| J - J
( B ( A
Common grade: compact Two-derivative split: extra condition
5= HS—12 @ Hs-32 My =Ccl@ (I-C)C?
11y A—Lni _
V=0T e, =) 1062 = 21 A ol + A2lynl?)
+A"2A2 2
Both full terms gain at least one derivative. GB11 (WAEWEH21 = (ca + do)l
Compact exactly when ca + dc =0. GB12--GB13
_ Y, I\ J

Fora=b=c=d=1: common-grade compactness holds; the split-space lower-left block is 2/.

Figure 8: GB-F1. The original second-order cylinder jets and the exact Cauchy matrix are GB1-GB5.
The isometries GB9 retain both phases and all Sobolev weights. The common-grade defect is the
two-term matrix GB11; its split-space matrix GB12 keeps all four entries, with the lower-left coefficient
ca+dc multiplying the identity. GB13 proves the complete compactness criterion, and GB14 sepa-
rately gives the domain of Q. Reproducible source: figures/graded-boundary-defect-bridge.py. Human
comparison: Bandara, Goffeng and Saratchandran, arXiv:2104.01919v2, Section 3.1 and source label
charcompacssndaa.

26. Extending the full boundary data in the fixed collar

The full Cauchy space in (GF7) admits an explicit extension before any equation or boundary condition
is imposed. Fix a normal exponent s > m — 1/2. For every real r, the joint extension (JT3)—(JT8) in
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Mixed symbols on every real two-parameter Sobolev scale has the local domain and range

m—1
oy s D HTTIRRINYSE) — Hiy o (REVRE), A€, = (GFTE)
k=0
The normal derivative convention remains D, = —id,. The original Fourier formula (JT3), with

K =m — 1, keeps the entire Gram inverse, the normal frequency and every factor 27 and h. It is the
same operator for every r: only the target weight ¢ = r — s changes, as the exact norm calculation (JT5)
proves.

Here is the global construction in the fixed collar of (GI14). Choose finitely many tangential charts and
bundle frames pulled back from Y, so their transitions are independent of the normal coordinate. Choose
real smooth functions x, compactly supported in these charts with Zl x? =1 on Y. Such functions are
obtained from any finite family of real chart bumps p, with no common zero by x; = p;/ (ZJ p]z)l/ 2. This
denominator is smooth and strictly positive. Let 1)(¢) be a smooth cutoff equal one on a neighborhood
of t = 0 and supported in the fixed collar. For each f € C", express x,f in the actual chart and
frame, extend each compactly supported boundary component by zero to its Euclidean chart, apply the
whole-space formula (JT3), multiply by 1, restrict to the positive collar, transport back, and multiply
by the outside x,. Denote these actual transports by 7T} and their inverse local transports by T, 1. Then

sm lf ZXzT ! rt [wgsm 1 (Xzf))]a
k s,mflf:ZXifk:fk <ng<m)7

2
€5 mfla,, (Z Cout,i Cy.i (S’m_ncm,i) Ifler-

(GF7P)

in,; bound the chart/frame/cut-
off map on the displayed boundary Sobolev direct sum; Cy, ; bounds the normal cutoff on the actual
whole-space mixed Sobolev space; and C,,,, ; bounds the outside chart/frame/cutoff map and restriction.
They are finite by the compact overlap change—of—variables estimate (GI35), its boundary specialization,
and the scalar order-zero case of (MSB7). Those arguments apply to every real r — s, keeping both

signs and all finite symbol seminorms. The flat extension constant is exactly the one in (JT7).

Each transition and each cutoff in this formula is retained. The constants C.

Because the frames and x; do not depend on ¢, their normal derivatives vanish. Because ¢ = 1 near zero,
its zeroth derivative there is one and every positive derivative there is zero. The full normal Leibniz
formula thus gives exactly the second line of (GF7P). For nonsmooth data the same identity follows
from smooth density and continuity of all displayed maps. Outside the collar the output is zero. This
proves a bounded global right inverse for every original grade €. The chart sum is not claimed to retain
the sharp Euclidean minimum norm. The construction uses the ordinary trace threshold in (GF7E) and
does not identify ¢" with an arbitrary maximal graph-trace space.

Written and dedicated to the public domain by Codex under CCO 1.0.
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Why the cutoff-only mixed elliptic estimate fails

0.45 A. Three disjoint original supports B. The separated kernel keeps its normal singularity
0.40 | =xy=1onsuppf ny=0onsuppgandh Ks(y’ Z) Dré(r_s)
0.35
s
= 0.301
>
g 0.251 inputzinsuppgorhj 5 output y in supp f
>
2 0.201
3
g 0.15 1 Tangential points are separated; r = s is retained.
0.10 . )
Smooth in y and z does not give a smooth full kernel.
0.05 1 Exact density and both S denominators are in ML1.
0.00

Orlglnal circle coordmate y (one chart)
C. Every component of the oscillatory input is retained

un,=w(re™(f—ng—n-1th)

On supp n: all positive derivatives of g vanish; D,e™™ = ne.

fcomponent: n?f Lf: Lyf {gcomponent: —nzf] [hcomponent: —Ly,f

nPu, =ne™(n?f+L,f—n* —-L,f=0

2
Ixunllsz =cn®, Inupllm = Cln + 1)
ML1-ML5 proves the contradiction. ML8 retains the full lower input norm, including both distant components.
Figure 9: The three disjoint original supports, the retained normal-diagonal kernel, and all four exactly

cancelling contributions. Proof ML1-ML5; the corrected full-input estimate is ML8. Reproducible
source: ../figures/mixed_localization__counterexample_167.py.
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