Dirichlet realizations, spectral projectors, and local extensions

The central construction in this lesson is a bounded point-evaluation functional on a spectral subspace.
Elliptic estimates bound that functional, and its Hilbert-space representative produces a spectral kernel.
This construction works for a sharp spectral cutoff even when the spectrum is continuous. Compactness
has a separate role: on a bounded smooth Dirichlet domain it supplies an eigenbasis and a finite trace.

Throughout, D; = —id;, and Hilbert inner products are linear in the first variable. The precise analytic
entry results used below are the integer half-space trace and extension construction in Section 2 of
Boundary energy, local inverses, and harmonic data, supplemented by the complete real-order trace proof
in Section 2 below; the local boundary H'-to-H? theorem Section 6 of Boundary energy, local inverses,
and harmonic data, with Lipschitz principal and bounded lower coefficients; its smooth integer bootstrap
Section 7 of Boundary energy, local inverses, and harmonic data; and the interior counterpart Section
8 of Local inverses and distance-weighted elliptic estimates together with the differentiated-equation
argument. We check their hypotheses at each use. The other Fourier entry facts are inversion and
Plancherel with inverse factor (2w)~". For the arbitrary lower-bounded extension in Section 10, the
complete spectral construction is proved in Spectral measures with the original operator domain retained,
Sections 1—4 of Spectral measures with the original operator domain retained: scalar measures, the
bounded positive calculus, all multiplier domains, and the exact inverse correspondence back to the
given operator. The bounded-domain calculus is also proved directly in Section 5. With the original
inner-product convention and the spectral measure F,, these proofs give

(A = [ImOF dFa©f.0). DD ={s: [pPraEaos <o} (DSPY
R

The analytic entry results are used with their stated hypotheses. The spectral identities just displayed
have complete proofs in the companion, including the recursive domains of the original operator. The
elliptic regularity-to-kernel implication and the boundary-domain implication are proved here. Nothing
below identifies this second-order scalar result with a theorem for general systems or higher-order
boundary conditions.

1. Weighted Dirichlet realization

Let n > 1, and let X C R™ be a nonempty bounded open set with smooth boundary. Let r € C*°(X)
be real and strictly positive. Consider the unchanged differential expression

Pu = —0;(¢""0u) + b/0u + cu, (u,v), = / uordx. (DSP2)
X

Repeated indices are summed from 1 to n. The coefficients are smooth on a neighborhood of the closure;
g% = ¢g*I are real and gjk(a;)fj&k > 0|€]? there for some 6 > 0. The coefficients b/, ¢ may be complex.
Assume exactly that P is symmetric on C2°(X) for (-, )

re

Exact correspondence for an arbitrary real principal matrix. The symmetric presentation
above also applies to a given real matrix G = (G7%) whose quadratic form is positive, without changing
its original coefficients or differential expression. Retain those original data (G, B, ¢, r), and define the
additional coefficient fields

Gk 4 Gk , GIF — G

Al

Sjk ) - T 5
2 2

gt =Bk )" 0,4k (DSP2a)
J
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For every distribution u, commuting weak derivatives and pairing the (j, k) and (k, j) terms give

Z A% ,0u = 0, —0;(G7*0u) + B*Opu + cu = —0,(S7* 0 u) + fFOLu + cu. (DSP2b)

gk
The product rule with smooth coefficients proves the displayed expansion for distributions as well as
for smooth functions. Also Sjkgjf . = GIkE ;& for every real £, with exactly the same ellipticity lower
bound. Thus the map (G, B,¢,r) (S, B —div A, ¢,r) is an explicit map of coefficient presentations of
the same distributional operator on the same weighted space. The condition defining (DSP3) and its
operator action are identical for the two presentations. Their adjoints, symmetry, self-adjoint realizations,
recursive powers, and spectral projections therefore agree as operators; this follows from equality of
their graphs, not from a change of coordinates or of density. Coeflicient estimates can be pulled back to
the given fields through (DSP2a): for every multiindex «,

0oSIk = L(0°GIF + 9°GR),  9opk = 0°BF — 1) 9ot (GIF — G, (DSP2c)
J

The triangle inequality gives their exact componentwise norm bounds, including the additional derivative
of the antisymmetric part. The original fields remain available throughout this correspondence. Every
subsequent formula in the symmetric presentation uses g = S,b = 8 when it is applied to these more
general input data.

Define

D(Pp) ={u€ H}(X): Pue L*(X,rdx)}, Ppu = Pu. (DSP3)

There is a real number p > 1 such that T' = Pp + pf is self-adjoint, 7' > I, and

(Tu,u), > allulfp ), lulax) < ClTul,  ue D(Pp). (DSP4)

The original Pp, is retained; the symbol 7" always records the shift explicitly.

Hilbert representation, with both functional conventions. We first give the representation
argument used by the form and kernel constructions. Let H be a complex Hilbert space with inner
product linear in its first argument and let £ : H — C be bounded and linear. If ¢ = 0, its representing
vector is zero. Otherwise the closed affine set V' = {v: ¢(v) = 1} is nonempty. Its distance d from zero
satisfies d > [[¢|~! > 0. Choose v; € V with |[v;| — d. The midpoint belongs to V, so the parallelogram
identity gives

lo; = vl? = 2]lv;1 + 2oy 1* — 4l (v; + ve) /20 < 2[vy|? + 2]vy]|* — 4d® — 0.

Completeness and closedness give a limit v € V with |[v| = d. For z € ker ¢, the inequality ||v+tz]? > d?,
first for all real ¢ and then for all purely imaginary ¢, forces (v, z) = 0. Since u — £(u)v € ker ¢, it follows
that (u,v) = £(u)d?. Thus h = v/d? satisfies

l(u) = (u,h), €] = [7].

The norm equality follows from Cauchy—Schwarz and evaluation at u = h/|h|; uniqueness follows by
testing the difference of two representing vectors against itself. For a bounded conjugate-linear functional
F, apply this result to ¢(u) = F(u). Its vector w satisfies F(u) = (w,u) with the same norm. This
proves the exact forms of representation used below, including the equivalent inner product ¢, without
a spectral or orthonormal-basis theorem.




Proof of the realization. Integration by parts on compact interior tests gives the form

q(u,v) :/rgjkakuajvdx+/(gjkajr+rbk)8kuvd:v—l—/rcuvdx. (DSP5)
s X s

Every term is continuous on H} x Hj. Density extends symmetry from tests to that space. Positivity
of the first term and boundedness of the other coefficients imply

q(u, ) 2 10 Vulz — Clluly [Vull, — Cllull3.

Young’s inequality, 2ab < ca® + 152, gives a sufficiently large 1 > 1 for which q, = q+ p(+,+), controls
|u|?,: and also [u[?,. It is an inner product with an equivalent complete norm. Applying the Hilbert

representation theorem in this norm to v = (f,v), produces a unique u € Hj with q,(u,v) = (f,v),
for every v € Hi. Interior testing says (P + pu)u = f distributionally. Conversely, if u € H} and
(P + p)u = f € L2, the distributional identity extends to this form identity by density. Thus the
variational operator is exactly T on (DSP3), and T' maps its domain onto L?2.

This domain is dense, since it contains C°(X). The form identity makes 7' symmetric. If w € D(T™),
solve Tv = T*w. For every u € D(T), symmetry and adjointness give (T'u, w — v),. = 0. Surjectivity of
T forces w =wv € D(T). Hence T'= T*, in particular it is closed. Coercivity gives the first estimate in
(DSP4), and Cauchy—Schwarz gives

alultn < |Tulp2llullz < ColTul g2 llul e
which proves the second, including the case u = 0. The same form lower bound proves "> I. &

2. Inhomogeneous Sobolev convention

For an integer k > 0, write

—k
') = HNX), el = Y 1Dl (DSP6)

la|<k

The derivatives are weak derivatives. The bar indicates this inhomogeneous norm; it does not indicate
closure of C¢°(X). In particular " (X) and H}(X) have different boundary conditions. Weighted and
unweighted norms obey the exact comparison

Tminlltl3 < Jul?s < ropadulls. (DSP7)

On a compact coordinate patch the same comparison uses the minimum and maximum there and the
chart Jacobian. All constants involving these comparisons retain that dependence.

For reference, all local and transformed Sobolev symbols used below have the following fixed meaning.
If ®: U — V is a smooth chart and Jg = | det D@~ |, then

ol = 3 [ 1D5@e 2@ dy (s € ),
174

la|<s



while the weighted transformed norm is
il = [ o @ @ o 87w o) dy
’ 1%

For a compact K C X, H*(K) denotes the fixed localized quantity obtained from a finite family of cutoffs
¢, € C>(U,) whose regions of value one cover K. The charts, cutoffs, and their larger neighborhoods
remain part of this notation in each estimate. Coordinate changes of those same localized functions
have the two-sided bounds proved below; arbitrary cutoffs with different outer supports need not give
equivalent seminorms on all functions. For real noninteger s > 0, the localized coordinate spaces use the
restriction norms (RT1)-(RT2). A finite partition covering the whole domain gives a norm equivalent to
that restriction norm by the explicit extension and reconstruction below. On a smooth boundary chart,
yu denotes the one-sided trace on t = 0, taking H® continuously to H*~1/2 for s > 1 /2; H} is the kernel
of this trace (equivalently the H!-closure of C2°(X)). For complete precision, put Q, = ®,(U, N X)
and v, = ((C, u) ° @a_l)]Qa. The aggregate just specified is the sum

1/2
”U”HS(K;A,Q = ZNS,QG(UH,)7 Nk,Q('U) = (Z ‘DSUP d@/) (k€ Np), (DSP7a)
a lo|<k ¥ €2

where at a noninteger s > 0 the symbol N, ¢, instead means the restriction infimum in (RT2), with the
whole-space norm (RT1). The abbreviation |u| g k) retains the fixed atlas, cutoffs and domains €2,.
It is a seminorm of functions on those fixed neighborhoods; it is not determined by their values on K
alone. The integer formula keeps every coefficient in (DSP6) equal to one.

These definitions apply to every occurrence of transformed H?®, trace spaces, and local H*(K) below.

Real-order trace and boundary density

The following argument proves the real-order trace assertion, its fixed right inverse, the coordinate
comparisons, and the zero-trace energy-space identity. Its numbered parts and RT formula labels belong
to this argument. The derivative-sum norm (DSP6) retains its original coefficients.

Trace proof 1. Spaces and precise statement

3(¢) = / () dr,  o(x) = (2m) / e E3(E) d,
RN

and define the Bessel-potential norm by
[oleqey = 200N [ (14 1620 de. (RT1)
[RN

For s > 0 and an open set X, H*(X) is the restriction space with norm

HUHHS(X)Jes = inf{HUHHs([R") Ul = u}. (RT2)

The kernel of restriction is closed: convergence in (RT1) implies convergence in L?, and a limit of
functions zero almost everywhere on X is zero there. Thus (RT2) is a Hilbert quotient norm. Restriction
is equality almost everywhere, or equivalently equality of distributions on X.



For integer k > 0, the actual squared norm in (DSP6) remains Z\a\<k HDauH%Q(X). Already on the
whole space its relation to (RT1) is the explicit identity

k .
k L.
HUHHk Rm) — Z (]) Z JHD UH% (RT3)

=0 lal=j

On a smooth domain the restriction and weak-derivative spaces agree, with equivalent norms, by the
integer reflection extension in Section 2 of Boundary energy, local inverses, and harmonic data and finite
smooth localization. The coordinate estimates proved below justify that localization. Equation (RT3)
specifies the coefficients of the whole-space comparison; no equality between the quotient norm and the
derivative-sum norm on X is asserted.

Let X be bounded with smooth boundary. For every real s > 1/2 there is a unique bounded trace
v H3(X) — H*1/2(0X) (RT4)

that agrees with boundary restriction for functions smooth on a neighborhood of X. The surface space
and its chart norm are defined in Trace proof 5, with an explicit comparison to surface measure. There
is a bounded linear right inverse Ly, and one fixed choice of Ly works simultaneously at all these
orders, with an order-dependent norm. In every localized flattened chart the trace is the limit of the
positive slices in H*~'/2, independent of the extension in (RT2). Finally,

HY(X)

ker(yy : HY(X) — HY2(8X)) = O (X) = H}(X). (RT5)

We now prove all assertions in (RT4)—(RT5).

Trace proof 2. Whole-space slices and quotient independence

Write n =d + 1, z = (2,t), £ = (¢,7), and retain the inhomogeneous factor A(¢) = (1 + |¢|?)/2. For

s>1/2, put
\/7?I‘(s—1/2)

For completeness, the gamma evaluation follows by inserting (1 + r2)~% = I'(s)~* J[;Oo a*~tema147?) dq,
applying Tonelli, and using [ e’ dp = \/m/a. In particular

/ (A2 4 72)5 dr — O \I-25. (RTT)
R

For U € H*(R%*1), weighted Cauchy-Schwarz and Fubini define, for almost every ¢ and every t,

T,.U) = — /e”TU(C, T)dT. (RT8)
2T Jy
The integral is absolutely convergent for those . Equations (RT7)—(RT8) give
Uy e < 22 [eie 020 [0 2y G,y dg
(RT9)
Cs 2
%”U”Hs([}?d+1> .

This is uniform for all real ¢.
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Let 7,U(z,t) = U(z,t + h). Its Fourier multiplier is 7, so dominated convergence in (RT1) proves
T,U — U in H*®. Formula (RT8) gives T, ,,U = T, 7, U. Consequently (RT9) proves that t = T,U is
continuous into H* 1/2(R%).

This continuous family is a representative of the actual slices of U. Indeed choose Schwartz U; — U in

H?. Such density follows by approximating U in the weighted L? space by smooth compactly supported
functions; the inverse Fourier transforms are Schwartz. On any bounded interval I, (RT9) gives
convergence of T,U; to T,U in L*(I; L*(R%)), while U; — U in L*(R**"). Fourier inversion identifies the
slices for each Schwartz approximant, and uniqueness of an L? limit identifies them almost everywhere
for U.

Suppose now that U = 0 almost everywhere on {¢t > 0}. The preceding identification implies T,U = 0
for almost every t > 0; continuity implies this for every ¢t > 0, and then for ¢ = 0. Thus two full-space
extensions of the same u € H*(R4™!) have the same Ty, and even the same continuous slice family for
t > 0. Define v, u = T,)U using either extension and take the infimum in (RT9):

C 1/2
sup |u(-, )| gsei2 < <i> U
upfu, Ol < (52) Il

He (I, res u(+,t) — y,uin H7Y2 (¢ ] 0). (RT10)
The slice notation in (RT10) means this continuous representative. This argument proves quotient
independence without presupposing a trace on the restriction space.

For d = 0, interpret R? as one point with measure one, A = 1, and its H9 norm as absolute value for
every q. Equations (RT6)—(RT10) then are the same one-variable proof, with no tangential integration
and with (27)° = 1.

Trace proof 3. The same Poisson lift at every real order

Choose once and for all x € C*°(R) with x(r) =0 for r < =2, x(r) =1 for r > —1, and 0 < x <
and put 9(r) = x(r)e™". Then ¥ is Schwartz, ¥(0) = 1, and 9¥(r) = e~ on [0, 00). For f € H* Y/2(R?
define Ef by its full Fourier transform

EF(¢,7) = MC) (/M) F (<) (RT11)

Change variables 7 = Ap in (RT1). There is the exact identity

1,
)

1
|EfIegary = Kool f e 1ngay, Koo = 2/ (14 p2)*[9(p)|2 dp < 0. (RT12)
Normal Fourier inversion, first for smooth data and then by (RT12), gives

FAENC) =0M)FC),  FALHEG ) =e M) (t>0),  Lf=(Ef)lmo  (RT13)

n (RTS), LY 19 )dp = ¥(0) = 1; hence v, Lf = f. Equivalently, dominated convergence applied
to |e*’\t 1\ )\23 1|f|2 proves the same boundary limit. Equations (RT12)-(RT13) prove

LA e g 1) res < K1/2 | £ e/, v.L =1 for every real s > 1/2. (RT14)

res -

The formula for L is exactly the positive-half-space lift in Section 2 of Boundary energy, local inverses,
and harmonic data, formula (B4), independent of s. Its full-space extension (RT11) was chosen smooth
across t = 0; none of the estimates assumes that an even reflection of the Poisson exponential has
arbitrarily high regularity.
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Trace proof 4. Fractional coordinate estimates with their dependencies

We prove the coordinate facts needed for both the domain and the surface. This part is in dimension

N >1 ForO0<o<1,set
|v(z) —v(y)?
= . o e

Plancherel for translations and Tonelli give the exact identity

B ~ oin _ 27VPr(1—o)
0 = exol2m) Y [II0OR s ey, = Tt (RT15)

Here is the constant calculation. The inner translation integral is [ |e?*¢ — 1|2|h|~N=29dh. Rotations
and scaling reduce it to |£|?? times its value at the first coordinate unit vector. Insert

|h|fo2a — F(N/2 + 0.)71 / aN/2+Ufle*a|h\2 da.
0

The Gaussian integral of 2 — 2cosh, is 2(w/a)N/?(1 — e ¥/4®).  Substituting r = 1/(4a) leaves
2eN24=°T(N /2 + o)~ fooo 1711 — e ")dr. Integration by parts evaluates the final integral as

I'(1 — 0)/o; its boundary terms vanish because 0 < o < 1. This proves (RT15), including its constants.
It holds for every L? function, with both sides allowed to be infinite, by Plancherel for the L? translation
difference and Tonelli.

Let m > 0 be an integer and define

= ) ID[3 + ity D (D]

ja<m jaJ=m

Fourier transformation, the multinomial formula, and (RT15) give

1
mllvllfqmw < Emo(v) < (m+2) vl (RT16)

Indeed the multiplier of & is P,,(€) + [£?°Q,,,(£), where P, = Z\a|<m 2% and Q,, = Z\a|:m €2, The

inequalities |£]?™/m! < Q,, < |¢|*™ and P,, < (m + 1) max(1, [£|*™), split at |¢| = 1, prove exactly
(RT16). The case m = 0 uses 0! = 1.

We next give a local composition bound that does not assume the desired fractional invariance. Let
U : V — W be a smooth diffeomorphism, and let b € C°(V,), where V; € V. Choose the smaller
coordinate set so that for y,z € Vj

L7ty — 2| < |¥(y) — ¥(2)| < Lly — 2|, J = sup |det DU} < oo, (RT17)
(V)

with L > 1. Smooth coordinate maps admit such sets: on a sufficiently small ball about any point, the
derivative differs from its invertible value at the center by less than half that value’s smallest singular
value. Integrating the derivative on line segments proves (RT17); finitely many such smaller sets cover a
prescribed compact support. Thus using several such sets entails only a finite smooth partition.

