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Projective cohomology and smooth
affine models

This supporting lesson proves the projective formal functions and smooth model statements needed
before the reductive group lessons. It also records the precise earlier programme proofs used for
completion, projective finiteness and curve duality. It follows the supporting lesson Algebra and sheaf
cohomology before reductive groups, whose Sections 1-9 supply the affine, homological, projective-
space and Serre calculations. Both supporting lessons precede AG-RG-01. All mathematical sources
listed here are freely readable. Source citations identify the material used to write the proofs; they
do not replace any proof below.

The formal functions exposition adapts the freely readable Stacks Project proofs. The smooth
affine component argument below specializes the Stacks model route and supplies its intermediate
arguments. Permission is granted to copy, distribute and modify this lesson under the GNU Free
Documentation License, Version 1.2 or any later version published by the Free Software Foundation,
with no Invariant Sections, no Front-Cover Texts and no Back-Cover Texts. The complete license
is included in the complete GNU FDL 1.2. The original source notice, Copyright (C) 2005-2025
Johan de Jong, is retained in the cached introduction. The Stacks Project contributors retain their
source rights. Original finite complex and curve bridge passages previously released as CCO remain
CCQ0; inclusion here does not remove either source’s rights.

1. Earlier programme proofs used in this lesson

The following references are to proofs already written in programme lessons. Their numbered
statements delimit exactly what is used.

e AG-CA-03, Noetherian and Artinian rings: Proposition 1.2 (finite modules over a
Noetherian ring are Noetherian), Theorem 2.1 (Hilbert basis), Theorem 5.1 Artin—Rees, and
Theorem 6.1 (Krull intersection). In particular Artin—Rees is proved by finite generation of
the graded submodule of the Rees module; it is not taken from a book.

e AG-CA-19, Completion: Theorem 1.2 (exact inverse limits with a Mittag—Leffler kernel),
Lemma 2.1 (completion preserves surjections with the induced kernel filtration), Proposition
2.2 (finite ideal powers in a completion), Theorems 3.1-3.3 (finite-module exactness, completion
tensor comparison, flatness, faithful flatness and Noetherianity). These statements have full
proofs there. Thus a finite module over an already complete Noetherian ring is complete, and
local Noetherian completion is faithfully flat.

o AG-CA-17, Formally smooth, unramified and étale ring maps: Theorem 3.1 (formal
smoothness is the split conormal criterion), Theorems 4.1 and 5.1 (standard smooth presen-
tations and local standard form), and Lemma 6.2 (unique lifting of idempotents across a
square-zero ideal). These are written lifting and matrix proofs. Lemma 1.1 extends idempotent
lifting to a nilpotent ideal by successive square-zero steps.

¢ AG-CA-18, Smooth algebras over a field and the Jacobian criterion: Theorem
2.1 proves regularity of smooth field-algebra local rings. Its proof uses standard smooth
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equations and the regular parameter quotient theorem. Base change of smoothness, proved in
AG-CA-17, consequently gives geometric regularity.

AG-CA-14, Regular local rings: Theorem 1.1 and Proposition 1.4 prove regular parameter
quotients and generation of a regular quotient’s ideal by part of a regular system of parameters.
The graded and regular-sequence assertions used there are the full proof of Theorem 6.1 in
Regular sequences, depth and Cohen—Macaulay modules. The Koszul resolution and
its Hom calculation are the corresponding earlier depth lesson proofs.

AG-CA-07, Tor and flat modules: Theorems 5.3 and 6.1 contain the finite-projective
and flat-kernel calculations corresponding to Section 5. That section writes its universal-
tail flatness and global splitting arguments directly, without taking the Tor criterion as an
additional prerequisite.

AG-CA-05, Integral extensions: Theorems 3.2-3.4 prove lying over and incomparability.
Section 6 below contains the complete DVR, argument in Lemma 6.C and the separable
trace-lattice, finite normalization, function-field rational-map spreading and dense equalizer
arguments in Lemma 6.4. The homogeneous-coordinate extension over every DVR is written
there as well.

AG-MO-03, Limits of schemes and Noetherian approximation: Theorem 1.1, Lemma
2.1 and Theorems 4.1-4.2 prove affine limits, retention of finite open covers, finite-presentation
descent, eventual equality of maps and descent of closed immersions. Only the proved affine
approximation Theorem 5.1 is needed here. The external-proof-only absolute approximation
Theorem 5.2 is not used.

AG-MO-06, Quasi-finite morphisms and Chevalley’s theorem: Theorem 3.1 proves
the Noetherian constructibility criterion and Theorem 4.2 proves Chevalley’s theorem. The
argument in Section 4 below uses these particular proved statements.

AG-FSE, Flat morphisms: Lemma 5.1 and Corollary 5.2 prove generic freeness over a
domain, including for a finite module over a finite type algebra. No openness-of-flatness
theorem is needed in Section 4.

AG-CA-18, Smooth algebras over a field and the Jacobian criterion: Theorem
6.1 and Corollary 6.2 prove smooth and étale flatness over arbitrary bases. Together with
AG-CA-17 Theorem 5.1 and Lemma 7.1 these give the separating generic coordinates used
below.

AG-RG-S01, Sections 4-6: the finite ordered Cech comparison, affine quasi-coherent
vanishing and flat base change are proved before this lesson. A finite affine cover of a separated
scheme therefore computes quasi-coherent cohomology by its finite section complex. The
same written complex calculation treats finite and arbitrary direct sums and flat localization.
AG-RG-S01, Sections 7—8: Theorems 7.2-7.3 compute every projective-space twist and
the perfect monomial pairing. Proposition 8.2 and Theorem 8.4 prove finite quotients by
twists, finite coherent cohomology and eventual vanishing, including the closed-immersion
passage to projective schemes. Lemmas 8.1 and 8.3 give denominator extension and the
ample-power immersion; Corollary 7.B makes it closed for a proper source. Theorem 8.5
treats every sufficiently large power, as applied in Section 7 below.

AG-QC-14, Ext sheaves and Serre duality on projective space: Proposition 1.1,
Proposition 1.2, Proposition 2.1 and Theorem 5.1 give the local Ext calculation, vector-bundle
tensor-Hom comparison, local-to-global Ext spectral sequence and ambient projective Serre
duality. The duality proof uses the monomial trace, a two-stage twist presentation and explicit
dimension shifting. Its reference to “proper finiteness” in Theorem 4.1 is supplied here by
the full projective finiteness proof in Algebra and sheaf cohomology before reductive groups,
Section 8 (AG-QC-05 Theorem 2.1), without using the general proper-finiteness provider.
Section 6 below also spells out the single-row local-to-global Ext comparison being consumed,
using the earlier finite filtered-complex construction; no general proper duality theorem is
needed here.
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These references are a finite proof dependency list, not a declaration that unnamed results are
ordinary foundations. In particular the further smoothness descent and connected model results
are proved in Sections 3—4.

1.1. The consumed Artin—Rees and completion arguments

The following records the actual arguments of AG-CA-03 Theorem 5.1 and AG-CA-19 Theorems
3.1-3.3 before their uses. Let A be Noetherian and I C A an ideal.

Lemma 1.1 (Artin—Rees). If N C M are finite A-modules, there is ¢ such that

NOI'"M =I""(NNIM) (n>c).

Proof. The Rees algebra B = @ I"™t" is generated by the finitely many generators of I in degree
one, so is Noetherian by Hilbert basis. The module @ I" Mt" is finite over it, generated by any
finite list of generators of M in degree zero. Its graded submodule @ (N NI™M)t" is finite. Choose
homogeneous generators of degrees at most c. For n > ¢, the degree n component is a sum of
I"4(N NIM), for d < c; each is contained in I"~¢(N N I°M). The reverse inclusion follows by
multiplication and the submodule property. [

The consumed Krull intersection statement also follows from this proof. For a finite module over a
Noetherian local ring, with I in its maximal ideal, the submodule N =), I"" M is finite. Lemma
1.1 gives N = IN by taking n = c+ 1, since NNI"M = N at every index. Nakayama gives N = 0.
This is the actual AG-CA-03 Theorem 6.1 argument used in the earlier regular-ring proof.

Lemma 1.2 (exact finite-module completion). Writing M = Jim M /I M, completion is exact
on finite modules and

]/\I:M(X)AA.

Proof. For 0 - N - M — L — 0, the quotients give

0—-N/(NNnI"M)— M/I"M — L/I"L — 0.

The kernel system has surjective transitions. Compatible lifts in the middle system can therefore
be chosen successively: given a lift at stage n, take any lift of the desired next quotient element and
adjust its image’s difference at stage n by lifting that difference from the kernel system. This proves
surjectivity on inverse limits. Injectivity and equality with the limit kernel hold coordinatewise.
By Lemma 1.1, I"N C NNI"M C I"°N; hence the two filtrations of N are cofinal. Their
limits identify explicitly by taking a sufficiently far coordinate to define a coordinate of the other
system, independent of that choice by compatibility. Thus the displayed inverse-limit sequence is
0—5N-—>M-—L—0.

A finite module has a finite presentation, since submodules of finite modules are finite over a
Noetherian ring. Complete A" — A% — M — 0, using the just-proved exactness. Tensor the same
presentation with A, using tensor’s right exactness. Finite direct sums complete coordinatewise,
so both cokernels are the cokernel of the same matrix A” — A°. This gives the canonical tensor
comparison. In particular, when A is already complete, every finite module is complete. [

Lemma 1.3 (ijat, faithfully flat and Noetherian completion). The ring A is Noetherian, is
complete for [ A, and is A-flat. If I is contained in the Jacobson radical, the completion is faithfully
flat.

Proof. Flatness follows directly from the preceding finite-module exactness. Every module is
the filtered union of its finite generated submodules. A tensor element uses finitely many such
generators, and an equality to zero holds in a sufficiently large finite submodule, because tensor



commutes with filtered colimits by its generators and relations. For an injection M’ — M, put a
proposed tensor kernel element in a finite submodule N C M’, and put its vanishing equality in
some finite submodule of M containing the image of N. Exactness of completion for these finite
modules proves injectivity there, hence kills the proposed kernel. Thus tensor with A preserves
every injection.

For faithfulness, if M # 0, choose 0 # = € M, with cyclic submodule Az = A/J. Choose a maximal
ideal m D J. Since I C m, the module A/m is unchanged by completion. The tensor comparison
gives A/mA = A/m # 0, a quotient of (4/.J) ® A. Flatness injects the latter into M ® A, so this is
nonzero. This proves faithful flatness and, by applying it to a tensor kernel, detection of exactness.

Apply Lemma 1.2 to 0 — I* - A — A/I° — 0. The last module is unchanged by completion,
since a power of I kills it. The image of I* ® A is exactly I®A, whence

AJI°A = AJI°

Writing J =1 E, its powers are [ “ﬁ; these identities and the defining inverse limit prove J-adic
completeness and separatedness. Their successive kernels identify gr ; A with gr; A. The latter is a
quotient of a polynomial ring over A/I on the finite generators of I, and is Noetherian.

For any ideal @ C ﬁ, its initial classes form a homogeneous ideal of this Noetherian graded ring.
Choose finite homogeneous generators and lift them to ¢; € @), with orders d;. For ¢ € Q, subtract
at stage n a combination ), a; ,¢; matching its residual initial class, with a;, € J n=di and zero
when n < d;. The new residual is in J"*!. Each coefficient series converges, since its orders tend
to infinity. Its sums a; satisfy ¢ = >, a;q; by separatedness. Thus every ideal is finite and A is
Noetherian. No prior assertion that @ is closed was used. [J

For a local ring with maximal ideal m, its completion is local: an element with nonzero residue is a
unit in every quotient A/m™, and the compatible inverses give its inverse in the limit. Projection
onto the residue field is surjective by successive lifting. The preceding quotient identity makes its
kernel mA. Thus Lemma 1.3 gives the exact local completion statement used by the group lessons.

Lemma 1.4 (idempotents across a nilpotent ideal). Every idempotent of R/J, for a nilpotent
ideal J, has a unique idempotent lift to R.

Proof. First suppose J? = 0. For a lift e, put § = 2 —¢ € J. Then €’ = e — (2e —1)§ is idempotent:
expand its square and use 62 = 0 and (2e — 1)?> = 1 + 46. For two idempotent lifts the difference
u € J satisfies (2e — 1)u = 0; the element 2e — 1 is a unit since its square is one, so u = 0. Apply
this square-zero argument successively to J¢/J%t1 starting with a = 1; each is square-zero because
2a > a + 1, and nilpotence makes the list finite. [

2. Formal functions on a projective scheme

Let A be Noetherian, I C A an ideal, X — Spec A projective and F' coherent. Write

B=@ " c Altl, Mi=HIX,I'F), M?= M.
n>0

The transition maps M7, — MJ, for m > n, come from inclusion of ideal powers. Multiplication
I‘® Mg — M! 4 1s compatible with these transitions: both sheaf maps are multiplication followed
by the same inclusion. Applying cohomology preserves their equality.

Lemma 2.1. The graded B-module €P,,~q M;It" is finite for every g.

Proof. Generators of I, placed in degree one, generate B as an A-algebra; Hilbert basis makes B
Noetherian. Let Xp = X x4 Spec B, with affine projection 7. On U = Spec R C X, put F|y = N.
The graded module @ I™N is finite over R ®4 B: finitely many R-generators of IV, placed in degree



zero, generate it. Here R®4 B — @ I"R is a surjection, and need not be an isomorphism. No
flatness assumption is being made.

Localization gives the same modules on overlaps. They glue to a coherent sheaf G on Xp, with
.G = @ I"F. Coherence holds because R ® 4 B is Noetherian and the module is finite. Base
changing a projective closed immersion shows that Xp is projective over B; AG-QC-05 Theorem
2.1 and its closed-immersion passage give finite H?(Xp, G) over B.