Write B = |b|o, M = |Vb|y, 6 = dist(suppb, R¥ \ V) > 0, and let wy_; be the area of the unit
sphere in RY. Set

M? 4B
Ao=onalgTo, T o )



For v(y) = b(y) f(¥(y)) on V,, extended by zero outside, change of variables gives
[ol3 < B2JIf13,
and direct separation of differences gives
o2y 2B2LN P2+ (24, 00 + LB )| £, (RT18)
To verify every term, on V x V,, use

b(y) (P (y)) —b(2)f(¥(2)]* < 2B2[f(¥(y)) — f(¥(2))]* +2[bly) — b(=)[?| (¥ (2))[*.

Two Jacobians and (RT17) bound the first integral. For the second, extend b smoothly by zero;
then [b(y) — b(2)] < min(M|y — 2],2B). Integration on |y — 2| < 1 and |y — 2| > 1 yields 4, ,,
followed by one Jacobian. Finally the two cross regions with one point outside V|, contribute at most
2|v3wn_y j(;oo r~1729dr. This is the last term of (RT18). Thus no boundary term in the zero extension
of a localized composition was omitted.

For a cutoff a € C2*(V},), apply the usual chain and product rules to a(f o ¥). In ordinary derivative
notation their exact coefficients can be generated recursively by

N
bU,O =a, ba+ej,ﬁ = 8jboz,ﬁ + Z ba,ﬁ—eeaj\llb 8a(a’(f ° \IJ)) = Z ba,ﬁ((aﬂf> ° \IJ) (RT]'Q)
=1 18I<]ex|
Absent coefficients are zero; for each multiindex fix any ordered sequence of the indicated differentiations.
The product rule proves this recursion by induction. The norms of D®v and d%v are equal, so these
ordinary derivative identities do not change the convention D = —i0.

For integer order, change of variables applied to each term of (RT19) gives the bounded composition
operator in H™. For order m + o, use (RT'18) on each term of each order-m derivative, then (RT16).
For every || < m, Plancherel also gives

IDPFI3 < Wflpmies [DPF12 N < en ol FIpmse

Using | Z;z L v;|? <Y |v;|* for each finite sum completes the estimate
la(f o )l wny < Craw v I 1@y, 720, (RT20)

where the left side is the zero extension just used. Its squared constant is obtained by the finite sums
in (RT19), (RT18), and (RT16). In particular it depends only on N,m, o, the displayed L, J,d, the
derivatives of a through order m + 1, and those of ¥ through order m + 1. At an integer order no
fractional constant occurs and derivatives through order m suffice. Applying the same proof to inverse
coordinate maps gives the reverse local comparisons. General compactly supported coordinate changes
follow by the finite subdivision explained after (RT17).

All these identities were initially proved on smooth inputs. Density of Schwartz functions in (RT1),
already proved in Trace proof 2, extends (RT20) to H". The resulting extension is the actual composition
almost everywhere, since it converges in L? on the support by the Jacobian bound. Thus its weak
derivatives are also those supplied by (RT19).

Multiplication by a fixed compact smooth cutoff is (RT20) with ¥ = I. Restrictions of C°(RY) are
dense in every quotient (RT2): after Schwartz approximation, multiply a fixed Schwartz function by
cutoffs @(z/R). The difference tends to zero in every integer H* by the product rule, the rapid decay of
all derivatives, and dominated convergence; choosing k > r and using (RT1) gives convergence in H".
Approximate a chosen full-space extension and restrict. This also proves density of functions smooth on
a neighborhood of X in H"(X).



Trace proof 5. Surface norms and atlas independence

For n > 2, put d = n — 1. Fix a finite smooth boundary atlas , : O, C R — 90X, and a nonnegative
smooth partition A\, on 0X subordinate to relatively compact parts of these charts, with Z:z L A, =1
For ¢ > 0, define

A
100500 = S I(af) o £ rageas (RT21)
a=1

where superscript zero means extension by zero outside O,. The surface space consists of L?(dS)
functions with finite (RT21).

Let J,(2) = \/det(Dx,(2)T Dk, (z)). This is positive and smooth. If 5, .., jmax are the minimum and
maximum of all J, on the compact supports concerned, change of variables gives the exact order-zero
formula and bounds

HO(0X),A — J, (k71 () ’
o0X a:z€ERL(O,) AV a (R,T22)
1 1
T Bas) < 1oy 0 < W Boas

Terms with A\, = 0 are zero. The inequalities use A= < >" A2 < 1. If a positive surface weight w is
used, its exact measure comparison is wmianH%z(dS) < Hf“%z(wds) < wmaXHfHZLQ(dS); substituting these

bounds in (RT22) retains both the weight and the chart Jacobians.

To prove atlas independence, take another chart partition (&, S\b). In a b-chart write

(Nof) o iy = Z(;‘b o Bp) [(Aof) o ko) o (k" o Ry)]. (RT23)
a

For each overlap insert an extra smooth cutoff equal to one on the compact intersection of the two
original supports and supported inside the overlap. The summands are then exactly the localized
compositions of (RT20), in dimension d, at order ¢q. The number of summands is finite. Equation
(RT20) therefore bounds the new norm by the old; exchanging the atlases proves the reverse bound.
The constants have exactly the dependence described in Trace proof 4, including the overlap cutoffs and
their distances to chart edges.

For completeness, (RT21) defines a complete space: a Cauchy sequence converges in L?(dS) by (RT22);
each localized coordinate sequence converges in H%(R%), whose L? limit is the localization of that same
surface function by change of variables. The limits therefore have finite (RT21), and convergence holds
in that norm. Smooth surface functions are dense. To see this, each compactly supported coordinate
function ((\,f) o k,)° can be convolved with a smooth approximate identity and then multiplied by a
fixed cutoff equal to one near its original support. Approximation in H? follows from Fourier dominated
convergence for convolution and bounded cutoff multiplication (RT20); for sufficiently small convolution
radius the support remains in O,. Push these smooth compact functions to the surface and sum over a.
Formula (RT23) and (RT20) show convergence in the surface norm, and the limiting sumis - A, f = f.

In dimension n = 1, a compact smooth boundary is a finite zero-dimensional manifold: its single-point
coordinate neighborhoods form an open cover, so compactness gives finitely many points. Define every
H1(0X) as functions on these points with the sum of squared absolute values. Surface measure is
counting measure. There are no fractional coordinate changes to prove in dimension zero.

Trace proof 6. Curved-boundary trace, independence, and lifts

Take the fixed boundary atlas from Trace proof 5 as the restriction of ambient smooth flattenings
¢, :U, -V, C R with @, (XNU,) =V, N{t>0}and k,(z) = ®,(2,0). Extend each A\, to



.) with n,|sx = A,. This is achieved by
multiplying its coordinate function on ¢ = 0 by a smooth normal cutoff equal to one near zero. All
supports remain in the chosen coordinate patches.

a compactly supported smooth ambient cutoff n, € C°(U,

For a full-space H® extension U of u, set

0. (y) = {(naU)(CI)al(y)), y € V, (the chart range), (RT24)

0, elsewhere.

By (RT20), vl gs < CllU| g-- Its flat trace Tyv, is bounded by (RT9). For smooth U, it is precisely
(A Ulox) o Ky, extended by zero.

Approximate a general U in H® by C2° functions. The traces of these approximants form a Cauchy
sequence in the surface norm (RT21), because

C
I0loxPresaoy a < 52 0 C2NU R (RT25)

holds for their differences. Completeness gives a limit. Bounded localization and (RT20) show that its
a-coordinate component is exactly 7,v,, so it is independent of the approximating sequence.

If U vanishes on X, each localized function v, in (RT24) vanishes on the entire positive half-space:
inside its chart this follows from the flattening, and outside the chart it follows from its zero definition.
Trace proof 2 gives Tjv, = 0. Hence the resulting surface limit is zero by (RT21). It follows that the
boundary value depends only on v = U|y. Taking the infimum over U in (RT25) proves (RT4) with

C 1/2
bcalnvaonn < (52 35°02) Tulirxe (R120)

Smooth restrictions are dense by Trace proof 4, so this continuous extension of smooth restriction is
unique. Consequently changing the flattenings or partition yields exactly the same trace, with the
equivalent surface norms of Trace proof 5. The positive-slice limit in each cutoff chart is exactly (RT10)
applied to v,|;~o. This proves the asserted local one-sided interpretation at every real s > 1/2.

Here are also the precise local Sobolev comparisons implicit in the notation of Section 2. Choose a finite
partition of unity on a neighborhood of X, subordinate to boundary and interior patches, and in each
patch take the corresponding localized coordinate restriction norm of order s. Such an ambient partition
can retain boundary values A,: choose the nonnegative extensions above, divide by their positive sum
near the boundary, multiply the resulting functions by a collar cutoff equal to one on a smaller boundary
neighborhood, and partition the remaining interior term. Equation (RT20), applied to any extension
U, bounds the finite localized norm by Cul g« (x) ves after taking the infimum. Conversely extend each
localized coordinate restriction to the whole coordinate space with norm within e of its quotient infimum.
Multiply by a fixed slightly larger cutoff equal to one on the original localized support and pull back by
the inverse chart, extending by zero beyond that chart. Equation (RT20) bounds each resulting global
H? function. The sum restricts to u, since the original cutoffs sum to one. The triangle inequality and
then ¢ | 0 bound (RT2) by the finite localized norm. This proves both directions, with cutoff, Jacobian,
and chart constants retained. For an estimate near a compact subset, fix the localizing functions and
larger patch first and apply this construction to those localized functions; the constants retain both
choices. No equivalence between seminorms on unrelated larger neighborhoods is needed. Interior pieces
are treated by whole-space coordinate charts and the same proof.

To construct a right inverse, first choose once and for all p, € C2°(V,) whose value on ¢ = 0 is one on a
neighborhood of the fixed compact set supp(()\, ° #,)°). These cutoffs depend only on the atlas and
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partition, not on the datum or the Sobolev order. For f € H*"'/2(9X), put f, = (A, f) © #,)°, whose
support lies in that fixed set, and take Ef, from (RT11). Define the global function

E [0 U
Wa($> — {(pa fa)( a(aj)>7 T E a’ LXf _ ZWG ) (RTQ?)
0, x¢U,, - %
Equations (RT12), (RT20), and the finite sum give
1/2
1/2 ,
Vo o < K2 (7] Ui (RT25)

where C;  is the bounded composition-and-cutoff constant for the a-term. For smooth f, direct
evaluation and ¥(0) = 1 give yxW, = A, f; hence vx Ly f = f. Surface density and (RT26), (RT28)
extend this identity to all f. The choices of ¥, all cutoffs, and the atlas were fixed independently of s.
Therefore the operator (RT27) is a single right inverse on all real scales s > 1/2; with the displayed
order-dependent bounds. This construction also works at each boundary point when n = 1, using the
one-variable instance of (RT11).

Trace proof 7. The zero-trace energy space

For clarity we prove (RT5) with the derivative-sum H! norm of (DSP6), which is equivalent to (RT2).
The inclusion of the closure into the kernel follows immediately from the trace bound and the zero trace
of every compact interior smooth function.

For the reverse inclusion, first work on the flat half-space with a compactly supported v € H I(Riﬂ)
whose trace is zero. Write v° for zero extension. Smooth approximation by restrictions of whole-space
tests, proved in Trace proof 4, and integration by parts give the distribution formulas

atvo = (atv)o + (’YJrv) ® 507 azjvo = (6zjv>0' (RT29)

Indeed, for a smooth approximant and a compact smooth test ¢, integration on ¢ > 0 yields — [ vd,¢) =
[(0,0)¢ + [v(2,0)(z,0)dz. The volume terms converge by H' convergence; the boundary term
converges by (RT10) at s = 1, and the test boundary restriction is smooth compactly supported. This
proves the normal formula, with its positive sign. Tangential integration has no boundary term and
proves the other formulas. Since the trace is zero, every derivative on the right of (RT29) is L2, so
0 € HY (R,

Set v_(2,t) = 19(2,t —¢). It vanishes for ¢ < ¢, and Fourier dominated convergence gives v. — v° in H*.
Convolve it with a compact smooth mollifier of radius less than /2, choosing its radius sufficiently small
that the H' convolution error is less than e. The resulting smooth function is supported in ¢t > ¢/2 and
converges to v° in H'. The original compact support and sufficiently small translations and radii keep
it within any fixed slightly larger coordinate neighborhood. A fixed cutoff equal to one near the original
support, if needed, preserves convergence by (RT20). Thus the restrictions approximate v by compact
interior smooth functions.

For a zero-trace u € H'(X), use a finite smooth partition subordinate to boundary and interior patches.
Each boundary-localized pullback has zero flat trace by (RT24)—(RT26) and is approximated by the
preceding construction. Pull those approximants back by the smooth flattening and extend by zero
beyond its compact patch. They are C2°(X), and (RT20) at order one proves their convergence in
H'(X). The interior-localized pieces are approximated by ordinary mollification with radius smaller
than their distance from the boundary. Summing the finite approximations proves that u belongs to the
closure in (RT5).
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Finally, (RT29) and this localization show the matching support statement when it is used: a zero-trace
u has u® € H'(R™), supported in X. Conversely, if U € H*(R") is supported in X, its localized pullbacks
vanish on the negative side. The continuous slice family in Trace proof 2 has zero negative-side limit,
s0 its common value at zero is zero. Thus vx(Ul|x) = 0. Smooth boundaries have Lebesgue measure
zero by their finite graph cover and Fubini, so zero extension introduces no unspecified values on a
set of positive measure. This completes the proof of the full real-order trace theorem and the exact
energy-kernel assertion.

3. Boundary regularity

For every integer k > 0,

weD(Pp), PucH (X) = ueH (X), |ulgre < Cu(lPulye + Jul2).  (DSPS)

For the explicitly shifted operator this becomes

lul o2 < Oy (| Tul e, weD(T), TuecH". (DSPY)

Proof. Begin with the known u € Hj. In each flattened boundary chart the transformed leading matrix
is real positive definite and smooth, and all transformed lower coefficients are smooth and bounded on
a smaller patch. The density changes by the positive Jacobian. The trace remains zero by the trace
and coordinate-change construction in Section 2 of Boundary energy, local inverses, and harmonic data.
Thus Section 6 of Boundary energy, local inverses, and harmonic data applies, including its bounded
complex lower terms, and yields the local H? estimate in terms of Pu € L? and u € H!. Its proof first
tangentially mollifies an H! function, recovers its second normal derivative from the equation, and only
then applies the strong estimate; it makes no assumption of the sought H? regularity. The interior
theorem applies on interior patches. A finite cover gives

lulge < C(1Pully + [ g2)-

The form estimate (DSP4), with 7w = Pu + pu, bounds the final term by C(|Pul|y + |ully). This proves
k=0 in (DSPS).

Here is the full higher-order induction, including the normal sign. In flat coordinates write the
transformed expression, renaming its coefficients locally, as

P=> ¢g*D;Dy+ > "Dy +¢, "= D;g* +itk (DSP10)
3.k k J

when it is written in the divergence form (DSP2). A coordinate change can modify the displayed ¢*,
but preserves this positive sign of the principal D;D, terms. The exact equation for the pure normal
derivative is

D%y = (gn) ! (Pu — Z gjijDku — ZEkau — cu) . (DSP11)
(4,k)#(n,n) k
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Assume inductively that v € H*! on a slightly larger chart and Pu € H*. For a purely tangential
multiindex 8 of length k, D%u € H' has zero trace. For each monomial a,D® of P, the product rule
reads

(D, a,Du= > (?) (Dla,,)D*tF~0y, (DSP12)

0<6<B

The derivatives on u have order at most k£ 4+ 1. To make the normal induction explicit, write a target
multiindex as v = (v/,¢q), |y| = k + 2, with ¢ > 3, and set § = (7/,q —2), so |6| = k. Apply D° to
(DSP11). For each coefficient a in the right-hand side, Leibniz gives

D% (aD"u) = aD%* M + Z <5> (DSa) D=+, (DSP12a)
0<¢<s

In the first term, the Pu contribution is D°Pu, bounded by |Pul g+. For every principal term with
(4,€) # (n,n), the derivative D*¢ ¢y has at most ¢ — 1 normal factors (at most ¢ — 2 if both indices
are tangential); the lower-order terms have at most ¢ — 1 as well. These are controlled by the induction
hypothesis on q. Every coefficient-hit term in the sum has

0—C+n<k+1

because |¢| > 1 and || < 2; hence it is controlled by the already established H*™! bound. If G, ,
denotes the L?-norm of all order-k + 2 derivatives with at most ¢ normals on a fixed patch, this gives

Grq < Ck,q(”PU”Hk(Ul) + ull grsr ) + Gk,q71> ) (DSP12b)

where U € U; are nested patches and C}, , depends only on the ellipticity lower bound and coefficient
C**lnorms on U,. Starting with ¢ = 2 from the tangential estimate and iterating (DSP12b) through
q = k + 2 proves every order-k 4 2 derivative. In dimension one, (DSP11) is the same recurrence with
no tangential base case.

For cutoffs x, the exact commutator is
[P x]u = —2¢"*(0;x)Opu + [=0;(¢7 O x) + b O] u.
Thus, for nested U, € U; and every k,

1P Xy < Crodiulinys Cr < € mas, 1D°gl max 1D (by o, max 10Xl )

lpl<k lpl<k+
(DSP12c¢)
There are finitely many nested patches for each fixed k; summing (DSP12b) and (DSP12c) over a finite
partition of unity gives (DSP8). For example, in divergence coordinates the first commutator is exactly

[D;, Plu = —66((ng£m)6mu) + (D;0™)0,,u + (Djc)u. (DSP13)
To obtain (DSP9), apply the argument to the expression P + u. At k = 0, (DSP4) removes the L?

remainder. At higher orders the same inequality applies with P 4 p in place of P, and |u|, < C|Tu|,
removes it again. Thus no unshifted inverse is asserted when Pp has a kernel.
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The exact first domain on a C'! boundary

The first-domain conclusion has weaker boundary hypotheses than the smooth bootstrap. Keep the
original expression (DSP2), its density r, formal symmetry, and coefficient bounds on a neighborhood
of the compact closure. Allow the bounded domain X to have C'! boundary. Then the realization
(DSP3), coercive shift (DSP4), and compact positive inverse still exist, and

D(Pp) = H*(X)NHy(X),  |ulm(x) < C(IPpull 2 + [ul2)- (DSP15a)

Here H? keeps the weak derivative-sum norm (DSP6). This statement does not extend the all-order
boundary bootstrap to this boundary class.