Use the inverse images of a finite affine cover of X. Each intersection is affine on both schemes,
and its sections of G are the sections of @ I™F on the original intersection. Thus their ordered
section complexes are identical. Finite products in that complex commute with direct sums, and
direct sums of modules are exact. Taking cohomology therefore identifies

HY(Xp,G) =P HI(X,I"F),
n>0
with the graded B-action preserved. This proves finiteness. [

This writes the projective case of the free proofs Stacks 0208 and 0897. General proper coherent
pushforward and its dévissage are unnecessary: both spaces just used are projective.

Put

JI=im(M! — M1Y), K} =ker(M — M1Y).

Lemma 2.2. There are constants aq, b; > 0 such that

I"M9C JdCI" %M (n> a,),

and K, — K] is zero whenever m > n + b,.

Proof. Multiplication by u € I™ on F factors through I"™F, proving the first inclusion. The
image and kernel of the graded map from Lemma 2.1 to the corresponding degreewise copies of
M1 are graded subquotients of a finite B-module. More explicitly, multiplication and transition
compatibility show that € JIt" is the graded image module and @ KIt" is a graded submodule of
@D MIt". Both are finite, because B is Noetherian.

Choose homogeneous generators of the image module of degrees d < a,. Its degree n is a sum of
terms [ ”_ng C I""% M1 proving the other inclusion. Choose homogeneous kernel generators
zj € ng, with d; < b,. An element in degree m is a sum of u;z;, where u; € Im=%. If m > n+ by,

express u; as a sum of products vw, v € I", w € I™=4=" Transition of vwz; to M7 factors as
transition of z; to M{, followed by multiplication by w, then by v into M. The first map kills z;.
Every such product, and hence the transition, is zero. [J

Theorem 2.3. There is a canonical isomorphism
HIX,F); &= LH‘]XF/I”F)

It is a homeomorphism for the quotient inverse-limit topologies.

Proof. Write T = HY(X,F/I"F). The sheaf short exact sequence gives compatible exact
sequences

0— M/JI — T? — KTt — 0.

For m > n+ by41, the transition on the last term is zero. Hence the image of T2, — T is contained
in the first term M9/Jd. It equals that term: transition M9/J% — M9/J? is onto and these
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modules inject into T)%,, T)1. This proves the Mittag-Lefller assertion and its stable image, with a
written uniform bound.

9 its image in K47! is zero at every coordinate, because that
image is the transition of a sufficiently distant kernel term. Thus u, has a unique preimage in
M1/ J4; uniqueness makes those preimages compatible. Consequently

If (uy) is a compatible family in T}

lm 77 = lim MY/ J1.
% n % n

Lemma 2.2 gives I"M9 C JI and Jg+aq C I™"M4. Projection and projection from the shifted
index define inverse maps between the two quotient limits. A common finer index proves that
their composites are the identity. Each map is continuous coordinate by coordinate, proving the
topological assertion. Every construction is the canonical quotient map, so the isomorphism is the
asserted one. [J

This supplies the critical image, kernel and limit arguments of Stacks 020A, 020B and 020C. In
particular, the proof uses the kernel transition bound directly; it does not rely on the incorrect
part-number reference presently printed in 020B. No inverse limit has been interchanged with an
unexplained cohomology operation.

Corollary 2.4. If A is complete local Noetherian, every compatible idempotent on the maximal-
ideal thickenings of a projective X comes from a unique idempotent of I'(X, Ox).

Proof. Projective finiteness makes M = I'(X, Ox) finite. Lemma 1.2 gives M = M ®4 A=M.
Theorem 2.3 identifies this ring with the limit of the thickened section rings. The equality e? = e
holds in this limit coordinatewise and hence holds for the corresponding actual section. Uniqueness
follows from the same ring isomorphism. Idempotents at successive levels are compatible whenever
they lift the same initial idempotent, by Lemma 1.4’s unique nilpotent lifting. [

3. Smoothness and line bundles at a finite stage

Lemma 3.0 (the split conormal criterion). For a polynomial presentation C' = P/J, the
algebra is formally smooth precisely when d : J/J? — Q p/B ®@p C has a C-linear left inverse.

Proof. Formal smoothness lifts the identity of C to a section s : C — P/J?. The map D(p) =
pmod J? — s(p mod .J) takes values in .J/.J?, satisfies the product rule because this ideal is square-
zero, and sends j € J to its class. The universal derivation for the polynomial ring therefore factors
it through Qp,p ® C, giving a left inverse of d. Conversely a left inverse gives this derivation
by composition with the polynomial universal derivation. The map p + p mod J2 — D(p) is
multiplicative by the product rule and the square-zero condition. It kills J and is the identity after
reduction to C, so gives a section. In any square-zero lifting test, lift the polynomial variables
arbitrarily. The resulting map from P sends .J into the square-zero test ideal and kills J?; composing
its factor through P/J? with the section gives the required lift. Polynomial differentials are free on
the variable symbols by the product rule, so no unproved splitting assertion enters this argument.
O

Lemma 3.A (maps between smooth schemes). Let X and Y be smooth schemes locally of
finite presentation over any scheme S, and let h : X — Y be an S-map. If the map on relative
tangent spaces at a point z, with scalars extended to x(x), is surjective, then h is smooth near x.
If that map is an isomorphism, then h is étale near x. In particular, on a smooth morphism of
relative dimension d, local functions ¢y, ..., qq whose differentials form a basis at x give an étale
coordinate map to Agw near x.

Proof. Work on compatible affine neighbourhoods of x, h(z) and their image in S. Write their
algebras as C, D, A. The map D — C is finitely presented: choose finite presentations of D and C'
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over A, and add, to the presentation of C, the finitely many equations equating each generator of
D with a polynomial representing its image in C'. This gives a finite presentation over D.

The split conormal criterion makes 2c/4 and Qp /4 finite projective. Indeed, in a finite polynomial
presentation the conormal injection has a left inverse, so its cokernel is a direct summand of the
finite free module of polynomial differentials. Such a summand is flat, and the local finite-freeness
proof in AG-RG-S01, Lemma 1.2, applies. Shrink the affine neighbourhoods to trivialize these
modules. Dualizing the asserted tangent surjection gives an injection on the fibre of

u : C@D QD/A — QC’/A'

A full-size minor of its matrix is nonzero at x; invert it. Projecting to the corresponding rows
and multiplying by that square matrix’s inverse gives a C-linear left inverse of u. In the tangent-
isomorphism case its matrix is square and invertible after this shrink.

Consider an arbitrary square-zero surjection R — R/J, an A-algebra map C — R/J, and a
prescribed D-algebra structure on R agreeing with it after reduction. Formal smoothness of C'/A,
as proved by Lemma 3.0, supplies an A-algebra lift v : C' — R. Its restriction to D differs from
the prescribed map by an A-derivation § : D — J: expanding a product leaves the two first-order
terms, since J2 = 0. It corresponds to a map C ®p Qpsa — J, where the C-action on J is through
the given reduced map. Compose it with the left inverse of u to obtain €¢/4 — J, hence an
A-derivation 0 : C — J. The map v — 5 is again an A-algebra map by the same square-zero product
expansion. Its restriction to D is the prescribed map. Thus C/D is formally smooth. Its finite
presentation makes it smooth.

If w is an isomorphism, two such D-lifts differ by a derivation C' — J whose differential map vanishes
on the image of u. That image is all of Q¢/4, so the lifts agree. The map is formally étale and
finitely presented, hence étale. The coordinate assertion is this case with Y = Ag: its pulled-back
differentials have basis dq1, . .., dqq, and the given basis condition makes © an isomorphism near x.
No Noetherian, reducedness, characteristic or residue-field separability hypothesis was used. [

Lemma 3.1. Let A = hﬂAi be a filtered ring colimit. A finitely presented algebra map By — Cy
over Ay whose base change over A is smooth becomes smooth after a finite stage.

Proof. Present Cy = Bylx1,...,x.|/(f1,-..,fs). At stage i, let P, = Bj[z1,...,x.], J; =
(fiis---, fsi) and C; = P;/J;. Lemma 3.0, the split conormal criterion of AG-CA-17 Theorem 3.1,
says that the map

J/J2 % cr

over the colimit has a C-linear left inverse p. Each p(dxy) is a finite sum of classes of the f; with
coefficients in C. Lift these finitely many coefficients to one stage and define p; : CT — J;/J? by
those images. The equations p;(df;;) = fj; mod J? are finitely many equations. Their truth in the
colimit is witnessed by finite sums of products of the f;, representing membership in J 2. Lift these
witnesses and enlarge the stage until the polynomial equalities hold. Then p;d fixes all generators of
Ji/J?, so is its identity. The same criterion gives formal smoothness at that stage, and the existing
finite presentation gives smoothness. [J

This is the actual finite witness proof in Stacks 0C0B.

Proposition 3.2. A smooth scheme of finite presentation over an affine filtered limit has a smooth
finite-presentation model at a finite stage. A projective embedding and a specified line bundle can
be retained simultaneously.

Proof. First descend the finite-presentation scheme, the embedding if specified, and finitely many
affine source and target charts by AG-MO-03 Theorem 4.1. Retain the closed immersion by its
Theorem 4.2. Choose a finite affine cover of the original source on which the chart algebra maps
are smooth. Descend these opens and the maps, and retain their covering property by Lemma 2.1
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of that lesson. Apply Lemma 3.1 on the finitely many chart maps and take a common later stage.
Smoothness is now true on a cover, hence globally.

For an invertible sheaf, refine the cover so that it is trivial on each chart. On finite affine overlap
covers record each transition unit and its inverse. Record their inverse equations, their agreements
on overlap refinements, and the cocycle equations on finite covers of triple overlaps. The sections
and their finite equality witnesses descend by the section and eventual-equality parts of AG-MO-03.
At a common stage these equations hold, so gluing the trivial rank-one sheaves gives an invertible
sheaf there. Retain the finite chart covers, smoothness and the projective closed immersion at that
same stage. Pullback recovers the original sheaf and scheme. [

This fills the finite-cover step omitted in Stacks 0COC. It proves only the finite chart and line bundle
case being used, without importing general coherent sheaf descent or a general perfection theorem.

4. Geometrically connected smooth affine models

The model needed for the normalizer argument is smooth and affine. We prove this case; the
unrestricted finite-presentation connected-fibre theorem is not needed.

Lemma 4.1. Over an algebraically closed field k, an affine finite type connected scheme remains
connected after every field extension. A smooth affine finite type scheme has disjoint irreducible
components, and each connected component is integral and remains integral after every field
extension of an algebraically closed ground field.

Proof. Connectedness of Spec B is equivalent to absence of nontrivial idempotents. Indeed
an idempotent gives the disjoint opens D(e), D(1 — e); conversely a disjoint open-and-closed
decomposition gives a section with values one and zero, hence an idempotent by affine sections.

Suppose an extension L/k supplies a nontrivial idempotent e € B ®j, L. Express e and 1 — e using
finite lists of k-linearly independent elements of B, with coefficients in L. Let R C L be the finite
type k-algebra generated by these coefficients, inverted nonzero coefficients ensuring that both
expressions stay nonzero, and the finitely many coefficients needed for e? = e. The relation already
holds over R, since B ®; R — B ®;. L is injective. The nonzero finite type algebra R has a k-valued
point by the proved Nullstellensatz in AG-CA-06. Specializing at it gives a nontrivial idempotent
in B, a contradiction.

For smooth B, every local ring is a regular local domain by AG-CA-18 and AG-CA-14. Two
distinct irreducible components cannot meet at a point, since their distinct minimal primes would
give distinct minimal primes in that local ring. There are finitely many components; they are
consequently both closed and open. Smoothness also makes the ring reduced. Each connected
component is thus reduced and irreducible, hence integral. After extending an algebraically closed

field, connectedness just proved and smoothness preserved by base change give the same conclusion.
O

It follows that the number of geometric connected components of a smooth affine finite type scheme
is invariant under field extensions. To check this, embed the chosen algebraic closures of the two
fields into a common algebraically closed extension. Apply Lemma 4.1 to each of the finitely many
open-and-closed components. Extension is faithfully flat and preserves nonemptiness, so each
component remains one component.

Lemma 4.A (field and integer calculations before primitive elements). Let F' be any field.
Polynomial division and Bezout hold in F[T]. Minimal-polynomial quotients, distinct-root bounds,
the derivative test for a separable algebraic generator, finite splitting fields, and finite tower degree
and embedding counts have the following direct proofs. Every finite subgroup of a field’s units
is cyclic. Every integer ideal is principal and Z is Noetherian. The integer division, Bezout and
prime-factorization facts needed for the group calculation are proved here as well.
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Proof. First give the integer arithmetic used in the finite-group calculation. For integers z and
d > 0, there are ¢,r with z = gd +r and 0 < r < d. For z > 0, choose the largest ¢ in the finite
set {0,...,z} with ¢d < z; if the remainder were at least d, the next integer would contradict
maximality. For z < 0, divide —z; negate its quotient when the remainder is zero, and otherwise use
quotient —q — 1 and remainder d — . Thus integer division also covers negative integers. A nonzero
subgroup J C Z contains a positive integer and has a least positive member d. The remainder on
dividing any member of J by d is in J and smaller than d, so is zero. Hence J = dZ. The zero
ideal is generated by zero, so every integer ideal is principal. For an ascending chain of integer
ideals, its union is an ideal generated by one integer d. If d = 0, every member is zero. Otherwise
d lies in one member, which then contains the whole union, so the chain stabilizes. This proves
that Z is Noetherian. For a,b not both zero, apply this to the subgroup of integer combinations
ua + vb. Its positive generator d divides both a, b, every common divisor divides d, and d = ua + vb
for some integers u,v. This proves the positive ged and Bezout identity. If ged(a,b) = 1 and a | be,
multiplication of a Bezout identity by ¢ gives a | c. A positive prime integer is consequently a prime
element. Every integer n > 1 factors into positive primes by induction: if it is composite, write
it as a product of two smaller positive integers and factor those. Prime divisibility and integer
cancellation prove uniqueness. The integer 1 has the empty factorization. The least common
multiple of a nonempty finite list of positive integers is therefore the product of the largest occurring
powers of each prime; it is 1 if all entries are 1. Different prime powers have gcd one. For coprime
positive a,b, the divisibilities a | » and b | r imply ab | r: write r = be and apply the coprime
divisibility assertion to obtain a | ¢. These are all the integer facts required below.