Proof. The form construction (DSP5) uses bounded coefficients, positive lower bounds and the definition
of H} by compact interior approximation; it uses no second boundary derivative. It therefore proves
(DSP3)—(DSP4) on this domain. On a compact boundary chart write, in the original rigid coordinates,

Fly',t)= W t+h(y)), heC", Jp=|detDF|=1, v=wuoF. (DSP15b)

Every coefficient contribution survives the weak change of variables. Put M(y) = (DF(y))™! =
D(F~1)(F(y)), and use ordinary derivatives in this formula. The exact pulled-back operator is

(Pu)o F = —J5'0, [JF(M<g o F)MT)ababv]

| (DSP15¢)
+ (b7 0 F)M,,;0,v + (co F)v, T=(roF)Jp.

One can verify (DSP15c¢) first in the divergence weak pairing: change the volume variable, use V uo F' =
M Tvyv, and then move the weak divergence back to the test. This proves the identity for H' functions
without assuming their second derivatives. The transformed principal matrix is uniformly positive and
Lipschitz on the compact patch; its positive bound follows from X M(go FYMTE > |M7TE|%. Tts weak
first derivatives contain every derivative of the matrix (DF)~! and of g o F, and are bounded. The
first-order and zeroth-order coefficients in (DSP15¢) are bounded, including the derivatives obtained on
expanding its divergence. The positive transformed density retains its Jacobian.

The trace-zero condition needed here is also justified at this regularity. The H' chart pullback is
bounded by the first chain rule and Jacobian bounds. The flat H! trace therefore gives a boundary
trace of v. Compact interior approximants to u € H{(X) have zero flat trace, so continuity gives
7,v = 0. The boundary coordinate comparison for H 1/2 uses only the Lipschitz distances, bounded
Jacobians and bounded Lipschitz cutoffs in (RT18), with m = 0,0 = 1/2; none of its terms requires a
smooth chart. Conversely a zero trace yields a zero extension in flat H* by (RT29). Translate it inward
and mollify as in Trace proof 7. Pulling these compact interior approximants back gives H' functions
supported a positive distance from 9X; ordinary interior mollification then gives C'2°(X) approximants.
Thus the trace kernel is exactly H{(X), rather than an assumed boundary condition on an unknown
representative.

The local H'-to-H? theorem in Section 6 of Boundary energy, local inverses, and harmonic data, together
with its complete weak chart argument (BR1)—(BR3), applies to (DSP15¢), with its bounded complex
lower terms. It gives v € H? locally up to the wall. Passing back uses the full weak second chain rule

0;0;(vo F71) = (9,000) o F7L0,(F 1), 0,(F71), + Y _(9,v) o F10,0;(F71),. (DSP15d)

a,b

The last sum is bounded in L2, since the weak second derivatives of F~! are bounded. Its validity
for H? inputs follows by the flat reflection extension, smooth approximation and the weak Lipschitz
product rule, as proved in (BR2). Interior estimates, a finite cover and (DSP4) now give the estimate in
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(DSP15a). This proves the forward domain inclusion. Conversely u € H> N H} has Pu € L? by the
original bounded coefficient expansion, so (DSP3) gives the reverse inclusion with exactly the same
action.

The zero extension of an H} function is H! with the same derivative-sum norm, directly by the defining
compact interior approximation. The compact-support Fourier proof in Section 5 thus applies without
a smooth boundary assumption. Its compact positive inverse consequently gives the same eigenbasis
construction (DSP16), with all weights and shifts retained. On a C!'! boundary these eigenfunctions
have the H? regularity just proved; all-order boundary smoothness in the earlier statement continues to
require its original smooth boundary. The graph h(z) = z|z| in (BR7) gives a local example where this
first-domain proof applies while the chart is not C?. Its exact matrix and weak drift are shown in the
accompanying figure.

A C'! boundary chart retains the full weak equation

F(Z,t)=(Z,t+Z|Z|), Fﬁl(X)=(X1,X2—X1|X1|), detDF=1
Half-space coordinates The same grid after F
3.0 y The entire transformed operator
2.0 y
X2 > h(2)
t>0 2.5 h(z) =z|z|, h'(2)=2|z|

15 h"(z)=2sgnz a.e.

Ann=1, Ap=An=-2|

e < Lo Az =1+422
detA=1
0.5
TAE = (§,—2|z|&)% + &2
o 00 §TAE = (€.~ 202l80? + &
-0.5 ol ‘ ; Lipschitz leading coefficients;
assical secon . .
00 Lo rivative at zero bounded weak first-order coefficient.
. . . T L . . . UEH!, yu=0, Pu=f€EL?
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

= H? locally up to the wall
—32 + 412|9,9; — (1 +%42%)82 + 259N 23, = —diV(AV)

Grid curves are samples of the exact map F. The value of the weak second derivative at zero does not affect the operator.

Proof: Section 8, BR1--BR3, BR7 and B29.

Figure 1: The original graph chart F(z,t) = (z,t + 2|z|), its full pulled-back matrix and its weak
differential expression. The figure illustrates (DSP15b)—(DSP15d) through the exact local example
(BR7) in the boundary lesson; it does not depict an all-order smooth boundary.

4. Domains of powers

For m > 1, powers use the operator domain, recursively:

D(T™) = {ue D(T™ ) : T tu € D(T)}.

The scalar shift gives D(T™) = D(P}}). Indeed, induction and the binomial identities for T' = Pp + pul
and Pp =T — ul give both inclusions, retaining every lower power in its domain. Moreover,

lullgom < Cr | T™ul 2, u € D(T™), (DSP14)
and the exact boundary-domain description is
D(PR) = {u € H*™(X): y(Plu) =0, 0 < j < m}. (DSP15)
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Proof. The m = 1 estimate is (DSP9). If u € D(T™), then Tu € D(T™ '), so induction gives
Tu € H*™ 2 with norm at most C|T™ully; apply (DSP9) at k = 2m — 2. This proves (DSP14). Each
PlLu, j <m, lies in D(Pp,), so its trace is zero and repeated application proves the forward inclusion
in (DSP15). Conversely, for the function on its right, each P/u € H?™ 2/ has trace zero for j < m,
and Py € L2. By (DSP3), P/u € D(Pp), with Pp(P/u) = P/*1u. Reading these identities from
j=m —1 back to j = 0 gives the recursive domain. B

5. Compact resolvent

We prove the compactness map needed here directly. Let (u;) be bounded by M in H}(X). The zero
extensions U, belong to H L(R™) by Section 2 of Boundary energy, local inverses, and harmonic data, have

the same derivative-sum norm, and are supported in the fixed compact set K = X. Cauchy-Schwarz
gives

. . . 1/2
1 < My = KM, (G0~ Tyl < Mg~ M= ([ lolda) o
K

The Fourier integral is defined because U; € L'; it agrees with the L? transform. The second inequality
follows from |e~#¢ — e~ | < |z||€ —n|. Plancherel and the weak-derivative identity give the tail bound

/ T,(&) dé < R-2(2m)" a2,
R™\[-R,R]™

Partition the cube into finitely many cells of side at most 4. On each cell @), approximate /U\j by its
value at one fixed point of (), and set the approximation V; to zero off the cube. Then

|U; — V;|3 < nd%(2R)" M? + R~2(2m)" M?.

For any prescribed positive error choose R first and § second to make both terms small. The cell values
are uniformly bounded by M, so the family (V;) has finite nets in its finite-dimensional space. Hence

(U\J) has finite nets in L?. Choosing successively an infinite subsequence in one ball of each finite 2~*-net
and then a diagonal subsequence produces an L?-Cauchy subsequence. Completeness and Plancherel
give an L?-convergent subsequence of (U;), and restriction followed by
1/2
g = well 2y < ravac|Us = Uel e

gives convergence in the original weighted space. This proves compactness of H}(X) — L2(X), with
the support and weight unchanged. By (DSP4) the inverse K, = T~! therefore is compact on L2. It
is self-adjoint and positive: writing f = Tu gives (K f, f), = (u,Tu), > |lu|?. It is injective and has
dense range D(T).

Here is the compact positive spectral argument for this exact operator. For any bounded positive
self-adjoint operator K, the discriminant of (K (x + ty),z + ty) > 0, t € C, proves
(Kz,y)]? < (Kz,2)(Ky,y).

Put 8 = supHxH:l(Kx, r). Taking the supremum over unit y in this inequality shows |Kz|? < (Kz, ),
and consequently |K| = §. If K # 0, then 8 > 0. For unit z; with (K, z;) — 3,

I(K — BI)z,|* < {8 — (Kz;,z;)} — 0.

Jrg
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When K is compact, a subsequence of Kz, converges, and the last estimate makes z; converge along
that subsequence to a unit ¢ with K¢ = S¢. The orthogonal complement of ¢ is invariant because K is
self-adjoint. Repeating the argument on that complement constructs orthonormal eigenvectors with
positive nonincreasing eigenvalues 3;, until the restriction becomes zero. Each positive eigenspace is
finite-dimensional: an infinite orthonormal sequence in it would have pairwise image distance \/iﬂj,
contradicting compactness. If the construction is infinite, 5; — 0, by the same compactness argument
applied to K¢; = 8,¢;. If y is perpendicular to all selected eigenvectors and Ky # 0, positivity and the
displayed Cauchy—Schwarz bound give (Ky,y) > 0. But the norm of the restriction after N steps is the
next selected By, 1, so (Ky,y) < Byi1ly|* = 0, a contradiction. Thus the only remaining subspace is
ker K. For K = K that kernel is zero, so the eigenvectors form a complete orthonormal basis. The
space L2(X) is infinite-dimensional because a ball inside the nonempty open X contains arbitrarily
many pairwise disjoint balls with nonzero indicator functions. Thus the sequence for K, is infinite.
Each ¢; = B;lKT(bj belongs to D(T'), and T'¢; = ﬂ;lqﬁj. Writing 7; = B;l gives an orthonormal basis
¢, finite multiplicities, and eigenvalues

Ppo; = N5, To; =T1;0;, =N +u>1, T — 00 (DSP16)

Indeed the nonzero eigenvalues of 71 are T 1> 0 and tend to zero. There is no kernel, and its range is
dense, so these eigenvectors span the whole space. Each eigenfunction belongs to every D(T™), by its
eigenvalue equation. Formula (DSP14) and the Sobolev estimate proved below make it smooth up to the
boundary. This is precisely where boundedness of the whole domain yields a global discrete spectrum.

Discrete spectral calculus on the original weighted space

We prove the functional-calculus facts required in the bounded-domain case from this eigenbasis. For
u e L(X), write u; = (u, ¢;),. Orthogonality gives || Zjvzl ;0,7 = Z]]il |¢;|?. Consequently every (>
sequence has a convergent series in the complete weighted space. Conversely the coefficients of any u
have bounded partial squared sums by orthogonal projection; their series converges, and its difference
from w is perpendicular to every ¢;. Completeness of the eigenbasis makes that difference zero. Thus
the exact maps

o
U:LA(X) — 2, Uu=(u)py, UHe)=D co, (DSP16a)
j=1
are mutually inverse isometries. Polarization of the finite-sum identity, followed by the norm limits, also
proves the inner-product identity.

If u € D(T), self-adjointness and the eigenvalue equation give (T, ¢,), = (u,T'¢;), = T;u;, since 7; is

real. Conversely, if Zj 77 |u,|* < oo, the finite sums uN) = Z]]il u;¢; belong to D(T'), converge to u,
and have Tu™) convergent to Zj 7;u;¢;. Closedness of T' proves that u belongs to its actual domain
and has this image. We have proved

D(T) = {u: ZTJZ‘uj‘2 <OO}, Tu:ZTjuj¢j. (DSPle)
J J

For each integer ¢ > 1, induction using D(T?"") = {u € D(T) : Tu € D(T?)} and 7; > 1 gives the exact
formulas

D(T?) = {u DY T ug)? < oo}, Tiu=> tlu¢;,  [T9w|? =) 7%u,*  (DSPl6c)
J J J
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In that induction the higher moment implies every lower moment because 7; > 1, so no recursive domain
condition is dropped. The original operator is still P, =T — ul; its action in these same coordinates
is multiplication by A; = 7, — u. Its domain agrees with the )\JQ- moment domain: both inequalities
|A;l <7+ pand 7; < |A| + p, together with (u;) € €2, prove the two inclusions. The same recursive
argument for P}, uses \)\j]% <1+ |/\j]2q, 0 < k < q, and gives its exact ])\j\2q moment domain and
action. Multiplication by 7, 7 is bounded on all £2, since 7; > 1, and the resulting operator maps into
D(T1). Coordinate multiplication proves both inverse identities with 7 on their respective full and
graph domains.

For a Borel set S C R, define directly

F(Sju= ) u;; (DSP16d)

The isometry (DSP16a) proves that this is a bounded orthogonal projection, F(R) = I, and F(S)F(R) =
F(SNR). For disjoint Borel sets S}, each coordinate belongs to at most one set. The squared norm
of F(U, Sp)u— Zi\;l F(Sy)u is the sum of |u;|? over the remaining coordinates, and tends to zero by
convergence of Z], \uj]2. This proves strong countable additivity. Its positive scalar measure is exactly

U, whose absolute sum
is at most |u|,|v|, by Cauchy—Schwarz; it is therefore countably additive as well. These statements
construct the projection-valued measure on the original space, with its original density and inner-product

convention.

(F(S)u,u), = Zj-A s |u;]?. The corresponding cross measure has coefficients ;v
A

For any finite-valued complex Borel function m on R, put

D(m(Pp)) = {u $ Dm0 Pl < OO},

m(Pp)u = Zm()\j)uj(bja (DSP16e)
[m(Pp)ul? = Z M), )? = /|’m(t)|2 d(F(t)u,w),.

The integral denotes integration against the scalar measure just defined, not differentiation of a function
value at an individual point. For a nonnegative simple function its atomic sum formula follows from
(DSP16d); increasing simple approximation gives the stated formula for |m|?. Every finite eigenvector sum
is in the domain, hence it is dense. The operator is closed: if u*) — u and m(Pp)u'® — v, convergence
of each coordinate gives v; = m();)u;; (DSP16a) then puts u in the specified moment domain with
image v. Testing the defining adjoint identity against each ¢; shows that a vector v in the adjoint

domain must satisfy ((m(Pp))*v); = m(X;)v;. These coordinates are in £? exactly when v € D(m(Pp)).
Conversely the two convergent series and Cauchy—Schwarz give (m(Pp)u,v), = (u,m(Pp)v), on those
domains. Thus (m(Pp))* = m(Pp) with equality of domains. In particular real m give self-adjoint
operators. Taking m(t) = ¢ recovers exactly Pp, by (DSP16b) and its shifted-domain comparison, and

taking m(t) = t7 recovers its recursive powers proved above.

For bounded m, its domain is the whole space and |m(Pp)| = sup, [m(A;)|: the upper bound is (DSP16e),
and testing ¢; gives the reverse bound. Coordinate multiplication proves addition and products of
bounded Borel multipliers. More generally, the precise product domain for any two finite-valued Borel
functions is

D(m,(Pp)my(Pp)) = D(my(Pp)) N D((mymsy)(Pp)),

DSP16f
mq (Pp)msy(Pp)u = (mymy)(Pp)u  on that domain. ( )
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Indeed the first factor can act on m,(Pp)u precisely when both

Zj Imy(X;)[?u;]? and Zj [my (X;)my(X;)]?|u,|? are finite. This proves both inclusions in the domain

equality. The intersection cannot generally be suppressed: choose my();) = 7; and m;();) = 7;!

extending both as Borel functions off the discrete eigenvalue set. Their product has the full-space

identity domain, whereas the operator product has domain D(T"). That domain is proper: select a
1

subsequence 7; > 2% and use coefficients w; = T; ", Zero otherwise. Their squared sum is finite but
2

their 7 moment is infinite.

Finally F((—oo, A]) is finite rank, because A\; — oo. If u lies in its range and L = A + pu > 1, every
nonzero coordinate has 1 < 7; < L. Hence (DSP16¢) proves directly

|T9ull? < L2ul? (g € No). (DSP16g)

If the range is zero the same estimate is immediate. This constructs all spectral multipliers and powers
needed for the bounded-domain projector arguments without importing the general unbounded spectral
theorem. For the arbitrary lower-bounded extension in Section 10, Sections 1—4 of Spectral measures
with the original operator domain retained construct the full spectral measure on the unchanged Hilbert
space and prove its exact multiplier and power domains.

6. Weighted projector kernels

For the original, unshifted eigenvalues define £y, = F((—o0, A]) = 1_ 5 (Pp) by the explicit construc-
tion (DSP16d)—(DSP16e). The kernel relative to r(y) dy is the finite sum

e(z,y,\) = Y ¢;x

A SA

N / e(z,y, N fy)r(y) dy. (DSP17)
X

With a linear-first inner product, the coefficient of ¢; in this formula is (f, ¢;),.. Its conjugate is generally
different. Weighted orthonormality gives directly

/ e(z,z,Ne(z,y, \)r(z)dz = e(z,y, \), e(y,z,\) = e(z,y, \). (DSP18)
e
The kernel against Lebesgue measure is 7(y)e(z, y, A). The density belongs to the integrated variable y.

7. Parameter Sobolev estimates with the half-space endpoint

Let k,v be nonnegative integers with k > v +n/2. For u € H*(X) and every s > 1,
Sl S sup Dt < Oful o+ 5l ) (DSP19)
lal<y X

The representative has continuous derivatives through order v on the closure. The sharper per-derivative
half-space assertion, initially for smooth functions compactly supported in the closed half-space, is

st s D £ G ( S ID 0l + 5Tl ) . s>0. (DsPa)
|Bl=k

where k > |a| +n/2. The right side retains only exact-order-k derivatives and the zeroth-order norm.
No boundary trace assumption is made in these Sobolev statements.
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The one-dimensional estimate, including its boundary term. For a complex-valued smooth
function v compactly supported in [0, c0), direct integration by parts gives

[ a2 de =0 1B + ol — (0) + (). (DSP21)
0

In fact 2Re [v"v" = —[v/(0)|?, 2Re [v'D = —[v(0)?, and 2Re [v"T = —2|v|3 — 2Re(v'(0)v(0)).
Substitution proves the displayed identity. Its two subtracted squares imply [[v/|3 < [v”]2 + |v|3.
Apply this to v(at), a > 0: the squared norms scale as a|v’|3, a®|v”|3, and a !|v|3. Minimizing
a?||v” |3 + a2||v|3 proves the exact estimate

[v'13 < 200"l ]vl,- (DSP22)

If a norm in that minimum is zero, compact support and v” = 0, or v = 0, force v = 0, so the same
conclusion holds. There is no deletion or absorption of an unknown boundary trace; (DSP21) determines
its sign.

It follows, for every integer k > 1, that

k
> lofvls < Cr(ldk vl + [vl3)- (DSP23)

§=0
Here are the induction details. The assertion for £ = 1 is an equality with C; = 1. Assuming it at
k — 1, apply it to v" to bound S = Zk [vD)2 < Cp_1(Ju™™ |2 + ||v'|2). By (DSP22) and Young’s

inequality, [[v'[3 < ev”]3 + e Hv|3 < ES + e Yv|3. Choose ¢ = (2C,_;)~ !, move S/2 to the left, and
add |v|3. Integration in the tangential variables proves the same inequality for the normal derivatives of
a half-space function.

An extension preserving the exact highest order. For fixed £ > 1, let ¢y,..., ¢, solve the
Vandermonde equations

k
d o=t =1,  0<i<k

=1
Extend u(z,t), t > 0, by
k
Eru(z,t) :Zc]uz —jt), t<0, Exu=u (t>0). (DSP24)
J=1

The normal derivatives through order £ — 1 match at zero. Piecewise integration by parts therefore
produces no interface delta in derivatives through order k. For every multiindex 8 of order at most k,
the j-th reflected derivative is cj(—j)ﬁn(Dﬁu)(z, —jt). Substitution s = —jt gives its negative-half-space
norm exactly as |cj|j5n’1/2 ||D/8u||L2<|R'r+L). Define

k
Skp, = D legli? 172
=1
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The triangle inequality on the negative half-space, followed by adding the squared norm on the positive
half-space, proves
”DBEkUHH([Rn) <

(1457 5 )2IDPul gy (DSP25)

Thus the normal dilation factors and the finite coefficient sum are both retained. In particular the
constant is not merely the Euclidean norm of the coefficient vector.

This retains the derivative order exactly, including order zero. The integer-density and trace construction
in Section 2 of Boundary energy, local inverses, and harmonic data extends it to every H* function. For
k = 0, extension by zero is sufficient for the norm assertions alone.

For 0 < j < k, [£]% < Cp(1 + |¢)?*), and the multinomial formula compares |£|?* with Z‘B‘Zk |€8)2.
Plancherel applied to (DSP24) and (DSP25) proves the further exact-order assertion

i gy < O (Z | DFul3 + HUHS> - (DSP26)

|Bl=Fk

Thus (DSP23) and the full mixed-derivative estimate are both proved without assigning a zero trace to
U.

Fourier proof of the parameter powers. For U = &, u, Cauchy-Schwarz in Fourier inversion gives

vl <6, ([ i de) (i [ s+ soT©Rac). (DsP27)

The first integral is finite precisely under the stated strict inequality at infinity; it is finite near zero
because s > 0. The substitution & = s'/?5 makes it C’k’ams‘a‘*"/%’“. Plancherel, the multinomial
comparison, and (DSP25) now give (DSP20). The Fourier integrability also gives continuous derivatives
by dominated convergence; approximation extends the assertion from smooth inputs to H*.

A finite partition of unity, smooth boundary flattening, (DSP24) on boundary patches, and extension
by zero on compact interior patches give one extension of a bounded smooth-domain function with

||5XU||Hk([Rn) < Ck||“||Hk(X)> ||€XUHL2([R”) < Ck||uHL2(X)

Here are the finite-atlas constants behind these two inequalities. Choose boundary charts ¢, : U, =V,
and interior charts, and a partition {9, }¥ , with Ea ¥, =1 on X, each support compactly contained
in its chart. Set

Jo =inf|det D®,|, ji =sup|det DO,|, J,= max (|D’®,].+ D, ),
Ua Ua av‘p|§k+

and let Q) = max, |,<x [|D’Y,[ - Repeated chain and product rules give, for |y| < £,

IDY[(9,u) © DM lLav,) < Clngk) GOV2IEQy Y 1Dl 2w, (DSP27a)
|5]<]~]
On each flat boundary patch, (DSP25) contributes the factor (1 + S,i Bn)l/ 2 for each derivative 3; for

order zero the factor is (1 + 52 ,)!/2. Pulling back to the original chart uses the inverse chain rule and

the Jacobian bound (j;) /2, pushlng forward used (j7)'/? in (DSP27a). The sum over all derivatives
through order k£ and over a = 1,..., N is finite. It therefore produces a single constant depending only on
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n,k, N, jz, Ji, Q) and the displayed S, ,, independent of u and s. For density, choose u,,, € C> (X) with
u,, — win H*(X) (the integer-density statement of Section 2 of Boundary energy, local inverses, and
harmonic data), form & yu,,, and apply (DSP27a) to u,, — u,. The extensions are Cauchy in H*(R"),
hence converge to & yu; order-zero convergence uses the order-zero Jacobian, cutoff, and reflection
constants, without derivatives of the input. Passing to this limit in (DSP27) proves the parameter
estimate for every u € H*(X), with the exact sl®*"/2=% powers unchanged.

The first inequality follows term by term from the product and chain rules; each term has a derivative of
u of order at most k and a bounded chart or cutoff coefficient. The second uses only bounded Jacobians
and the order-zero instance of (DSP25), so it introduces no derivative of u. Using this extension in
(DSP27) proves (DSP19), first with s*71I="/2 for each derivative separately. Since s > 1 and |a| < v,
replacing this weight by s*~*~"/2 and summing proves exactly the displayed bounded-domain statement.
The borderline k = v 4+ n/2 is not part of the assertion. W

8. Derivatives of the projector kernel

For every pair of multiindices «, 5,

|D2Dle(x,y,A)| < CoupA™ B2 gy e X, A > 1. (DSP28)

Proof. Let u = F, f, and put L = XA + p. Every included T-eigenvalue is in [1, L], so by the proved
diagonal estimate (DSP16g) and (DSP14)

[Tl < Lullpz,  ullgze < CoLul . (DSP29)

Choose any integer ¢ with 2¢ > |a| + n/2, and apply the per-derivative form of (DSP19) with k = 2¢
and s = L. This gives

sup | D%u| < CaL"/4+|O“/2Hu||Lg. (DSP30)
X

Only even integer Sobolev orders were required, and there is no additional € loss in the spectral exponent.

For fixed z, the linear functional f + 0%F, f(x) on L? has squared norm

D 0%g;(x)? < €, L/2Hel, (DSP31)
;<A

This follows either by its finite-dimensional Riesz representative, or by choosing coefficients proportional
to the conjugates of the displayed derivative values in (DSP30); the zero row is immediate. Cauchy—
Schwarz in the finite kernel sum yields

1/2 1/2
\Bﬁﬁgel < (Z\a%j(m)p) / (Z‘a%ﬂ'(y”z) / < CQBL(nJrla\HﬁD/Z'
Replacing ordinary derivatives by D multiplies the expression by a constant of absolute value one. Since

A > 1 and pis fixed, L < (1 + p)A; this proves (DSP28) for the original unshifted parameter. For a
joint multiindex v = (a, 8), the exponent is exactly (n + |y])/2. B
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9. Counting bound

The projector is finite rank, so its trace and diagonal integral are

NN =TiE, = 3 1= / e(z,m \r(x) dz < CAP2, A> 1. (DSP32)
PYES X

The middle equality follows by integrating the finite sum (DSP17) and using ||¢,| ;> = 1. The bound
follows from (DSP28) with both derivatives zero and the finite weighted volume of X. Multiplicities are
included. No lower asymptotic or leading Weyl coefficient is asserted.

10. Arbitrary lower-bounded extensions

For this section X is an arbitrary open subset of R™; it need not be bounded. The same expression
(DSP2) has smooth coefficients and smooth positive density on X, real symmetric positive definite
principal matrix at every point, and is symmetric on C°(X) in H = L?(X,rdx). Only local coefficient
bounds are required. Let A be any self-adjoint extension of this test-domain operator with a finite lower
bound a, so A > al.

Let w be a relatively open smooth portion of the boundary such that X locally lies on one side of it and
the coefficients and positive density extend smoothly across it, retaining positive definiteness. When
boundary conclusions are used, assume

{veC*(XUw):v|, =0} C D(A). (DSP33)

Here a function smooth on X Uw means a one-sided restriction smooth across the patch, and its compact
support stays away from all other boundary portions. This is an inclusion of test functions in the actual
operator domain, not an assumption that arbitrary domain elements already have a trace. We now
prove their local trace and regularity.

For every A € R, B\ = 1(_, »(A) has a smooth kernel e 4(z,y, A) locally on X x X. Under (DSP33) it
is smooth up to the allowed boundary in both variables, and for every compact K C X Uw and A > 1,

|D2DBe s (2,y,N)| < Cpp g A2 gy e K. (DSP34)

For an arbitrary compact subset of (X Uw)?, use the union of its two compact projections as K. The
kernel is taken against the original measure r(y) dy.

Local regularity of the actual operator domain

For u € D(A), interior testing and symmetry give Pu = Au distributionally: for v € C°(X), (u, Pv), =
(Au,v),. Under (DSP33) this identity holds for zero-trace smooth tests up to the boundary as well. We
first prove, on each compact allowed patch,

lulgzx) < Cx(|Aulg + ullg),  yu=0o0n KNw. (DSP35)

The notation H*(K) in local estimates means restriction to a fixed finite collection of smaller coordinate
neighborhoods covering K; the norm is the sum of their norms after cutoffs equal to one near K.
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Choose a bounded smooth auxiliary domain 2 C X, whose boundary agrees with the physical smooth
boundary in a neighborhood of the patch, and whose other boundary stays away from a real smooth
cutoff x. Let x = 1 on a smaller neighborhood of K, with support in the selected chart and away from
the artificial part of 0€2. For an interior patch choose 2 € X. Here is an explicit boundary construction
in flat coordinates (z,t), with ¢ > 0 inside. Choose ¢,d > 0 and a smooth function ¥(s) equal to zero
for s < d?, strictly increasing thereafter, and exceeding c? before the edge of the chart. The region

Qo = {(2,1) + 12 — 2ct + (|2]?) < 0}

is bounded, lies in ¢ > 0, and has bottom boundary ¢t = 0 when |z| < d. Its defining function has nonzero
gradient on its zero set: away from t = c use its t-derivative, and at t = c use ¥’(|z]?) > 0 and |z| > d.
Take the support of x in |2| < d, 0 <t < ¢, and scale this construction to fit the chart before pulling it
back. For n = 1, use the interval (0,2c¢). All coefficients on the resulting compact closure are smooth
with positive ellipticity and density bounds.

For the boundary construction just used, strict increase alone does not imply that the derivative is
positive at the level defining the artificial boundary. Use the following explicit choice, with the same
original constants and domain. Choose s, > d? inside the tangential chart and put

Se 1 62 O’ s < d27
I = - L>< _ s 1
: /d ep(—2) >0 LT w L[ on(-n) an vsee
2 v—d
(DSP-AUX1)

The integral at its lower endpoint is the integral of the function with value zero there. Every derivative
of exp(—1/w) for w > 0 is that exponential times a polynomial in w™?; this follows by induction using
the product rule. Each such product tends to zero as w | 0: after putting y = w™!, the estimate
eV > y" /ml, with m larger than the polynomial degree, proves the limit. Extending this function by
zero to w < 0 is therefore smooth, and integrating it proves that the displayed v is smooth across d?.
Moreover v (s) = Lexp(—1/(s — d?)) > 0 for every s > d?, and v(s,) = LI, > c%. For s > d? + 1, its
derivative is at least L/e, so it tends to infinity.

The original defining function is F|(z,t) = t>—2ct+1(|z|?). On its negative set, (t—c)? < c2—(|z|*) < 2,
so 0 <t < 2c and |z|? < s,. Choose the original positive constants and chart radii so that this bounded
cylinder fits in the chart. When |z| < d, the bottom boundary remains exactly ¢ = 0. On the zero set
with ¢ # ¢, the derivative 9,F = 2(t — ¢) is nonzero. At t = ¢, the zero-set equation is ¥(|z|?) = ¢* > 0,
0 |2| > d and V_F = 2¢/(|2|*)z # 0.

Here are explicit smooth boundary graphs, so this gradient test requires no unproved implicit-function
assertion. Near a point with ¢ # ¢, keep the sign of ¢t — ¢; the zero set is the graph ¢ = ¢ + sgn(t —
c)v/c? —(|z]?), whose radicand is positive near that point. Near a point with ¢ = ¢, let h be the
inverse of 1) on a small interval about |z|> > d?. Its derivative has a positive lower bound there. The
mean-value theorem bounds the inverse difference quotient and proves continuity of h; applying that
theorem once more to ¥(h(y +¢)) — ¥(h(y)) = € gives h'(y) = 1/¢’(h(y)). Differentiating this identity
inductively proves that h is smooth. Choose a nonzero coordinate z; of the point and keep its sign. The

zero set is then the graph
2z, = sgn(zi)\/h(c2 —(t—¢)?)— Zz]?,

whose radicand is 2? > 0 at the point and stays positive nearby. These graphs cover the zero set and
prove smoothness of the entire auxiliary boundary with the required physical flat patch. The nonzero
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defining derivative on each graph also shows that the domain occupies one side. Pullback keeps the
previously specified domain, coefficients, density, cutoffs and transposition identities. In dimension one
the previously specified interval (0, 2¢) supplies the construction.

A smooth auxiliary domain with its physical boundary retained
Qfiat = {(z, t) : t? — 2ct + y(2%) < 0}

Same defining function
F(z, t) =t2 = 2ct + w(z?)

c=d=1, s.=4
VF = (2V/s« y/(sx),0) #0 L=2/l., w(d)=2>c?

N
(o]

y'(s)>0 fors>d?

W(s+)=c?, d?<s«<4

At t = c the tangential gradient
proves smoothness of the level set.

original normal coordinate t
(o}

o

—/S» —-d 0 d S+
original tangential coordinate z

= artificial boundary === physical flat boundary = —=- cutoff-support window

DSP-AUX1: a two-dimensional section; the full construction and all original constants are proved in the lesson.

Curves are numerical samples. The dashed window indicates a permitted support; it does not prescribe the cutoff function.

Figure 2: A two-dimensional section of the explicit auxiliary-domain construction (DSP-AUX1), with
the sample constants ¢ = d = 1, s, = 4, and L = 2/I,. The original domain is t? — 2ct + 1 (2%) < 0.
The physical flat boundary, artificial boundary, cutoff-support window and nonzero level gradient are
distinguished. The curve is a numerical sample of the exact displayed formula; s, is the unique solution
of ¥(s,) = ¢?, not a substituted coordinate.

Choose a local shift o making the Dirichlet form qq, ,, defined by (DSP5) on Q, coercive. For v € Hj(Q)
define the conjugate-linear functional

F(v) = (x(Au + ou),v), o — (u, [P, x]v),. 0 (DSP36)

The commutator [P, x| has order one and smooth bounded coefficients on its compact support. Thus

[E ()] < C(|Aul g + el vl g)-

The energy construction of Section 1 produces w € H () with g ,(w,v) = F(v) and

[wlme) < ClAulf + [ulw)- (DSP37)

For a smooth zero-trace v on €2, the function yv, extended by zero past the artificial boundary, belongs
to the test class (DSP33), or is a compact interior test. The domain identity and the product rule give

(xtt, (P + 0)0),. = (Au, x0), 0 + 0 x0), 0 — (u, [P, xJ0),. 0 = F(0). (DSP38)
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Also qq ,(w,v) = (w, (P + 0)v), o. To verify this last equality for w € Hy, approximate w in H' by
compact interior tests, use formal symmetry there, and pass to the limit. Smooth zero-trace functions
are dense in H2(Q2) N H3 () in H?: in a flattened boundary chart use the odd H? extension, mollify by
an even mollifier, and use cutoffs; Section 2 of Boundary energy, local inverses, and harmonic data and
the density proof after Section 4 of Boundary energy, local inverses, and harmonic data establish the
trace and interface cancellation. Interior charts use ordinary convolution. Consequently (DSP38) and
the corresponding equality for w hold for every such H? test.

The coefficient identities used in this auxiliary problem are invariant under the flattening. If ® is the
chart, put

F=(ro®!)det DD, G = (¢7F 0 ®71)(0,®, 0 ®7)(0;, D, 0 D7L),

and let 7), ¢ be defined by the full chain rule in the unweighted divergence-form identity
Pv=—0,(§"0,v) + b*dyv+év,  Pv=(Pvo®))od L.

Thus b is the coefficient before rewriting the expression relative to the transformed density (it includes
every first-order term created by the coordinate change and by expanding the principal divergence).
With a° = b® + 7719, (7)§%, formal symmetry on compact tests gives the pointwise identities

@ =3, E-i=7F19,Fa). (DSP37a)

The Jacobian is already included in 7, so these are exactly the pullbacks of the unflattened identities.
Integration by parts using (DSP37a) proves symmetry of qq, , on Hj($). Moreover, for v € H?(€2) N
H}(Q), bounded transformed coefficients give

To specify the constant, all norms in the following sums are taken on the fixed auxiliary coordinate
domain. Put

Gy= Y 1§y Gi=) (beHoo + Haaﬁ“bHoo> o Go=lelo +lal.
a,b=1 b=1 a=1

The unweighted divergence-form definition in (DSP37a) expands to
(P+opw=—> §9,0v+> (7)6 -y agab) v + (€ + o).
a,b b a

Every derivative norm displayed here is bounded by the inhomogeneous H? norm (DSP6), and | f]| 2 <

F’Iln/aQXH flls- The triangle inequality therefore proves the explicit bound

|(P + o)Vl 20y < P (G + Gy + Cp) vl g2(2)- (DSP37b)

The transformed coefficient used here is b® = @° — Za (0,1og7)G®. Consequently, if the constant is
instead expressed using a, it also depends on |9, log7| ... Minimum and maximum density bounds
alone do not bound that dependence. These coefficient norms are finite on the fixed compact closure, as
required by the auxiliary problem.