If g # 0 and f has degree at least that of g, subtract the leading coefficient of f divided by that
of g, times the appropriate power of T times g. This strictly decreases the degree. Induction
gives f = qg + r with r = 0 or degr < deg g. The leading coefficient of a product of two nonzero
polynomials is the product of their nonzero leading coefficients, so degrees add. Consequently two
such division expressions have the same remainder and quotient. For polynomials a, b not both zero,
repeat division on the pair and its successive remainders. Nonnegative degrees strictly decrease, so
the process ends. Its last nonzero remainder, scaled to be monic, is d. Back substitution expresses
d = ua + vb. Each earlier remainder is divisible by d, and any common divisor of a, b divides every
remainder, so d is their monic greatest common divisor. In particular coprime polynomials satisfy
ua + vb = 1. An irreducible f is prime: if f does not divide a, Bezout for f,a, multiplied by b,
shows that f | ab forces f | b. Factor existence follows by induction on degree, and prime divisibility
gives uniqueness after fixing monic factors and a scalar.

For an algebraic element «, choose a monic nonzero annihilating polynomial of least degree, denoted
f. Division shows that every annihilating polynomial is a multiple of f. If f were a product of
two nonconstant factors, evaluating in the extension field would make one smaller factor vanish, a
contradiction. Thus f is irreducible. Every nonzero class modulo f has a polynomial inverse by
Bezout, so F[T]/(f) is a field. Evaluation gives F[a] = F(«) and identifies it with this quotient.
The remainders 1,7, ...,79%8 /=1 form a basis: they span by division, and a linear combination of
smaller degree cannot be a nonzero multiple of f.

Division by T — ¢ leaves the constant f(c). If ¢ is a root, f = (T — ¢)g. Every other root is a
root of g, since its difference from c is a nonzero field element. Induction proves that a nonzero
polynomial of degree d has at most d distinct roots, over every extension field. A finite collection of
polynomials has a finite splitting field: if one polynomial has a nonsplit nonconstant factor, factor
it into irreducibles by the degree induction, adjoin a root of one such factor using the just-proved
field quotient, remove the linear factor, and repeat. At most the sum of the original degrees many
roots need be adjoined. The extensions at every step are finite by the displayed power basis, and
adjoining these roots therefore yields a finite extension in which every original polynomial splits.

The formal derivative obeys the product rule by expanding monomials. In a splitting field, if
f=(T —c)g, then f'(c) = g(c). Hence ¢ is a repeated root exactly when f and f’ both vanish at c.
For an irreducible f with f’ # 0, the derivative has smaller degree, so Bezout makes f, f’ coprime



and there are no repeated roots. If f/ = 0 and f is nonconstant, every root is repeated. Thus the
minimal polynomial of an algebraic element is separable precisely when its derivative is nonzero,
equivalently when f/(«) # 0.

The square-matrix test used with the differential presentation also follows directly over a field.
Define the determinant by its finite signed permutation sum. That sum is linear in each row and
each column. With two equal rows its terms cancel in pairs under their transposition, so it is
zero; row interchange changes its sign. Consequently adding a multiple of another row leaves it
unchanged, and scaling one row multiplies it by the scale. The same assertions hold for columns.
Starting with an n by n matrix, move a nonzero entry to the first position by row and column
exchanges, scale it to one, and clear the other entries in that row and column by these additions.
Repeat on the remaining square block. Every operation is invertible and alters the determinant
by a nonzero scalar. The result is a diagonal matrix with some entries one and the others zero.
If any zero entry remains, that output coordinate cannot occur in the image, so the map is not
surjective. Hence a surjective square map has only ones and has nonzero determinant. Conversely
such a diagonal matrix is invertible. The determinant of a triangular matrix is the product of its
diagonal entries: expand in the first column for an upper triangular matrix, or in the first row for a
lower triangular matrix, and induct. For size zero the determinant is one and the map is surjective.

If ug,...,u, is an F-basis of a finite extension E and v1,...,vs is an E-basis of L, the u;v; span L
over F. A relation between them is first a relation between the v; over £/ and then, coefficient by
coefficient, a relation between the u; over F. Both sets of coefficients are zero. Thus they form an
F-basis and [L : F] = [L: E][E : F]. A finite extension has a finite generating list, for example any
finite F-basis, and hence a finite simple-generator tower.

To count embeddings, fix a finite generating list aq, ..., a, of L/F and a finite splitting field H/F
of their minimal polynomials over F. Put F; = F(aq,...,«;). The minimal polynomial f; of o
over E;_; divides its minimal polynomial over F', by polynomial division. Under any F-embedding
o : E;_1 — H, the polynomial o(f;) therefore divides that already split F-polynomial and splits
in H. An extension of o to E; = E;_1[T]/(f;) is uniquely specified by the image of «;, and each
distinct root of o(f;) defines such an extension by evaluation. The evaluation map is injective
because its domain is a field. There are at most [E; : E;_1] such roots, and exactly that many if
fi is separable. An element separable over F' stays separable over an intermediate field because
its new minimal polynomial divides the old one. Thus a separable extension L/F has exactly
[L : F] embeddings into H, by multiplying the tower counts. Conversely, if every step is separable,
these counts also give [L : F| embeddings. If some /5 € L were inseparable over F, its minimal
polynomial would have fewer than [F(5) : F| distinct roots. Enlarge H to split that polynomial
and all polynomials for a generator tower above F(/3); no new embeddings of L appear, since every
generator image was already a root in the original H. Restricting to F(3) and applying the upper
bound on extensions gives fewer than [F/(3) : F][L : F(8)] = [L : F| embeddings, a contradiction.
This proves the transitivity of separability and all finite embedding counts used here. Only a finite
splitting field was required.