The coercive solution for every f € L% () lies in HJ(Q2), and Section 6 of Boundary energy, local
inverses, and harmonic data (whose hypotheses are verified by (DSP37a)) upgrades it to H?(Q2). Thus
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Ppqo+ o0« H*(Q) N Hy(Q) — LZ(Q) is both continuous by (DSP37b) and onto. The fixed chart

norm equivalences FrllﬁHvH 2 < vz < Frln/fXHvH 12 and the analogous pullback H? bounds transfer this

statement back to L2(Q), which is the notation used in (DSP36)-(DSP38).

The shifted Dirichlet map Pp o + 0 : H*(Q) N Hy(€2) — L2(Q) is onto: Section 1 solves for each L?
datum in H}, and Section 3 at k = 0 places that solution in H2. Therefore (xu — w, f)r.q =0 for every
f € L3(Q), proving xu = w. This proves local H!, zero trace, and their bound before any trace of u
was invoked.

On a slightly smaller patch the equation is Pu = Au € L2, and the already verified H! and zero trace
allow Section 6 of Boundary energy, local inverses, and harmonic data to give (DSP35). Interior patches
use the interior regularity theorem after this same transposition step. No multiplication-invariance of
the unknown domain D(A) is required; only the explicit smooth functions xv belong to it.

Iterated graph estimates and bounded spectral subspaces

For each integer ¢ > 1, sufficiently many nested allowed patches give
q .
lull zr2ex) < Cg i Z A7l u € D(A?). (DSP39)
7=0

To prove this, for ¢ = 1 use (DSP35). Suppose the result holds for ¢ — 1. Then Au € D(A971), so on a
slightly larger patch it belongs to H2¢~2 bounded by C Zgz . [ A%u| ;. The function v has local H' and
zero trace by (DSP35). The smooth bootstrap of Section 3, or exactly Section 7 of Boundary energy,
local inverses, and harmonic data on these nested patches, applied to Pu = Au now gives local H?? with
the bound (DSP39). The interior differentiated-equation proof has the same estimates without the trace.
This induction explicitly controls the localization commutators by the previous levels on larger patches.

Choose once and for all p > 1 4+ max(0,—a), so B= A+ pl > I. Section 4 of Spectral measures with
the original operator domain retained constructs the bounded positive inverse S = B~! on this original
weighted Hilbert space. For its PVM E, (LB17) gives exactly E, = E([(A + p)~ !, (a + p)~]) when
A > a; both endpoints are included. If A < a, then E, = 0. Otherwise u € E\ H lies in every recursively
defined D(A?) by (LB16), and on its spectral support 1 <t+p < L =X+ p. For A > 1, (DSP1) and
(LB18)—(LB19) give

q
|Bully < Lluly, D[4l < Cy p L ull - (DSP40)
j=0

One explicit permitted constant is C, , = (¢ +1)(1 + p)?. Indeed |t| < L+ p < (14 p)L on the selected
interval, and each of its ¢ + 1 moments is bounded by that common order-q bound because L > 1. The

companion proves the equality of both recursive power conventions, including the recurrence through
Au used in (DSP39).

Choose a smooth cutoff x equal to one near K. Apply (DSP39) to u on a neighborhood of its support,
and the product rule then bounds yu in H?%; no membership of yu in D(A) is asserted. Use (DSP19),
or its chart proof, on xu with s = L and an even order 2¢ > |a| +n/2. Its L? norm is bounded by
Crc|lu| g using local density comparison, and its H*? norm by C, rL9||u| g from (DSP39). Thus

sup [0%u| < C, g L4425, u€ E\H. (DSP41)
K
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For any fixed finite A > a, the same argument with s = max(1, A + p) proves smoothness and finite
evaluation norms. Equation (DSP41) records the uniform high-energy dependence needed for (DSP34).
Kernel construction with the sharp endpoint retained

For each z in an allowed patch, the bounded linear functional f — FE, f(z) has a unique representative
h, € H with

It vanishes on (I—FE,)H, so h, € E\H. For every multiindex «, the analogous functional f +— 0*F), f(x)
has a representative h, , € F\H, and (DSP41) gives

”hac,aHH < Ca,KLn/AlHa‘/Q' (DSP43)

These are the actual Hilbert-norm derivatives of x = h,. Here is the operator-norm argument, including
the boundary. On a coordinate neighborhood U with compact closure in the allowed chart, and for
m = 1,2, define M, ,, to be the supremum, over x € U, | f|z < 1, and real vectors |v,], ..., |v,,,| < 1, of

n

Z (U1>i1 "'(Um)z‘maaﬂiﬁmﬂimExf(x) .

These are directional tensor norms. They are finite by (DSP41): each is at most n™/? times the largest

componentwise bound of order |a|+m, since [[v;]l;n < /7 |v,[. This retains the dimension factors needed
for the Taylor remainder. If 2,2 +§ € U and the segment x + tJ stays in U, Taylor’s integral formula
gives, uniformly for |f| 5 <1,

OB\ f(x +6) — 0“E, f(x Zéaa“zE f(x)

< $M, ,|5% (DSP43a)

Taking the supremum over the unit ball of H identifies (DSP43a) with

< %Ma,2|5|2'

H

hm+5,o¢ - hm,a - § :5ihm,a+ei
%

Hence every first difference quotient converges in H, with an O(|d|) remainder, and iteration with
derivatives of order |a| + m proves C*° Hilbert-norm differentiability in the interior. At a curved
boundary an ambient straight segment between two allowed points need not stay in the domain. We
therefore apply the remainder argument in the actual flattened chart, retaining every derivative of that
chart. Let ¥ = &~ ! send a convex coordinate half-ball V., into the allowed domain, and work on a
smaller closed half-ball. For a fixed ambient multiindex «, put

ko) = hyar  Lalys ) = OZENF(¥(y)). (DSP43b)
Thus ¢, (y; f) = (f,k,(y)),. Repeated chart derivatives keep their full coefficients. Starting with
Comy = 04~ define along any fixed ordered sequence of differentiations

cg+e Y 8 cﬁv—i_zcﬁv e yqjl

(DSP43c)
AN Zcm V0T EXf(T(y))-

28



Absent coefficients are zero. These finite sums have |y| < |a| 4 |3|. The ordinary product and chain
rules prove the recursion, so all coefficients are real and smooth; no coordinate factor is absorbed into
the evaluation vector. Equation (DSP41) bounds every displayed derivative, uniformly over | f|; <1
on the compact chart. In particular let ]/\Zlym, for m = 1,2, be the supremum of its order-m directional
tensor norm in y, with real unit directions, over that same unit ball and closed half-ball. It is finite: the
componentwise bound from (DSP43c), multiplied by n™/2, is an explicit sufficient bound.

All segments between points in this half-ball stay in it. The scalar Taylor formula in these coordinates,
followed by the supremum over || f|; < 1, gives

<
H
Hka(y + 6) - ka(y)HH < Ma,llé"

%Ma,2|5|2’

ka (y + 6) - ka (y) - Z 5j(8yj\1’l>(y>h’\ll(y),a+el
7.l

(DSP43d)

The second bound gives an approach-independent Hilbert limit at the flat wall. That limit is the
representative of the actual boundary functional: for every f, the smooth one-sided representative of
E, f has its scalar derivative limit there, and taking the Hilbert pairing commutes with norm convergence.
Formula (DSP43d) gives all first tangential and inward derivatives at the wall. Applying the same
argument to every «, or the complete recursion (DSP43c), gives all higher Hilbert-norm derivatives. In
particular, the return to the original coordinates is exact:

6yj ka = Z(ayj\lll)hlll(y),oﬂrel? Z(axl (I)j)(x>ayj ka ((I)(:E» = hx,a+ei' (DSP43€)

l J

The second identity follows from DU (®(z))D®(x) = I, including all entries and their order. It holds in
the interior and extends to the wall by the continuous jets just constructed. Constants in an ambient
distance comparison include the Lipschitz constant of ®; the original ambient tensor constant is not
silently reused for a curved path. This proves smoothness up to the allowed boundary in the original
coordinates.

For each desired finite derivative order one can also multiply by a fixed compact chart cutoff and apply
(DSP24) to this Hilbert-valued map at an integer order M above that derivative order plus n/2. The
same interface cancellations and triangle inequalities apply in the Hilbert norm, giving an H™ extension;
its Fourier Cauchy—Schwarz estimate gives the claimed finite-order continuous derivatives. This is a
further verification of the one-sided jets, without requiring one finite reflection operator to extend every
order simultaneously. The joint kernel below is obtained from the two actual Hilbert-smooth factors.

Since h, € E\H, its local representative satisfies h,(y) = (hy, h,),. Define

€A (:I:’ Y, )\) = m = (hyv hx)r (DSP44)

The two Hilbert-norm-smooth factors prove joint smoothness. They also prove

agﬁfeA(:E, Y, )\) = (hyﬁa hz,a)r’

whose absolute value is bounded by the product in (DSP43). As L =X+ p < (1 + p)X for A > 1, this
is precisely (DSP34), including D = —i0d. Equation (DSP42) gives the kernel representation against
r(y)dy; for general f € H, the integral is the L? pairing, and for compactly supported data it is the
ordinary locally smooth-kernel integral. The endpoint is exactly (—oo, A], since that was the projector in
every step. No boundary limit of a resolvent or approximation of a discontinuous multiplier is involved.
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A related consequence now follows with its full multiplier class: if m is any bounded Borel function
whose spectral support is bounded above, in the exact sense

Fy({t>b:m(t) £0}) =0 (DSP45a)

for some finite real b, then m(A) = E;m(A)E, has the local smooth kernel

e (,y) = (m(A)h, b)), (DSP45)

Here take b > a; if the original bound is less than a, the multiplier is zero by the lower spectral
concentration, and its kernel is zero. Bounded multiplicativity proves m(A) = Eym(A)E,: the two
discarded products have multiplier m1, ), whose squared norm on every vector is zero by (DSP45a) and
(LB14). Conversely, let C), = {t > b: |m(t)| > 1/k}. The compression identity gives m(A)F,(C}) =0,
while (LB14) gives

0= m(A)FA(Coully = [ Im(OF d(Es(O ) = k2|E5 (Cyuly (DSP45c)
Cy
Thus F4(C),) = 0 for every k. These sets increase to {t > b: m(t) # 0}, so strong countable additivity
gives (DSP45a). The hypothesis therefore records exactly the support needed for this compression.

(b)

Its adjoint evaluation vector is m(A)*hy ; evaluating that vector at y and conjugating with the original
linear-first convention proves (DSP45). Differentiation and Cauchy—Schwarz bound each mixed derivative
by [m] FAoo”h;b)ﬁ” Hhéb)a |, where the essential bound is relative to this projection-valued measure. In
particular for b > max(1,a),

1020f e, ()] < Cla el o (b + p) 1118072, (DSP43b)

For every other finite b > a, choose the evaluation vectors at max(1,b) instead; the same compression
identity and derivative argument give a finite smooth kernel. Smooth compactly supported multipliers
and the discontinuous function 1, ; are both included. No compact topological support, smoothness
of m, global finite rank, or finite global trace follows from or is needed by this argument. Also (DSP39)
directly proves x(A+ p)~9: H — H?9 locally: |A7(A+ p)~9|| <sup,_ [t]/(t+ p)? < oo for 0<j<gq.
These facts do not require or assert a bound on resolvents uniformly across real spectral poles.

The construction used no compact embedding. It therefore proves local sharp-projector estimates for an
arbitrary lower-bounded extension, while leaving global rank and trace to their actual hypotheses. If
(DSP33) is absent, the interior conclusion still holds; the proof makes no claim of zero trace or of these
Dirichlet boundary estimates at that boundary. B

Exercises and solutions

Exercise 1. Density and conjugation. Compute E,(E, f) using both the eigenbasis and the
weighted kernel, and determine the coefficient of one eigenfunction when the inner product is linear first.

Solution. Formula (DSP17) gives [ e(z,y,\)f(y)r(y)dy = ZA,-SA ¢;(x)(f, ;). Applying the projector
again retains each of these same coefficients. In the double integral, the middle integration gives
J 6;(2)¢1(2)r(2)dz = dj,, so it reduces to the original single integral. If the integration measure is
dy, its kernel must be r(y)e(z,y, ). For f = i¢;, the correct coefficient is i, whereas (¢, f), = —i,

explicitly detecting the reversed-inner-product error.

Exercise 2. The sign and coefficient requirements. Expand [D;, P] in divergence coordinates,
solve for D2u, and give sufficient coefficient bounds for the k-th boundary estimate.
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Solution. Since D; commutes with each ordinary derivative, the product rule gives exactly (DSP13).
Expanding P gives (DSP10), because —aj(gjkaku) = Dj(gjkau) and b*9, = ib*D,. Hence the
coefficient of Pu in (DSP11) is +(g™™)~!. A sufficient finite collection for (DSP8) consists of a positive
lower ellipticity bound, positive lower and upper density bounds, bounded derivatives of g,r through
order k+ 1 and of b, ¢ through order k, and bounded chart, inverse-chart, and cutoff derivatives through
order k+ 2 on the chosen patches. More derivatives may be bounded without harm; smoothness supplies
them all. In (DSP12) one derivative of a divergence coefficient may already have been used in expanding
the first-order term, which explains why a C* bound on g alone is not the asserted sufficient collection.
The transformed coefficients must be measured after their actual chart changes.

Exercise 3. A concrete failure of compactness. On X = {z, > 0}, take r =1, P = —A, and the
Dirichlet realization. Show that its resolvent is not compact, and identify the local kernel statements
that survive.

Solution. Odd extension in z,,, divided by V2, is a unitary map from L?(X) to the closed subspace of
odd L?(R") functions. The Fourier realization of —A, multiplication by |£|?, preserves this subspace and
induces the self-adjoint nonnegative Dirichlet operator. The odd-extension and zero-trace statements

in Sections 2-4 of Boundary energy, local inverses, and harmonic data identify its domain with
H?(X)NH(X).

Choose a nonzero smooth function w supported in a ball of radius 1/4 centered at the origin. Translate
it to pairwise disjoint balls centered at 3je,,, j > 1, obtaining w; € C°(X). Put f; = (A + Lw.
Translation invariance bounds all | f;[l; by the same constant, and the Dirichlet resolvent sends f; to
w;. But Jw; —wy[3 = 2|w|3 for j # k, so this image has no convergent subsequence. The resolvent is
not compact. In the odd Fourier model the multiplier |£|? has no L? eigenvector at any fixed value,
since each sphere has Lebesgue measure zero. For every A > 0, choose infinitely many disjoint small
balls in {¢,, >0, 0 < |£|> < A}. A nonzero smooth Fourier function on each ball, extended oddly into
its reflection across &,, = 0, gives infinitely many mutually orthogonal vectors in the spectral subspace.
Its dimension is therefore infinite, and the global finite-rank trace used in (DSP32) is unavailable.
Nevertheless the domain contains all smooth compactly supported zero-trace tests, so Section 10 gives a
smooth local sharp-projector kernel up to the plane and the same compact-set derivative estimate.

Exercise 4. A sharp cutoff is not a smooth multiplier. Explain why bounded spectral powers
apply to E,, although the function 1_ A 18 discontinuous, and why a real-axis uniform-resolvent
argument would fail even in the bounded Dirichlet case.

Solution. The lower bound a restricts the nonzero spectral measure of F, f to the bounded interval
[a, \]. The moment integral in (DSP1) is then at most max,_,. |t|*?||f|?, which proves membership in
every power domain without any continuity of the cutoff. Conversely, at an eigenvalue Ay (A= z)*lgbj =
(Aj —2)7'¢;. For z = \; + 7, its norm on this unit vector is || ™", diverging as 7 — 0. Lower-bounded
self-adjointness cannot supply a uniform bound across such poles. The construction (DSP42)-(DSP44)
avoids that assertion and retains the specified closed endpoint.

Further questions and references

The weighted form, explicit normal sign, one-dimensional integrated-square identity, parameter dilation,
and local-domain transposition above state their conventions in full.

Three research routes begin with proved objects in this lesson: derive a leading local spectral asymptotic
from the actual wave or elliptic parametrix while retaining the density; determine a remainder uniformly
as the observation point approaches the boundary; and replace the scalar Dirichlet test-domain condition
by the exact trace pairing and complementing-condition hypotheses for a general elliptic boundary
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system. Estimate (DSP34) supplies growth control for these tasks, and by itself supplies neither their
leading coefficients nor their general-system proofs.

Editorial supplement: the complete boundary receivers and local trace consequences

This supplement supplies the integer extension, boundary and interior regularity, weak coordinate
changes and test-density arguments invoked above. Its proofs are part of this lesson. The linked
boundary and local-coefficient lessons identify the corresponding programme objects; their ongoing
revisions are not premises of these arguments. The original expression (DSP2), density, forms, shifts,
recursive domains, projectors, norms, formula labels and examples above remain unchanged. The full
spectral-measure construction used for the arbitrary extension is Spectral measures with the original
operator domain retained, Sections 1-4, especially (LB3)—(LB19). The exact Fourier maps and their
full inverse factors are proved in Fourier transforms, finite spectra and convex separation, Sections 1-2
and 7-8. This supplement also proves the localized trace that survives on an unbounded domain and
two sharp endpoint obstructions.

E1l. Integer weak-derivative spaces, density and reflection

Fix an integer k > 0. First let v have every weak derivative through order k in L*(R?). There is a
sequence smooth on a neighborhood of the closed half-space converging to v in the actual derivative-sum
norm (DSP6). Here is a construction that does not assume an extension theorem or a trace theorem.
Multiply first by 6(x/R), where € is smooth compactly supported and equals one near zero. In every
derivative of the difference, the term with no derivative on the cutoff converges by the L? tail of that
derivative of v; the remaining terms contain a factor R/, j > 1, and an L? derivative of v. They tend
to zero. Thus it suffices to approximate a function of compact support.

For € > 0, put v.(z,t) = v(z,t +¢) on t > —e. On t > 0, each weak derivative is the corresponding
translate of the derivative of v. Zero-extend each original derivative only as an L? function for this
comparison. Translation is continuous in L?: its Fourier multiplier e**¢» tends to one, is bounded in
absolute value, and Plancherel and dominated convergence give the assertion. Consequently v, — v
in the derivative-sum norm on the positive half-space. Convolve v,, extended by zero below —¢, with
a compact smooth mollifier of radius 0 < €/2. On a neighborhood of ¢ > 0, convolution differentiates
against the translated weak derivatives, because the convolution never meets the interface —e. The
convolution is smooth there. For fixed e, Fourier dominated convergence for each of the finitely many
derivatives permits a choice of § making the derivative-sum error less than €. Compact support is
retained in a fixed slightly larger neighborhood. This proves the asserted density.

For k > 1, the Vandermonde matrix with entries (—5)*, 1 < j < k, 0 < £ < k, is invertible: a polynomial
of degree less than k vanishing at its k£ distinct nodes is zero, successively dividing by each linear factor.
Thus the coefficients in (DSP24) exist uniquely. They also have the exact closed formula

1+1 (—=1)7 "L (k+1)! .
. = U : ., 1<j<k DSP-ECJ
! 1<111kl—J VESVVESVICEN)] ’ ( )

I#35

Indeed the Lagrange polynomial [], 7éj(t +1)/(I — j) has value one at —j and zero at the other nodes.
Subtracting its interpolation sum from any degree-less-than-k polynomial gives a polynomial with those
k zeros, hence zero. Evaluate this identity at ¢t = 1 for the monomials t to obtain exactly the original
equations. Counting the j — 1 negative denominator factors and keeping the omitted j 4+ 1 numerator
factor gives the factorial formula. This evaluates the original coefficients and therefore the full original
sums S, 5 , without changing them.
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Apply that reflection to the smooth approximants just constructed. The matching derivatives through
order k — 1 remove every interface delta, by integration by parts against a test function on each side.
The calculation (DSP25) bounds every derivative separately, including its exact dilation factor j%»—1/2,
The reflected approximants are Cauchy in the whole-space weak-derivative norm and hence in (RT1),
by (RT3). Their limit restricts to v; their piecewise L? limits are exactly (DSP24). It follows that
(DSP24)-(DSP25) hold for every such weak-derivative input, without a boundary condition. For k = 0,
the zero extension preserves the L? norm.

On a smooth bounded domain use a finite partition on a neighborhood of its compact closure, with
each support compactly inside an interior or flattened boundary chart. Such a partition is constructed
as follows. Choose finitely many smaller coordinate balls covering the compact closure, and nonnegative
compact smooth bumps o, supported in the corresponding larger charts and positive on those smaller
balls. Their sum o is positive on a neighborhood of the closure. Choose a compact smooth 8, equal to
one on a smaller neighborhood of the closure, with support in {o > 0}, and put {, = 0o, /o there and
zero outside. The denominator is bounded below on the support of 8; these are smooth, retain each
chart support, and sum exactly to one near the closure. The bumps come from the explicit smooth
compact cutoff construction of the Fourier and scalar foundations. Restriction gives a nonnegative
surface partition; for the prescribed surface partition in (RT21), the collar reconstruction in Trace proof
6 retains those specified boundary values instead.

Smooth pullback acts boundedly on the weak-derivative norm: the ordinary product and chain rules
give (RT'19) term by term; to justify them for weak derivatives, mollify on compact subsets of the chart
interior, pass the chain-rule identities against interior tests, and use the Jacobian bounds to pass each
L? term. Every coefficient of the resulting finite sum is bounded on the fixed chart support. That
distributional identity and its L? bounds hold throughout the open positive chart, including all points
arbitrarily close to its wall. Apply the preceding flat density and reflection to each localized piece;
multiply its reflection by a larger coordinate cutoff equal to one on the original piece, pull back, and
sum. This constructs the extension used after (DSP27) and proves its H* and L? bounds with all the
constants of (DSP25), (DSP27a), the larger cutoff, and both chart Jacobians. Its restriction is exactly
the original function because the partition sums to one.

For the reverse comparison, restriction of a whole-space H* function has the specified weak derivatives,
and (RT3) bounds their derivative-sum norm. Taking the quotient infimum gives that bound for (RT2).
The extension just constructed gives the converse bound. Thus the weak-derivative space and the
restriction space agree at every nonnegative integer order, with their stated different norms. Applying
the extension and then whole-space smooth approximation proves density by restrictions smooth on a
neighborhood of the closure. There is no circular use of (RT4) in this construction. Parts 2-6 of the
real-order trace proof can therefore use this integer comparison; (RT15)—(RT20) supply all noninteger
composition and atlas comparisons, with their complete constants and edge terms.

E2. A complete local weak H'-to-H? proof

Work first in an upper half-ball, and use nested patches whose closures stay away from its curved edge.
In ordinary derivatives let

—0;(a*Opu) + d*Ou+eu=f, ueH', ~yu=0, o =adeWh> ok >0¢?, deel>®, fel’
(DSP-E1)
Here 9 > 0, the principal coefficients are real, the lower coefficients and the function may be complex,
and all bounds are on the larger fixed patch. Put F' = f —d*d,u—eu. Then |F|, < |f]+ (>, ld*| o +

lellso)lull - The distributional divergence equation gives [ a’*0ud,vdx = [ Fvdx for compactly
supported zero-trace H' tests: (RT29) and inward approximation in Trace proof 7, whose integer
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comparison was proved in E1, approximate these tests by compact interior smooth ones. Thus these are
legitimate weak tests, with no assumed second derivative of .

Take a tangential direction e;, i < n, and d,w(z) = (w(x + he;) —w(z))/h. Choose a real smooth
0 < n <1, equal to one on the smaller patch and supported in the larger one, and take |h| smaller
than its fixed distance from the curved edge. The test —_,,(n?6,u) has zero trace and the required
support. Translation preserves the zero flat trace, by (RT8) in the tangential variables and density. For
a fixed h # 0 the test belongs to H!, even before its uniform bound is proved. Changing the integration
variable gives the exact discrete integration identity

/ajk(ac + he;) 00,1 0;(n?0pu) dr = /F—éh(n25hu) dx

- (DSP-E2)
- / (6,07%)(2)Opu(z) 9; (1?0 u) da.

All integrals are over the flat patch, or its zero extension where the test vanishes. No normal translation
crosses the wall.

For any tangentially supported H! function w, §,w(z) = fol O;w(z + she;)ds in L2. This follows first
for smooth functions from the fundamental theorem of calculus, and then from E1 density. Minkowski
or Cauchy—Schwarz in s gives [0, w|y < [|0,w|,, with the derivative on the translated larger patch. Also
16,07% ||, < 0;a7%|..; the same integral identity for Lipschitz coefficients holds on almost every line,
proved by one-dimensional smooth convolution and its weak derivative limit. Therefore

[0nulls < 10;ull2 argers
IV(n2dpu)ly < [mVo,ully + 20Vl s [0, ul,, (DSP-E3)
[6- (6 w)lla < 10;(7°0,1)]5-

The principal term of the real part of (DSP-E2) is at least J|nVd,u|3. Its cutoff terms are bounded
by 2 ij la?* || 1Vl o 17V 8 1ull5 |6, 2] 5. Using (DSP-E3), the right side is bounded by a fixed constant

times (|F'|y + [|u] 1) ([nVd,ully + |u] 1) Apply Young’s inequality with coefficient 9/2 to the terms
linear in the first parenthesized gradient norm, and move that half to the left. This gives

’|77V6hu”2 < C(”f”?,larger + ”u”Hl(larger))7 (DSP'E4)

where C depends only on 9!, the principal W1> bounds, the lower L> bounds, the cutoff and the
nested patches. Density and the weak trace have supplied the domain of every test; no differentiability
being established was assumed.

For each j, (DSP-E4) bounds the tangential difference quotients of 9;u on the smaller patch. To obtain
its weak derivative without invoking a compactness theorem, test against ¢p € C2° there. Discrete
integration and the convergence of the smooth test differences give

[ 0,000 da| = lim| [ 10, s < Ol + alp)l (DSP-E5)

The Hilbert representation proved before (DSP5), and density of tests in L2, supply an L? distributional
derivative 0,0;u with exactly this bound. Commuting weak derivatives gives every second derivative
with at least one tangential index.

It remains to recover the pure normal derivative. Put p = a""0,,u. In distributions the equation gives

Op=—f+d"Outeu— 3 (a90u+ (9;0™)0u). (DSP-E6)
(3.6 msm)
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Every term on the right is now L?. The weak product rule and a"" > 1 give
02u = (a")19,p — (a"™)2(9,a")p € L?. (DSP-E7)

To justify that rule, multiply an H' function by a Lipschitz coefficient, approximate the coefficient by
bounded smooth convolutions, and integrate against compact tests. The coefficients converge uniformly
and their derivatives converge weakly against L' test products, giving the displayed product derivative.
The same proof works when only the normal derivative is known, using one-dimensional convolution on
normal lines and Fubini. Apply it to p and 1/a™", both of which have the required normal derivative
and bounded multiplier. Thus multiplying an undefined second derivative by a rough coefficient was not
a step of the proof. In dimension one, (DSP-E6)—(DSP-E7) give the entire regularity proof directly.

We have proved on the smaller half-patch

”u”HQ(smaller) < C(Hf 2,larger + HUHHl(larger)>' (DSP'E8)

On an interior patch the same difference-quotient proof uses all directions, because every cutoff test is
supported in the interior. Equation (DSP-E5) then gives all second derivatives without (DSP-E6). This
proves the exact interior counterpart locally, under the same Lipschitz principal and bounded lower
bounds. Neither proof requires symmetry of the lower terms. In particular it applies after either smooth
or O flattening of the original weighted symmetric expression.

E3. Weak charts, zero-trace test density and smooth bootstrap

For the C11 graph in (DSP15b), both F and F~! are locally bi-Lipschitz, have bounded first derivatives
and bounded weak second derivatives. Their determinant is exactly one. The first weak chain rule for
H' inputs follows by interior smooth approximation and change of variables. For a Lipschitz chart
one can first convolve its graph function: the resulting smooth charts have the same determinant and
uniformly bounded derivatives, converge with their first derivatives uniformly on compact patches, and
have a common inverse Lipschitz bound. Composition converges in L2, first for continuous compact
smooth inputs, then for general L? inputs by density and the uniform Jacobian bound. Passing the first
chain-rule identity against tests gives the rule for the actual chart. For an H? input apply this first rule
also to each first derivative, and use the weak Lipschitz product rule from E2 on each bounded first
derivative of the chart. This gives exactly (DSP15d), with both displayed sums. It proves bounded H?
pullback in both directions, with constants containing the first and second weak derivatives and both
Jacobian bounds. The half-space H? approximation and extension required here were established in E1.

Changing variables in the weak divergence pairing gives (DSP15c), with M = (DF)™', M(go F)MT,
and 7 = (r o F')Jp in their displayed order. This matrix is real symmetric and Lipschitz, and its
quadratic form is at least | MT¢|2. Tts ellipticity lower bound is therefore 6 M 7| 2. The original lower
coefficients remain bounded after their indicated pullback, and expansion of the divergence retains the
bounded first derivatives of this matrix. The lower and upper transformed density bounds are those of
the actual product (7o F')Jp; none is deleted. The trace-kernel proof in the paragraph after (DSP15c)
uses only the now proved H! chain rule and (RT18) with m = 0,0 = 1/2, so it remains valid. Applying
(DSP-ES), pulling back by (DSP15d), and using a finite cover proves (DSP15a) exactly. The inverse
and compactness arguments in Sections 1 and 5 require only the form bounds and zero extension of the
defining H{ approximants, and consequently hold on this same C'! domain.

For clarity the graph example in the original figure can be calculated entirely here. In two coordinates,
for h(z) = z|z|,

;L v B 1 0 T _ 1 —2|z|
h' =2|z|, h” =2sgnz almost everywhere, M = (_2‘2’ 1) , MM*' = (—2|z\ 14 d:2)
(DSP-E9)
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With the original P = —A and r = 1, its exact expression is
(Pu) o F = —92v + 4]2]0,0,v — (1 + 422)0%v + 2sgn 2 0,v = —0, (M MT)*%*9,v). (DSP-E10)

The weak second derivative of h is the displayed bounded function; it has no delta because h’ is
continuous. The determinant of the matrix is one, while its entries and the weak drift remain exactly as
displayed. This proves the figure’s local example without assuming the pending boundary lesson as a
provider.

Next let v e H 2(I]?i) have zero trace, localized to a compact half-patch. Tangential trace commutation
follows by the smooth density of E1, the order-two trace estimate (RT9), and the continuous derivative
H32(R* 1) — HY?(R™ '), whose norm bound follows directly from its Fourier multiplier. Hence
7,.0;v = 9;y,v =0 for i < n. Define its odd extension

Ov(z 1) = 4 VB >0, (DSP-E11)
—v(z,—t), t<O.

Integration by parts on both sides gives no first-derivative interface delta because both traces of v are
zero. The normal first derivative extends evenly and has matching traces; each tangential first derivative
extends oddly and has zero trace on both sides. Thus all second-derivative interface deltas also vanish.
Each derivative through order two has whole-space squared norm exactly twice its positive-half-space
norm. Formula (DSP-E11) is therefore an H? extension. Convolution with a smooth mollifier even in ¢
preserves oddness; a compact cutoff even in ¢, equal to one near the original support, preserves it too.
Their restrictions are smooth with zero trace and converge in H?. Pull back and sum over a smooth
boundary partition, treating interior pieces by ordinary convolution. This proves

{v e C>(Q):yv =0} " = H%*(Q) N H}(Q) (DSP-E12)

on every bounded smooth auxiliary domain used in Section 10. The inclusion from left to right follows
by trace continuity. The reverse inclusion is the construction just given. On a noncompact half-space the
same proof uses expanding compact cutoffs first. Consequently the odd Fourier realization in Exercise 3
has exactly the asserted H? N H} domain, rather than merely an agreement on interior tests.

For smooth coefficients and charts, the bootstrap in (DSP10)—(DSP13) now has its actual first regularity
input (DSP-E8). At its induction level k, a purely tangential derivative D?u, |3| = k, is H! by the
already proved H**' bound. Trace commutation is justified as above at order k + 1: (RT9) and the
Fourier multiplier D? commute on smooth approximants and pass in H 1/2 Tts trace is zero. After a
fixed smaller cutoff, its equation has L? right side by the full sum (DSP12), with the cutoff contributions
(DSP12c). Apply (DSP-E8) to it. This bounds all derivatives of total order k 4 2 with at most two
normal factors, including the case of zero tangential factors at the base level. Then the exact ordinary or
D-normal equation (DSP11) and its full Leibniz sum (DSP12a) give the successive estimates (DSP12b)
for three through k + 2 normal factors. Derivatives on the reciprocal of ¢g"" are retained by the ordinary
quotient and product rules; their bounds depend on the original positive lower bound and the coefficient
derivatives through the displayed order. In dimension one the same normal recurrence alone gives every
order. Interior differentiation uses all directions and (DSP-ES), without a trace requirement. The finite
nested-patch construction and the original form bound therefore prove (DSP8)-(DSP9) at every stated
integer order, with the sufficient coefficient and chart bounds in Exercise 2.

For the first domain, the forward implication is (DSP-E8) plus the form estimate, and the reverse is
expansion of the original expression on H? N H}. For its powers no boundary condition is inferred
merely from a scalar moment. Instead the recursion in Section 4 successively applies that first-domain
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equality to each actual Plj)u, proving (DSP14)—(DSP15) in both directions. The simultaneous binomial
identities on each recursive domain prove D((Pp + p)™) = D(P}}'), retaining the lower powers. This
connects the full boundary graph to the spectral moments in (DSP16b)—(DSP16¢).

E4. The arbitrary extension’s domain is obtained before its boundary trace

Keep the full original expression and density on an allowed smooth patch. Set a* = b* + T_l(é?jr) g'*.
Writing the expression without changing it gives P = —ril('?j(rgjkak) + ak0, + c. Tts weighted formal
adjoint on compact interior tests is

Pt = —r719,(rg/*8,) — akd, +¢ —r 19, (rak). (DSP-E13)
Integration by parts retains both density derivative terms. Equality of the test operators gives a* = —ak
and ¢ —¢ = r 19, (ra”): to identify coefficients, take a test equal to a prescribed affine polynomial
near any chosen interior point, and then a test constant there, in the resulting first-order difference.
Smoothness gives equality at the point, hence everywhere. Changing variables in this actual pairing yields
precisely (DSP37a), with the transformed Jacobian already in 7; no unweighted adjoint is substituted.

For an arbitrary u € D(A), only the given inclusion (DSP33) is used. The auxiliary smooth domain
in Section 10 has the exact flattened defining function displayed there, is contained in the physical
one-sided domain, and agrees with its boundary where the real cutoff is supported. All coefficient,
density and chart bounds are finite on its compact closure. Its form is Hermitian on H}, by the
compact-test symmetry and density, and a shift ¢ makes it coercive as in Section 1. The functional
(DSP36) is bounded in the H' norm, because the commutator is exactly the order-one expression before
(DSP12c¢). Hilbert representation produces w and the bound (DSP37). For every smooth zero-trace
test, the supported function xv belongs to the prescribed domain class, so the adjoint identity for the
original A = A* proves (DSP38). Integration by parts with compact approximants to w proves the
corresponding form identity. Density (DSP-E12) extends both identities to every H2 N H} test. The full
original operator is continuous from that space to the weighted L? space, with exactly the coefficient
sum (DSP37b).

For every f € L2(f2), the same coercive form solves its Dirichlet equation in Hg. Applying (DSP-E8) on
a finite boundary /interior cover places that solution in H?, so Pp g + o is onto from H 2N H}. Subtract
the two test identities and use this surjectivity: their pairing with every f is zero. Hence xyu = w in
the original weighted L? space. This proves local H', its bound, and zero trace before any boundary
value of u was assumed. On the smaller patch Pu = Au € L?; (DSP-E8) proves (DSP35). Its higher
receivers follow from E3 on nested patches applied to Pu = Au and the actual recursion Au € D(A?1).
This proves (DSP39), including each cutoff commutator and every power on its original domain. The
argument does not require multiplication by x to preserve D(A).