Let G be any finite subgroup of a field’s units. The order of g € G is the least positive d with
g% = 1, which exists by equality of two powers in the finite group. Integer division shows ¢" = 1
exactly when d divides r. Let e be the least common multiple of the finitely many orders, computed
by the maximum exponent of each prime in their factorizations; integer prime factorization and
Bezout were proved above. For each prime ¢ dividing e, select an element g, of order £*m with ¢
not dividing m and ¢° the maximal occurring power. Then h, = ¢;" has order exactly ¢°, by the
divisibility test just proved. For commuting elements x,y of coprime orders a, b, if (zy)"” = 1, then
x” = y~" belongs to both cyclic subgroups. Its ath and bth powers are one; an integer Bezout
identity makes the element one. Thus both a and b divide r, and ab divides r by the same Bezout
identity. Since (2y)® = 1, its order is ab. Inducting over the primes shows that h = [] k¢ has order
e. Every element of G is a root of T¢ — 1, so the polynomial root bound gives |G| < e. The e
different powers of h give the reverse inequality. Therefore GG consists of those powers and is cyclic.
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If G is trivial, the empty prime list gives e = 1 and h = 1, so this case is included. [J

Lemma 4.2. Let A be a Noetherian domain with fraction field K. If a smooth affine finite type
A-scheme has geometrically integral generic fibre, there is a nonempty principal open of Spec A on
which all its fibres are geometrically integral.

Proof. Write the algebra as B. Smoothness makes B A-flat, so B — Bg. Since the latter is a
domain, B is a domain. Let L = Frac(Bg). An étale coordinate chart at the generic point gives
algebraically independent t1,...,t; € L with L finite separable over K (t1,...,tq): use the standard
smooth chart and its zero-relative-dimension coordinate map from AG-CA-17 Theorem 5.1, applied
over the field, followed by AG-CA-18 Corollary 6.2 and AG-CA-17 Lemma 7.1. A primitive element
u writes

L= K(tl, ‘e ,td)(u).

Here is the complete primitive-element argument, using Lemma 4.A. Let L/F be finite separable
of degree n. Its finite generating list aq, ..., a, has exactly n distinct embeddings o1, ..., 0, into
one finite splitting field H. If F is infinite, for each pair ¢ # j the form }°,(o;(a¢) — oj(as)) X is a
nonzero polynomial over H, since the embeddings differ on a generator. Their finite product is
nonzero: the leading coefficient of a product of nonzero polynomials over a field is nonzero, iterating
by the number of variables. A nonzero polynomial over H does not vanish on all tuples in the
infinite subfield F. Indeed, induction on the number of variables first chooses a tuple in F' where
one nonzero coefficient polynomial is nonzero, and then avoids the finitely many roots in the last
variable. Choose ¢; € F' where this product does not vanish. The element a = >_ ¢;a; has n distinct
images. Its minimal polynomial therefore has degree at least n by the root bound, and at most
n because F'(a) C L. The tower-degree equality gives L = F'(a). In a nontrivial extension this
element cannot be zero; for a trivial extension use 1.

If F is finite, its finite basis makes L a finite set. Lemma 4.A proves that L* is cyclic, including the
trivial group case. Choose a generator u of this group. Every nonzero element of L is a power of u,
and zero belongs to every subfield; hence F(u) = L. The generator is nonzero, and for a trivial
extension we may choose 1. Apply this with F' = K(t1,...,t4) and the field L = Frac(Bg) above
to obtain the required « in the displayed simple-extension presentation.

Clear denominators in the minimal polynomial of u, removing the coefficient content, to obtain
a primitive polynomial P € K|t1,...,tq,T]. It is absolutely irreducible. Indeed Bx ®x K is a
domain, and localizing it gives the domain L @ K. The algebra K|ti,...,tq, T]/(P) embeds in L
by its primitive minimal-polynomial presentation. Tensoring this injection with the field K keeps it
injective. Its target is the just-obtained domain, so the polynomial quotient over K is a domain,
proving absolute irreducibility without any assertion about contents after field extension.

Here is the needed polynomial Gauss argument. A product of primitive polynomials over a UFD
stays primitive: modulo any prime coefficient factor, the two reductions are nonzero polynomials
over a domain, so their product is nonzero. Starting with a field and inducting on the number
of variables, factor the coefficient content and then factor the primitive part over the fraction
field, whose one-variable polynomial ring has Euclidean division. Clear the denominators and
normalize each factor to primitive content. The preceding product calculation shows that this gives
a factorization over the coefficient ring, and uniqueness follows from the fraction-field uniqueness
and the content. Thus each polynomial coefficient ring is a UFD; its primitive minimal polynomial
generates the kernel of evaluation in the field extension, as used above.

Enlarge a nonzero localization of A until P has coefficients there. There is a further nonempty
localization on which its specialization is absolutely irreducible in every residue field. Here is a
finite proof of this assertion. A triangular variable change z; = y; + 3" makes the weights of the
finitely many monomials distinct, using successive powers of an integer larger than all occurring
exponents. The unique largest weight gives a nonzero leading coefficient in y,. Invert it and divide
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by it, making P monic of degree » > 0 in that variable. Let D; bound its degrees in the other
variables. A nontrivial factorization over a field has monic factors of positive y,-degrees e, r — ¢,
1 < e < r, with other degrees at most D;; degrees add in each variable over a domain. For each
e, introduce the finitely many coeflicients of these possible factors and impose the coefficients of
P — Q1Q2. This gives a finite type A-algebra R.. Its generic fibre is zero by absolute irreducibility
and the Nullstellensatz over K. Therefore 1 = 0 after tensoring with K, so some nonzero a, € A
makes (R¢)q, = 0. Inverting the finite product excludes every nontrivial factorization over every
field extension of every residue field. Degree-zero factors in the monic variable are units and are
excluded from this list. This is the finite coefficient proof of the free Stacks 0557 result, with only
positive factor degrees used.

Put B’ = Alty,...,tq, T]/(P) over the localization just obtained. Its generic fraction field and
that of B are the same. The two generic affine integral schemes have a common nonempty affine
principal open: represent the finite generators of each algebra as fractions in the other, invert their
finitely many denominators, and invert the denominators needed for these descriptions to be inverse.
AG-MO-03’s map descent and eventual equality spread this isomorphism after another nonzero
base localization. Thus we have Bj, = B},, with h # 0 and nonempty generic open.

Apply AG-FSE Corollary 5.2 in Flat morphisms to the finite B-module B/hB, and shrink so

that it is A-flat. In the sequence 0 — B BB /hB — 0, flatness of the last term makes
multiplication by A injective after every field base change. The smooth fibre is reduced and
Noetherian. A nonzerodivisor belongs to no minimal prime: if it did, localization at that minimal
prime would make it zero in the field of a reduced Noetherian ring, giving an annihilator outside
the prime. Therefore D(h) is dense in every geometric fibre.

Chevalley’s proved theorem makes the image of the common open constructible. It contains the
generic point, so contains a nonempty open of the base. Shrink to a principal open in it; now the
common open is nonempty in every fibre, and remains so after field extension. The B’-fibre is
geometrically integral by the polynomial argument. Its nonempty open D(h'), identified with D(h),
is geometrically irreducible. Being dense in the smooth, geometrically reduced B-fibre, it forces
that whole fibre to be irreducible and reduced. This proves the lemma. [J

Lemma 4.3. For a smooth affine finite type morphism over a Noetherian base, the number of
geometric connected components of its fibres is a constructible function.

Proof. By the Noetherian constructibility criterion in AG-MO-06 Theorem 3.1, it suffices to show
constancy on a nonempty open of every irreducible reduced closed subscheme of the base. Restrict
to such an integral affine base Spec A, with fraction field K.

If the generic fibre is empty, its flat affine algebra injects into zero and is zero, so the component
number is constantly zero. Otherwise the generic geometric fibre has finitely many open-and-closed
integral components by Lemma 4.1. Their finitely many orthogonal idempotents, summing to one,
descend to a finite separable extension K'/K. To justify separability, first express them over K.
In positive characteristic each expression uses finitely many coefficients which become separable
after some common p-power. Since an idempotent equals its own p-power, raising its expression to
this power puts its coeflicients in K*°P. In characteristic zero this step is unnecessary. The finite
list of algebraic separable coefficients lies in one finite separable extension. Its components are
geometrically integral, as checked after extension to K.

Write K’ = K[v] by the primitive element argument in Lemma 4.2. Clear denominators in its
monic minimal polynomial and a Bezout identity with its derivative. After a nonzero localization,
A" = Alv] is finite free étale over A, with generic fibre the field K’. It is a domain because its monic
polynomial presentation is free over A and embeds in K’. The finite generic idempotents extend
after inverting finitely many elements of A’; their finite orthogonality and sum equations hold after
shrinking, or directly by the generic injection coming from flatness. They split the base-changed
smooth algebra into finitely many smooth factors. Each has geometrically integral generic fibre.
Apply Lemma 4.2 to all factors and invert a common nonzero a € A’. At every point of D(a) the

12


https://stacks.math.columbia.edu/tag/0557

factors are exactly the geometric connected components.

The determinant of multiplication by a on the finite free A-module A’ is nonzero, because this map
is invertible on the generic field. Invert this determinant in A. The adjugate makes a invertible on
the whole finite étale cover. That cover is surjective, since a nonzero finite free algebra has nonzero
fibres, and those fibres have points. Field-extension invariance from Lemma 4.1 now proves the
same constant component number on this nonempty base open. This verifies the criterion on every
irreducible closed base. Noetherian induction, removing such a nonempty open on each of finitely
many irreducible components and then applying the induction hypothesis to their proper closed
complement, gives a finite locally closed stratification with constant component count. This proves
constructibility as a function, and in particular of its one-component locus. [

This proves the smooth affine case needed from the free chain 0551, 055H, 055G. The hypersurface
and flat quotient arguments above supply the generic constancy input explicitly; none of those tags
is being substituted for a proof.

Lemma 4.4. Suppose A = ligAi, Ag is Noetherian, and E C Spec Ag is constructible. If the
image of Spec A lies in F, the image of Spec A; lies in E at some finite stage.

Proof. Express the complement as a finite union of pieces V(J) N D(g), with J finitely generated.
Its pullback has empty spectrum, so (A/JA), = 0. This says g™ € JA for some m, with a finite
expression in generators of J. Its coefficients and the finite equality descend to a stage. The same
localized quotient there is zero, so that complement piece has empty pullback. Take a common
stage for the finitely many pieces. [

This is a direct affine proof of the needed Stacks 05F4 step.

Theorem 4.5. A smooth affine finite-presentation scheme with geometrically connected fibres
over an arbitrary affine ring has a smooth affine model with geometrically connected fibres over a
finitely generated Z-algebra. Finitely many specified maps, group laws and closed immersions can
be retained.

Proof. Descend the finite presentations and finite identities to Ay, a finitely generated Z-subalgebra
of the given ring, using AG-MO-03. Retain smoothness by Section 3 and closed immersions by the
earlier proved closed-immersion descent. On this Noetherian model let E be the locus of exactly
one geometric connected component. It is constructible by Lemma 4.3. Its pullback contains the
image of the original base, by field-extension invariance and the original hypothesis. Apply Lemma
4.4 to enlarge the coeflicient ring to a finite stage whose whole image lies in F. Pullback of the
model at that stage has geometrically connected fibres and remains smooth. Previously descended
finite identities and closed immersions remain true under this base change. [

This is the consumed smooth affine case of Stacks 05FI. It applies simultaneously to the smooth
affine group and its smooth affine subgroup in the normalizer lemma. Projectivity of quotient fibres
has not been imposed on unrelated fibres of the model.

5. A universal finite complex for a line bundle

The following is the previously written finite complex proof, retained here before its uses.

Lemma 5.1. Let A be Noetherian and C a complex of flat A-modules concentrated in [a, b],
with finite cohomology modules. There is a complex K of finite projective modules in [a,b] and a
quasi-isomorphism K — C which remains a quasi-isomorphism after tensoring with every A-module.

Proof. Construct a bounded-above complex P of finite free modules and a map f : P — C,
descending from degree b. With terms above j chosen, the cone has terms

D'=C"® P, d(e,p) = (dce+ f(p), —dpp).
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Its cohomology is finite: the cone long exact sequence uses finite cohomology of C' and finite
cohomology of the finite portion of P chosen so far. Choose finitely many cocycles (cg, pg) generating
HI(D). Let P be free on ey, and set f(e;) = ¢g, dp(eg) = —pp. The cocycle equations give d3 = 0
and dof = fdp. The new cone differential sends (0, e,) to (cg, p¢), killing H’ without changing
higher cohomology. Continue to the left. Each degree stabilizes, giving a quasi-isomorphism P — C.

Its cone is acyclic, bounded above and termwise flat. Such a complex stays acyclic after every tensor:
start at its last degree and descend through 0 — Z* — D* — Z*! — (. The quotient is flat, so the
kernel is flat and the sequence remains exact under tensor. Thus H*(P ®4 M) = H(C ®4 M) for
every M.

Put Q = coker(P*! — P%). The left tail is a free resolution of @, and its first positive homology
after tensoring with every M is H*~'(P®4M) = 0, because C® 4 M starts in degree a. Consequently
Q is flat: tensor that free resolution with a short exact sequence 0 — M’ — M — M"” — 0. Its free
terms give a short exact sequence of complexes; the homology exact sequence and the just-proved
degree-one vanishing give an injection Q ® M’ — @ ® M. This is the definition of flatness.