The accepted spectral construction cited at the start of this supplement proves, on exactly this weighted
Hilbert space, the inverse of A + p, its lower concentration, the order-reversing map t — t~! — p, equality
of the original operator graph, and both recursive power conventions. Its (LB17) keeps both closed
interval endpoints, including any atom at A. Therefore (DSP40) is the actual spectral-power estimate,
and (DSP19) applied to localized functions gives (DSP41) with no additional exponent. Real coordinate
Taylor remainders (DSP43a)—(DSP43e) then prove the Hilbert derivatives of the exact Riesz vectors,
including the continuous one-sided jets on a curved wall. With the linear-first inner product, (DSP44)
is (h,, h,),, and every mixed derivative is in its displayed order. This supplies a complete receiver for
(DSP34) and (DSP45), for every finite real cutoff, on every allowed compact set. If A\ < a, its projection
and all these vectors are exactly zero. If A > a is less than one, s = max(1, A 4+ p) in the same proved
parameter estimate gives the asserted finite smooth norms. None of these steps replaces a sharp cutoff
by a smooth approximation.
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The further Hilbert-valued extension check after (DSP43e) also follows from the same scalar proofs. For
a compactly localized Hilbert-smooth map, expand it in an orthonormal basis of the separable closed
span of its values and derivatives. Such a span is separable because each continuous derivative map
on a compact coordinate set has a separable image, by finite nets, and there are only countably many
derivative orders. Finite basis projections converge in the L? norm of each derivative by Parseval and
dominated convergence. Apply (DSP24)—(DSP25) to every scalar component, and sum their squared
norms by Tonelli; this gives the same Hilbert-valued reflection bounds and the same matching jets
without changing any coefficient. Apply scalar Plancherel to the finite projections; completeness and
their exact norm factors construct the Hilbert-valued Fourier transform and its inverse. The pairing
with every unit vector and Cauchy—Schwarz with the scalar weight in (DSP27) give its vector-valued
derivative bound. Fourier dominated convergence, with the integrable vector norm supplied by that
same inequality, gives the continuous derivatives. Thus this additional extension argument uses no
unproved vector-valued transform or extra trace assumption.

E5. A localized trace remains available without compact resolvent

Let A, r, E, and the allowed patches be exactly those of Section 10. Let x be any complex bounded
measurable function whose essential support is contained in a compact union of allowed patches, and let
M, denote its multiplication on the original space H. This includes each smooth cutoff already used
above; this trace proof differentiates neither x nor its kernel. The map R = M, Ej, is Hilbert-Schmidt
even when F, has infinite rank. More precisely,

|MXEb”%:/|X(x>|26A<mvl‘ab)r<m)dma M, E,My € §,(H), Tr(M,E,My) = |M, E|3.
X

(DSP-E14)
For b < a every term is zero; for every other finite b it is finite. If b > max(1,a), (DSP43) gives the
bound

Tr(MbeMY) < Csuppx(b + p)n/Q/ |X|27“dx. (DSP'E15)
X

All measures and both multiplication factors are retained. The trace is localized in the physical variable;

this does not assert a finite global trace.

Here is the complete kernel-to-ideal argument. The space L?(X,rdx) is separable. Use the fixed
compact exhaustion K,, = {x € X : |z| <m, dist(z,R" \ X) > 1/m}, interpreting the distance to the
empty set as infinity. These sets are increasing and cover X; the density is bounded above and below on
each nonempty K,,. Dominated convergence gives flx ~— f in the original weighted norm. Its zero
extension is unweighted L2, so the already proved compact smooth density gives whole-space smooth
approximants. On a bounded box their uniform approximation by rational complex values on a finite
rational box mesh follows from uniform continuity. Restrict these approximants to K, ; the weighted
error is bounded by its actual rrln/;x k. times the unweighted error. The countable family of all such
finite rational meshes and values, restricted to the countably many fixed K,,, is consequently dense.
Apply Gram—Schmidt to a dense sequence, discarding zero remainders; its span is dense, and the Hilbert
expansion proof of (DSP16a) proves Parseval. Write this countable orthonormal basis as (v;). Since

evaluation on the range has representative hS’), Parseval and Tonelli give
Z | M, Eyvjl7 = / X? ZI N, Prdz = / X218 | da. (DSP-E16)

The integrand is bounded on its compact support, and its last norm is e, (x,z,b), so this is finite.
The square-sum is the Hilbert—Schmidt norm as defined and proved basis-independent in (T1)—(T4) of

38



Traces that survive passage to cohomology. Its factorization theorem (T5)—(T9) says that a product of
two such factors is trace class, with norm at most the product of their square-sum norms. Apply it to
RR*; the trace proof (T10)—(T13) gives Tr RR* = Z], |Rv,|*. These are complete earlier programme
proofs, not external trace theorems. Alternatively, the same identity follows by the convergent positive
rank-one expansion RR* = Z]( -, Rv;), Rv;, whose sum of rank-one trace norms is (DSP-E16). This

proves every assertion in (DSP-E14)-(DSP-E15).
The bounded multiplier class (DSP45a) has a further exact local trace consequence. For any such m,

M, m(A)M,, € §,(H),

Ay < Il o | et by de DSPEIT)

Tr(MXm(A)MX)—/ Ix(z)|?e,,(x, z)r(x) dz.
X

Indeed it equals Rm(A)R*, where R = M, E},, because the support condition gives exactly m(A) =
E,m(A)E,. Its two Hilbert-Schmidt factors prove the norm bound. For the diagonal identity expand
the trace of a product of Hilbert—Schmidt factors in an orthonormal basis twice. The sum of the absolute
values of its matrix products is at most the product of the two Hilbert—Schmidt norms, by Cauchy—
Schwarz on the two indices. Interchanging those absolutely convergent sums proves Tr(Rm(A)R*) =
Tr(m(A)R*R). Bounded cyclicity (T15), with R*R trace class, then gives Tr(R*Rm(A)). In this last
basis expansion, each term is [ |x(z)[*(m(A)v;, hg(vb))r(hg;b),vj)rr(m) dz. At each x, the sum is absolutely

bounded by [m| g, thcm |2, by Cauchy—Schwarz and Parseval applied also to m(A)*h . This integrable

bound permits exchange of sum and integral. The sum is exactly (m(A)hgcw, h&*’))T =e,,(z,x). This
proves (DSP-E17) for complex, discontinuous multipliers, with their full essential spectral bound. Thus
the lesson’s infinite-rank example still has a finite trace after this exact physical localization.

E6. Explicit sharp half-space kernel, density and boundary comparison

In Exercise 3, let X = R, P = —A, and first keep r = 1. Odd extension divided by v/2 is the unitary
map specified there. Its image is the closed odd subspace. Fourier multiplication by [£|? is self-adjoint on
the exact domain {U : |€]2U € L2}, by testing coordinate multiplication and its conjugate; (RT1)—(RT3)
identify that domain with H?(R™). It preserves oddness, as do its spectral projections. E3 proves that
its transported domain is exactly H2(X) N Hg(X). The inverse shifted multiplier (|¢|> + 1)1 gives the
original Dirichlet inverse there, so no different realization is introduced.

Put J = diag(1,...,1,—1), y* = Jy. Folding the whole-space Fourier projection integral across the wall,
with both factors of the unitary extension and restriction retained, gives

ep(z,y,\) = (27r)_”/ (ell@z=u) € —eile=Ju)E) g (XA >0). (DSP-E18)
[€12<x

For A < 0 it is zero. The set at A = 0 has measure zero, so the closed endpoint is still retained and
gives zero. To justify the kernel identity initially take compact smooth f in X. Its odd extension is
L' N L?; Fourier inversion of the bounded-frequency projection is legitimate by Cauchy-Schwarz on the
finite ball. Fubini gives (DSP-E18) against dy. The kernel row is in L?(X), as follows from whole-space
Plancherel for that same finite-ball multiplier and reflection. Approximation then proves the identity for
every original L? datum in its pairing sense.

Differentiating the finite integral gives the full signed formula

D3 Dbep, = (2m)™" / £ [(—=¢)Pelle vt — (—Jg)Pell@=Tu)E] dg. (DSP-E19)
lel2<x

39


../traces-and-complexes.html

Both terms remain. Consequently, for A > 0,

|DgDlep| g2(2w)nx<n+a+ﬁl>/2/ In%nP| dn. (DSP-E20)

This proves the exponent of (DSP34) on this exact continuous-spectrum model for every positive .
Reflection in &, shows that (DSP-E18) vanishes when either point lies on the wall. Its diagonal is

eplx,z,\) = (2#)”/ f(l — cos(2x,,§,,)) d > 0. (DSP-E21)
[E]<VA

It need not be zero in the interior. The oscillatory integral tends to zero as z,, — oco: approximate the
ball indicator in L' by compact smooth functions; for each such function integration by parts in £,
bounds its integral by (2x,,)7!|d,,¢|,, while its L' approximation error bounds the remaining integral.
Thus the diagonal tends to the positive constant (2m) "w, \*/2. Tts integral over the whole half-space is
infinite for every A > 0. Formula (DSP-E14) gives its exact finite localized trace, including the boundary
loss, without attributing a global finite trace to it.

The original density can also be a constant r; > 0 without changing —A or its Dirichlet domain. The
isometry f = ,/7of to the unweighted space intertwines the same operator and its closed-endpoint
projectors; putting it on both sides of the integral representation gives

p 0 N =15 epla Ny Exf@) = [ e (e M@ dy. (DSP-E22)
X

This is an explicit comparison map; the original weighted object and the r, in its measure remain
displayed. In dimension one write a = v/\. Direct integration of (DSP-E18) gives

o oy - L [sinale—3) _sinfafa + )
T S vy ) (DSP-E23)
1 sin(2ax) ]
GDJ.O(J:,.I,)\):TTO G*T .

Every zero denominator in these continuous formulas means its actual limit sin(at)/t — a; at the
wall the two contributions cancel exactly. For the bounded measurable localization x = 1(4 1), L > 0,
(DSP-E14) and the substitution ¢ = 2ax give

m s

L Z o
al 1 . sint
Tr(Ml(o,L)EAMl(o,m) = /0 epr, (T, T, N)rgdr = — — o Si(2aL), Si(z) = /0 — dt. (DSP-E23a)

The integrand at zero has its continuous value one. For a = 0 or L = 0 the trace is zero; these cases also
follow directly before the substitution. Both density factors and the entire boundary term remain explicit.
This model keeps the reflected boundary term, the Fourier factor, the density and the parameter, and
verifies Exercise 3’s surviving kernel assertions directly.

E7. The two strict Sobolev endpoints are necessary

The real-order trace threshold cannot be weakened to s = 1/2, even if the target is merely the boundary
distributions with their weak topology. Choose smooth 0 < ¢, < 1 supported in (1/2,2R), equal to
one on [1, R], with R > 4. Put

[0 2% el _
IR—/R 1+T2d7, gR(T)—IRm. (DSP-E24)
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Finite physical traces on infinite spectral subspaces

Original operator: -d?/dx? on x > 0; Dirichlet boundary; density r = 2; a = sqrt(lambda)

e(x,y,lambda) = [sin(a(x-y))/(x-y) - sin(a(x+y))/(x+y)1/ (2 pi)

Weighted diagonal vanishes at the wall Both original contributions are retained
0.20
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DSP-E22--DSP-E23a: numerical samples of the exact formulas. Dashed lines retain the direct contributions.

Every zero denominator uses its continuous limit. lambda = 0 gives the zero kernel; closed endpoints are retained.

Figure 3: Exact one-dimensional continuous-spectrum Dirichlet projectors on x > 0, with original
density r, = 2. The diagonal curves and the kernel section use (DSP-E22)-(DSP-E23), retain the
reflected wall term, and include the cutoff endpoints. The physical localized trace uses ep, o(z, 7, \)2dz,
as proved in (DSP-E14). The drawn kernel is a two-variable section of this one-dimensional model.
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These are smooth compact Fourier functions, hence g is Schwartz. Fourier inversion gives gp(0) =1
exactly. The bounds clogR < I < ClogR follow by integration of 71 on [1, R], with the two
fixed-ratio edge intervals retained in the upper bound. Also

21 [ p(T)? 27
19517172 ) = i R _dr < 0. (DSP-E25)

1+ 72 -1 R

For n > 2, choose a fixed nonzero tangential Schwartz function f with compact Fourier support.
Then Ug(z,t) = f(2)gp(t) has H'/?(R™) norm tending to zero: on that support (1 + [¢|? + 72)1/2 <
Cr(1+ 72)1/2 and the full Fourier norm and its (27)" factor separate by Fubini. Yet its classical trace
is always f. For n = 1, take the single boundary point and use gp alone. Restriction cannot increase the
quotient norm. Multiplication by fixed smooth chart cutoffs is bounded at order 1/2 by (RT18)—(RT20);
choosing the normal cutoff equal to one at zero retains a fixed nonzero localized trace. Pull back in
a smooth boundary chart by the proved coordinate comparison. Hence on every smooth boundary
patch there are smooth inputs tending to zero in H/2 (X), with the same nonzero smooth trace. No
continuous extension of classical restriction to boundary distributions is possible. Since the H® norm is
bounded by the HY/? norm for 0 < s < 1 /2, the same counterexample applies throughout that range.
Thus (RT4)’s strict inequality is sharp for this original restriction-space class.

The strict point-evaluation inequality behind (DSP19)—-(DSP20) is also necessary. Fix a multiindex «,
put s, = |a| +n/2, and choose a nonnegative smooth angular cutoff x supported in a small cone where
€% > c|¢|l*l, and nonzero on a smaller cone. Such a cone is obtained around a unit vector with every
coordinate used in « nonzero. Let 05 be a smooth radial cutoff, supported in 1/2 < |£| < 2R, equal to
one for 1 < [¢| < R. Define

Jn=(@2m) / €2(1 + [62) (€/|€])0n(€) d,
Vi(€) = JRHE (1 + [€]2) > k(£/|€))0R (©).

Take 0 < k,05 < 1. Polar integration with its Jacobian r"~! gives clog R < J < C'log R: the radial
power at infinity is exactly r2l@/=2s.47=1 — =1 and the fixed angular integral is positive. For n = 1 use
the positive ray, so the zero-dimensional angular integral has measure one. Fourier inversion and the
convention D = —id give

(DSP-E26)

DVR(0) =1,  |[Vgl¥. < Jg' —0. (DSP-E27)

The norm bound follows by squaring the Fourier expression and using k26% < k6 p; all factors of (27)™"
are the same as in Jp. Each input is Schwartz. Multiply it by a compact smooth cutoff identically one
near zero, and translate its support into an interior ball of the given domain or half-space. The derivative
at that point remains one, and (RT20) bounds the norm by a constant times the vanishing norm in
(DSP-E27). These compact interior smooth inputs disprove a bounded derivative evaluation at the
critical order. In particular, whenever the critical order is an integer, substituting the parameter value
one disproves (DSP19) or (DSP20) with equality in their strict hypothesis. At noninteger critical orders
it proves the corresponding precise obstruction on the full real Sobolev scale. The original noncritical
estimates, with their exact parameter powers and boundary contributions, remain valid.

For clarity the exact Fourier coefficient in the Cauchy—Schwarz step (DSP27) can be chosen as C,, =
(2mr)~™. Indeed the squared inverse factor is (2)~2"; placing one factor (2r)~" in the second energy
integral leaves this coefficient in front of the first integral. Its scaling is the exact equality
2 2
’5’ o dé- —_ s\a|+n/27k ‘77’ o

——dn. DSP-E28
P o P e
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It has the full Jacobian s™2, numerator s/* and denominator s*. Its finite integral is the exact constant
used before the multinomial and reflection comparisons; every dilation and derivative coefficient in those
comparisons remains in (DSP25) and (DSP27a).

E8. Propagation through the original conclusions

E1 supplies every integer weak-derivative, reflection, density and coordinate receiver used in (RT3),
(RT5), (DSP24)-(DSP27a) and Exercise 3. The complete real-order proof above then retains its common
lift (RT11)—(RT14), every fractional constant (RT15)—(RT18), each atlas and surface Jacobian, and its
full one-sided and zero-trace statements. E2-E3 supply (DSP8)-(DSP15d), all smooth-domain powers,
the exact C1'! first domain and the original graph example. They supply the auxiliary onto map and test
density in E4, hence (DSP35) and all of (DSP39) on the actual arbitrary extension domain. The explicit
spectral construction retains (DSP1), (DSP16a)—-(DSP16g), (DSP40), both sharp endpoints and every
original shift. The parameter proof with its negative boundary square (DSP21), Vandermonde dilation
factors, full derivative sums and Fourier scaling proves (DSP19)-(DSP31) exactly; E7 determines the two
critical defects without changing those statements. Weighted orthonormality proves (DSP17)—(DSP18),
the derivative bounds and the finite-rank counting bound (DSP32) with multiplicities. E4 supplies the
arbitrary sharp and bounded-multiplier kernel conclusions (DSP34), (DSP42)—(DSP45c¢); E5 strengthens
their receiving scope by proving the physical localized trace (DSP-E14)—(DSP-E17), even for infinite
global rank. E6 verifies the original noncompact-resolvent exercise and gives its exact reflected kernel,
density and diagonal. The other three solutions are the displayed finite projection calculation, full
divergence commutator/normal equation, and the exact closed-endpoint moment and eigenvalue-pole
calculation. Every exercise therefore uses a proved receiver on its stated domain.

The localized trace and the endpoint obstructions are editorial consequences. No leading spectral
asymptotic, general elliptic boundary-system theorem or new literature priority claim is asserted. The
original further questions remain further calculations beyond the proved growth bound.

Editorial extension: the full space of physical localization weights

E5 shows that a sharp spectral projector can have a finite trace after multiplication by a bounded weight
supported on a compact set, even when its global rank is infinite. This supplement determines the full
class of measurable physical weights for which the multiplication—projector map is Hilbert—Schmidt.
The criterion is the integral of the squared weight against the original weighted spectral diagonal. It also
proves the initial multiplication domains, their exact bounded closures, and the trace for two different
complex weights.

The final example keeps the original half-line Dirichlet operator and the complete reflected kernel from
E6. The weight is singular at the boundary and extends over the entire half-line, yet its localized trace
is finite. The reflection term is precisely what makes the boundary integral converge. The original
statements (DSP-E14)—(DSP-E23a), including their bounded physical window, remain the objects to
which these additional formulas are compared.

The proofs use the following earlier lessons at these exact locations: Spectral measures with the original
operator domain retained, Section 4, (LB14)-(LB19), and Section 6.1, (HF1)-(HF5), for the original
projection-valued calculus, Hilbert expansions and bounded adjoints; Traces that survive passage to
cohomology, Sections 1-3, (T1)—(T15), for Hilbert—Schmidt products, trace norms, rank-one traces and
trace continuity; Fourier transforms, finite spectra and convex separation, Section 7, (FL4)—(FL5), for
the full Fourier Plancherel factor; Metric and topological foundations, Section 13.6, (OC22), for the
complete finite Taylor remainder used at the zero endpoint; and Banach estimates, quotient spaces
and compact parameter arguments, Sections 15.1-15.3 and 16.4-16.5, for dominated convergence, the
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original completed measure and nonnegative Tonelli. Evaluation representatives and their local bounds
are those proved in this lesson at (DSP42)-(DSP45b).

S1. The exact square-sum condition

Keep the original H = L?(X,rdx), original lower-bounded self-adjoint extension A, finite real cutoff

b, and sharp projector E, = F,((—o0,b]). Write h, = WY for the actual evaluation representative
constructed at DSP42-DSP44. Thus

(Ebf>(w> = (f? hz)r? hz € EbH7 eA({L',l',b) = th“%ﬁl (826_1)

The interior function x — h,, is smooth as an H-valued function on every compact receiving patch; the
boundary representative remains the one already proved there. Only the interior representatives, defined
at every point of X, are required for the integrals below. The weighted L? space has the countable basis
proved in E5. Let x : X — C be measurable and finite almost everywhere for the original completed
measure. Its multiplication operator is the densely defined closed map

D(M,)={feH:xfeH}, Mf=xf (S26-2)

Density follows by fy = 1y,/<n}/f: these inputs are in the domain and tend to f by dominated
convergence. For closedness, if f,, — f and xf;, — g in H, choose a common subsequence converging
almost everywhere for both limits by the summable squared-norm error argument. Then g = x f almost
everywhere. The weighted subsequence argument uses the original measure and is valid by exhaustion
with finite weighted sets. Alternatively integrate the squared errors and use their summable series;
Tonelli makes that series finite almost everywhere. This proves both assertions without assuming x
bounded.

Define the nonnegative, possibly infinite quantity

I(x) = / (@) Pe (. 2, byr(x) do. (526-3)
X

If I,(x) < 0o, Cauchy—Schwarz in S26-1 gives

/ Ix(2)(Ey f) (@) Pr(z) do < I, 00N f 13- (526-4)
X

Hence the actual spectral range is contained in D(M, ), and

R, =ME,:H —H (S26-5)

is everywhere defined and bounded, with its exact original multiplication action. It satisfies R, £, = R
For any countable orthonormal basis (v;), nonnegative Tonelli and complete Parseval give

X

RBE=3 / X2 (05, 1) P d
7 Ix

(S26-6)
= [ Yy, e = 1,00,
X J
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Conversely, if the literal product M, Ej, is everywhere defined and Hilbert—Schmidt, the same nonnegative
equality gives I, (x) < oo and S26-6. Thus S26-3 is necessary and sufficient for an everywhere-defined
Hilbert—Schmidt product. It is not a necessary criterion for mere boundedness. When b < a, the original
projector and h,, are zero, so every finite almost-everywhere y gives the zero product and I, (x) = 0. No
atom at b is lost in any case.

S2. Full adjoint domain and the actual initial sandwich

Under the finite I_b condition, for f € D(My) and u € H, all the following pairings are finite and

(qu7 f)’r = (Ebu7 MYf)T = ('LL, EbMYf>r (S26_7)

Thus R} f = E, M f on the actual dense multiplication domain. The first operator is bounded on all
H; the second initial product has domain exactly D(MY), since E_ b is everywhere defined. Its graph
is a restriction of that bounded graph. Given f in H, approximate it by the multiplication-domain
truncations above. Their images under the bounded R} converge to its image at f. This proves the
exact closure and full domains

E, My =Ry, D(R)=H, R,=E,R;. (526-8)

This does not identify the initial unbounded product domain with H.

More generally let x; and x5 have finite [, and retain a bounded complex Borel m satisfying the exact
upper-spectral-support condition DSP45a, including its value at b. Set C,,, = m(A) = Eym(A)E,, with
its exact PVM essential norm |m|p, ., = [C,,[. Define

Typm = Ry, C, R, - H — H. (S26-9)

Its two Hilbert—Schmidt factors and the complete earlier programme ideal proof give

T12,m € 8 (H), Hle,m”l < HmHFA,ooIb(X1>1/ZIb(X2)1/2' (526-10)

The initial literal sandwich M, m(A)M,_ has domain exactly D(My_). Indeed the right multiplication
must be defined; for every such input its image under m(A) is in E_bH, which S26-4 puts inside D(M,, ).
On this domain, S26-7 and the two compressions give exactly the action of S26-9. Dense truncation and
its bounded extension therefore prove

X1 X2

For the original bounded x, x4, their multiplication domains are already H; S26-11 is then the original
everywhere-defined product itself. In particular the original x; = x4 = x compactly supported statement
is preserved exactly, with the same weighted measure, operator and norm bound.

For an initial-domain input f, the original multiplier kernel gives the almost-everywhere action

(Typf)(@) = 11 () / e (@, )@ F @) (y) dy. (526-12)
X
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For every fixed x, its integral is absolutely convergent: My f € H, and the row e,, (z,-) is the conjugate
of the actual vector m(A)*h, € H. Weighted Cauchy—Schwarz proves absolute integrability. S26-4
proves its whole output is L? after multiplication by x;. For a general f in H, S26-12 is interpreted as the
L? limit of these actual multiplication-domain truncations, whose outputs converge by boundedness of T.
This identifies the exact integral receiver and its extension; it does not assert an absolutely convergent
unbounded-weight integral for every arbitrary input.

S3. Exact complex diagonal trace

The full multiplier kernel from (DSP45) is

o (8,9) = (Chy hy), (826-13)
It obeys |e,, (z,z)|] < |C,, ||k ]|?. Weighted Cauchy—Schwarz for the measure with density |h,[*r gives
/ X Xz (2, @)1 dz < [ 11, (x1) V2 1 (x2) V2 < o0 (526-14)

b'e

To prove the trace without an unproved integral-operator theorem, let P_ N be the projection on the
first N basis vectors. Hilbert—Schmidt tails give R, Py — R, in that norm, so the factorization bound
gives R C,, PyR, — T, ,, n trace norm. Its finite rank-one trace is

C Vi hy) (B, vs), rde. (S26-15)
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Every finite integral is absolutely defined by the two L? factors. At a fixed x, the absolute coefficient
sum is at most

1/2 1/2
(ZI Crn ;5 g )| ) (ZI 2> Uj) 2) < Cllhg 2. (526-16)
J

Parseval shows its full complex sum is (C,, h,,h,),, in exactly that order for the linear-first pairing.

m'ox?

S26-14 dominates the integrals. Dominated convergence and trace-norm continuity now prove

Ty = [ @@ (w0 (e) da. (526-17)
X

For m equal to the original sharp indicator and x; = x5 = X, the operator is R, R}, positive, with trace
and trace norm exactly I, (x). For two distinct weights or a complex multiplier the trace can cancel
and the norm estimate S26-10 remains the asserted one. The vector-space {x : I (x) < oo} has the
exact seminorm I bl / 2, since it is the L? norm for the positive measure e 4(x,z,b)r dz. Its null space
consists precisely of the weights vanishing for that measure, and S26-6 maps the quotient isometrically
to its Hilbert—Schmidt multiplication-projector image. This identifies the space defined by the physical
localization obstruction and its exact operator map.
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S4. A singular global receiver with an exact trace

Keep the original half-line Dirichlet operator A = —d?/dz? on z > 0, domain H? N Hj, positive constant
original density r, and finite cutoff A > 0. Keep both terms of DSP-E23:

eq(z,z,\) = 1 (a — 5111(22aar)> , a=VA (S26-18)

Ty x

Take x(x) = 1/x on the whole half-line. This weight is finite at every point of X, unbounded at its
boundary and not in L?(X,rydz). Its original multiplication domain is {f : fooo |f(z)]?22r dx < oo},
a proper dense domain: 1, ) is in H and not in it. For a > 0 its exact spectral localization density is

e R ($26-19

No density factor was discarded: the original kernel factor r;! multiplies the actual measure r, dx,
giving this exact comparison. Since sint/t = jé ! cos(st)ds, this density is nonnegative. The inequality

0<1—cosu<u?/2, proved by two integrations of its bounded second derivative, gives

2a3 2a3
0< < — i = —.
S q,\(ff) =30 ;%lq/\(ﬁ) 3

(S26-20)

The limit follows by dominated convergence in the same cosine integral after division by ¢2; its integral
of s2/2is 1/6. At infinity the bounded sine in $S26-19 gives integrable decay, with ¢, (z) asymptotic to
a/(mx?). Thus its integral is finite despite the unbounded weight and infinite global spectral rank.

Its exact value follows from the original Fourier Plancherel factor. For f =1 ,), fit)=(1- e ) /(it)
for t # 0 and one at t = 0. Its L' and L? Fourier transforms agree by P001 FL4, and FL5 gives

1—

cost ~
Q/thdt = /R]f(t)|2dt = 27. (526-21)

Evenness therefore gives the positive half integral 7/2. For 0 < s < 1, the substitution u = st retains
the full factor s and gives fooo(l — cos(st))t2dt = sm/2; at s = 0 the integral is zero. Nonnegative
Tonelli now proves

t2

Ool— 1 001_
[ = [ [T = (526-22)
0 t 0 o 1

In S26-19 put t = 2az. Retaining dz/x? = 2a dt/t? and the factor a inside the parenthesis gives

202 [ 1—sint/t a? A
IL,(1/x) = — ———dt=— = -. 526-23
=2 [ =3 (526-23)
Hence the literal M, E, is an everywhere-defined Hilbert—Schmidt map with squared norm A/2. The
positive trace-class closure of the initial original sandwich M, ;, E\ M, , has trace and trace norm \/2.
Its initial domain remains the proper dense domain above; its closure is the whole bounded operator
specified by S26-11. The global projector itself still has infinite rank and infinite trace for A > 0, as E6

47



proves. For A = 0, the ball projector and all kernels are zero, so I, (1/x) = 0 and both products and the
closure are zero. A negative cutoff also has zero projector for this nonnegative A. Every exceptional
case is retained.

For a finite physical window L>0, the same singular trace can also be evaluated exactly. Put ¢t = 2aL
and define Si(t) = fo ' sin(u)/u du, with the integrand’s original value one at u = 0. Differentiation
verifies

- . $26-24
u? U=y Ty e ( )

/tl—sinu/ud Si(t) cost—2 sint
0

The derivative is exactly the integrand; at zero all reciprocal terms cancel and its limit is zero, either
from their power series or S26-20. To verify this endpoint with an explicit remainder, denote the right
side of (S26-24) by G(t). Applying the finite Taylor formula (OC22) to the original sine and cosine
functions, whose derivatives have absolute value at most one, gives for 0 <t <1

3

sint —t+ —
6

t5 t2 t4 tu2 t3
t—14+ = < — Si(t) —t| < —du = —.
cos + < o | Si(t) |_/0 5 U 18

< Jon’
— 120 2

For the last bound, the same Taylor formula gives |sinu — u| < u?/6, before division by u; the value at
zero is its continuous limit. Substitute these three remainders into the full reciprocal expression for G.
Its reciprocal leading terms cancel exactly, its remaining leading term is ¢/6, and every remainder is
retained in the bound

t 1 1 1 19¢3
Gt—7<t3<— L f):i.
’ ®) - 36+48+240 360

Thus G(t) — 0 at zero, proving the integration constant in (S26-24). Therefore

(S26-25)

/OL 0 (0 ds = C;2 (Si@aL) N cos(2aL) — 2 sin(2aL)> ‘

2aL + (2aL)?

Its continuous value is zero at L = 0 or ¢ = 0. This is an additional singular-window formula, not a
replacement for the distinct original bounded-window formula DSP-E23a. Its derivative is ¢, > 0 and
its limit at infinity is the already proved \/2, so it obeys that exact upper bound. The figure below
displays the exact multiplication-domain and closure maps in S26-1-S26-17, together with numerical
samples of the proved one-dimensional formulas S26-19-526-25. It uses the original density r, = 2
and cutoffs A = 1 and 4. The continuous boundary values and the exact whole-half-line trace \/2 are
labelled explicitly.

Figure S26. For the original operator A = —d?/dz? with domain H? N H}, the two kernel terms give
the full weighted localization density g, of (S26-19). The left panel retains its exact boundary limit
2032 /(37); the right panel samples (S26-25) and marks its proved limit A/2. The upper maps keep the
proper dense initial multiplication domain and its bounded graph closure. These are numerical sections
of the proved half-line formulas, rather than a claim about finite global spectral rank. Reproducible
Python source - Native vector output.
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A singular physical weight has an exact spectral localization space

Original A = —d%/dx2, x > 0; domain H2 n Ho?; density ro = 2; a = VA

e(x,x,A) = [a = sin(2ax)/(2x)] / (2n); gA(x) = [a — sin(2ax)/(2x)] / (1x?)

Original H = L2((0, =), 2 dx) Ry = My EA is defined on all H
X(x) = 1/x; EA retains the closed cutoff Hilbert-Schmidt: ||Rx]||22 = A/2
Initial My EA My: domain D(My) exact graph closure, Its closure is Rx Rx* on all H
D(Mx) = {f: [ [f(x)|]2 2 dx / x? < w} Positive trace and trace norm = A\/2
The full reflected diagonal cancels the wall singularity Finite singular trace on an infinite-rank projector
1 2.00 1
e —— A=1;q(0) =2A™(3/2)/ (31)
—— A=4;q(0) =2 A"(3/2)/ (3m) J
1.50 1 i " B
N x
X © 1.50
=z 1.254 =
! < 1.254
21,00 = —A=1
:’ © 1.001 --- exact whole trace = 1/2
o_ — 4 —_— o4
4 o
i 075 ; 0.75 4 --- exact whole trace = 4/2
I £
0.50
= £ 050
=< -
S 0.25 0.25 4
0.00 A 0.00 1
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
original physical coordinate x original physical window length L
526-1-526-25: exact maps and numerical samples of the proved one-dimensional formulas.

The original kernel factor 1/2 multiplies the original measure 2 dx. A = 0 gives zero; all wall limits are retained.

Figure 4: The original half-line Dirichlet operator with weight 1/x: exact multiplication-domain and
closure maps, reflected spectral density and finite singular traces
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S5. Propagation at the original scope

DSP-E14-DSP-E17 remain valid as their bounded compactly supported specialization. S26-3 removes
both restrictions exactly when its weighted diagonal integral is finite, and S26-8-526-12 supplies the
required unbounded adjoint/domain/closure maps. DSP-E15 still gives a sufficient condition for every
L? weight supported in an allowed compact set, since the original diagonal estimate bounds I, by its
full local constant times the squared physical L? norm; boundedness of such a weight is unnecessary.
S26-10 and S26-17 also strengthen the original same-weight statement to two different weights with
every conjugation and original multiplication order retained. DSP-E18-DSP-E23a supply the unchanged
reflected /density kernel used in the global 1/z example. Both Sobolev endpoint obstructions and the
global infinite-rank conclusion remain valid. The new space and its operator map receive precisely the
obstruction to global trace without asserting compact resolvent or global finite spectral rank.

For the following comparison with E5, return to Section 10’s original arbitrary lower-bounded extension
A, density r, lower bound a, shift p, dimension n and finite real cutoff b. Here a denotes that original
lower bound; the half-line calculation in S4 used E6’s distinct local notation a = v/

Here is the full comparison with the original local bound. Let K be a compact union of the allowed
receiving patches from E5, and let x € L?(X,rdx) vanish almost everywhere outside K. If b < a, its
projector is zero, so every localization formula is zero. If b > max(1,a), keep the exact constant and
parameter in (DSP43):

L(x) < C2 c(b+ p)"" / Ix(@)[Pr(z) dz < oo.
X

The factor C& x is the actual square of the original evaluation constant in (DSP43), at multiindex
zero. The original bound (DSP-E15) keeps its stated Cy,,,, for a diagonal-bound constant; the present
comparison displays the square from which that bound is obtained. No boundedness of x enters this
estimate. For any remaining finite b > a, put B, = max(1,b). The original projection-valued calculus

gives E,Ep = E,. For every f € H, evaluating this equality gives

(), = (Bl W), = (1B, b = B,

The contraction bound therefore gives e 4(z,z,b) < e, (z,x, By), and the same displayed estimate holds
with its full factor (B}, + p)”/ 2. Thus every such physical L? weight, including an unbounded one, has the
literal everywhere-defined Hilbert-Schmidt product (S26-5). Equations (S26-8)—(526-11) prove the exact
domains and graph closures of its adjoint restriction and sandwich. With the original bounded weights
those domains were already H, so the closures equal the literal products in (DSP-E14)-(DSP-E17). With
two different weights of finite I, the same proof gives (S26-10) and (S26-17), retaining the right-hand
conjugation, the original weighted measure, and the full essential spectral norm. This proves the stated
propagation to E5 at every finite cutoff.

For the half-line comparison with E6, retain its original A = —d?/dz?, domain H? N H}, density r, > 0
and notation a = v/ for A > 0. The propagation to E6 uses its original density comparison (DSP-E22),
followed by both terms in (DSP-E23). Multiplication by 7, dx and the squared singular weight gives
exactly (526-19); the Fourier calculation (S26-21)—(S26-23) then gives the finite value A/2. The original
global projector remains of infinite rank when A > 0. Indeed its diagonal tends to a/(7ry) > 0, as E6
proves. Choose R > 0 so that e, (z,x, A\)ry > a/(27) for every x > R. For L > R, the original bounded
localization 7y, = 1(p 1) is an E5 weight, and its full trace is
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L—R) Si(2aL)—Si(2aR) - a(L — R)

T 2 - 27

The integral comparison proves the last inequality without removing either sine-integral boundary
contribution from the exact middle expression. If E, were trace class, the earlier ideal inequality
(T9), with both multiplication norms at most one, would bound every one of these traces by |E,|;,
contradicting their growth. A finite-rank projection has finite trace equal to its rank by (T12)—(T13), so
the rank is infinite as well. At A < 0, the original projector is zero and this positive-cutoff argument
is not applied. The finite singular trace and the infinite global trace consequently concern their exact
different operators, related by the multiplication and closure maps already proved above. The bounded
window (DSP-E23a) and the singular window (S26-25) both retain their complete boundary terms and
their continuous zero-parameter values.

This model also verifies why the criterion (S26-3) was asserted for Hilbert—Schmidt localization rather
than for boundedness alone. With y = 1 and A > 0, the literal product is the original bounded projection
M,E, = E,, while I,(1) = fooo eq(x,z, \)ro dr = oo by the same positive diagonal tail. Thus finite I,
is unnecessary for boundedness, and its necessity for the Hilbert—Schmidt product remains exactly the
equality (S26-6).
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