The finite presentation of () makes it locally finite free by Algebra and sheaf cohomology before
reductive groups, Lemma 1.2. It is finite projective as follows. Take a surjection A" — @ and a
finite principal cover on which it splits. A local splitting extends after multiplication by a power of
that chart element, since Hom from a finite presented module commutes with localization: use its
finite presentation and exact localization to identify the kernel describing Hom. Increase that power
until its composite with the surjection is the same power times the identity globally; equality can
be checked on finitely many generators. Thus there are maps 7; : Q — A" whose composites are
fiNi idg. These powers generate the unit ideal, since the D(f;) cover. A linear combination of the
7; whose coefficients combine the powers to one is a global splitting. Hence @ is a direct summand
of a finite free module and is finite projective. Set K¢ = Q, K* = P for a < i <b. The map to
C factors through @ since C*~! = 0. Truncation preserves cohomology, and the same acyclic flat
cone argument proves the assertion after every tensor. [

Proposition 5.2. Let X — S be smooth projective of finite presentation and L invertible. If
all positive cohomology of L on every geometric fibre vanishes, then f,L is finite locally free, all
positive higher direct images vanish, and these statements commute with every base change.

Proof. Work over S = Spec A. Section 3 gives a smooth projective model Xy — Spec Ay, Ay
Noetherian, and an invertible Ly pulling back to L. A finite affine cover of X has affine intersections.
Its section complex Cy computes cohomology by the earlier finite-cover and affine-vanishing proofs.
Its terms are Ag-flat: an invertible module is projective over its chart algebra, and that algebra is
base-flat by smoothness. Projective finiteness makes its cohomology finite. After every algebra base
change the section complex is Cy ® 4, B, by affine modules and localization. Lemma 5.1 therefore
gives a bounded finite projective Ky computing cohomology after every such change.

Put K = Ky ®a, A, and trivialize its terms near a point s. If a differential has an entry invertible
at s, shrink and use row and column operations to make it an identity block. The equation d? = 0
makes the adjacent differentials zero on that block, splitting off a contractible pair A L A After
finitely many cancellations the remaining differentials vanish over x(s). Each remaining free term
tensored with k(s) is then the cohomology in its degree. In positive degrees it is zero by the
hypothesis and faithful field extension; in negative degrees it is zero because the section complex
begins in degree zero. All remaining terms other than degree zero have rank zero. The degree-zero
term is finite free. Cancelled pairs remain contractible under every tensor, so the same description
computes all base changes. It proves the assertions on every affine open and every affine base
change. The canonical maps from sections and the section complexes commute with restriction, so
glue to the claimed direct-image and base-change isomorphisms. [J

Vanishing was required on the original fibres only. No vanishing on unrelated Noetherian model
fibres, reduced-base assumption or flat-base-change assumption was used.
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6. The smooth curve regular immersion calculation

The following retains the full independently authored CCO proof of AG-QC-14, Sections 35, with
its formerly general proper-finiteness input replaced by the projective proof already given in Algebra
and sheaf cohomology before reductive groups. Its injective and finite-cover foundations are proved
in that preceding support, Sections 3-5. We first record the vector-bundle Ext identity used in the
argument. For finite locally free V', tensor-Hom adjunction gives Hom(V,I) = VV @ I. Tensoring
by V is exact, so its right adjoint V'V ® — takes injectives to injectives: Hom into it is Hom from
an exact functor into an injective. Applying this adjunction to an injective resolution gives

Exth,(V,G) = H (P,V" @ Q).

Hom into each injective is contravariantly exact. A short exact sequence in its first argument
therefore gives a short exact sequence of Hom complexes, whose cohomology gives the connecting
maps and long exact sequence used below.

6.0. Ambient projective-space trace and duality
Put P = P} for a field k, and define
wp =0p(—n—1).

Its identification with det Qp is explicit. On U; = D4(T;), use the ordered frame
0i = (=1)" Aji d(T3/T;). On UyNU;, the substitution To/T; = 1/(Ti/To), Tj/T; = (13/To)/(Ti/To)
gives Jacobian determinant (—1)%(7;/Tp)~""!; thus o; = (T;/Tp) ™ ‘og. These are exactly the
transitions of Op(—n — 1), proving the identification. For n = 0, the differential determinant and
every twist are both the one-dimensional trivial line on a point. The cohomological normalization
uses the ordered standard affine cover D (Ty), ..., D4 (T},), with alternating Cech differential. For
n > 1, the projective-space calculation gives

1

H"(P,wp) =k - {TOTJ .

Define the trace tr : H"(P,wp) — k by sending that class to one. For n = 0, P is a point; the same
expression is the generator of the degree —1 part of k[Ty, Tj, 1], so this convention still identifies its
one-dimensional space of sections with k.

Multiplication followed by this trace pairs
H(P,0(d)) x H"(P,O(—~d—n—1)) — k.

For n > 1 and d > 0, the first basis consists of T?, where b; > 0 and > b; = d. The matching
top-cohomology basis consists of T{; b=l —bn=1_ Their products have trace one precisely for
matching exponent vectors, and zero otherwise. For d < 0, both spaces in the trace pairing vanish.
Thus the trace pairing is perfect for every d. When n = 0, both spaces are one-dimensional for
every twist, and multiplication has the same conclusion. Negative twists on a point do not vanish.

More generally, projective-space cohomology and this coefficient computation give perfect pairings
HI(P,0(d)) x H"9(P,O(-d—n—1)) — k

for all j: intermediate groups vanish and the two end cases are the computed pairing and its transpose.
Maps between direct sums of twists are matrices of homogeneous polynomials. Multiplication is
associative, so these pairings commute with all such matrices, including matrices between different
twists. This naturality is the part needed to pass from twists to arbitrary coherent sheaves.
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Duality in degree zero

For any coherent F', a morphism u : F' — wp induces a functional on its top cohomology:
6% (u) = tr oH"(u).

This construction is contravariantly natural in F.

Ambient Lemma 6.A. The trace map is an isomorphism
Homp(F,wp) = H"(P,F)Y

for every coherent F'.

Proof. Choose a surjection Py — F with Py a finite sum of twists, by the proved finite generation
by twists in Algebra and sheaf cohomology before reductive groups, Proposition 8.2. Its coherent
kernel K is likewise a quotient of a finite sum of twists ;. Thus P; — Py — F — 0 is a presentation.
Hom into wp gives

0 — Hom(F,wp) — Hom(Py,wp) — Hom(Pr,wp).

The standard cover has n + 1 affine opens with affine intersections. Consequently cohomology of
quasi-coherent sheaves vanishes above n. The two short exact sequences defining this presentation
therefore give

H"(P,P) — H"(P,Py) - H"(P,F) — 0.

Dualizing gives another left-exact sequence in the same direction as the Hom sequence. All spaces
are finite-dimensional, by the proved projective finiteness in Algebra and sheaf cohomology before
reductive groups, Theorem 8.4. The maps 6° give a morphism of these sequences. The two maps
for Py, P; are isomorphisms by the trace pairing, and commute with the presentation map by its
polynomial-matrix description. Their kernels are therefore isomorphic, which proves the assertion.
O

Only two stages of a presentation were used. In particular, this argument does not claim that
repeated coherent kernels eventually become sums of line bundles.

Serre duality in every degree

Ambient Theorem 6.B (Serre duality on projective space). For every coherent sheaf F' and
every integer ¢, there are natural isomorphisms

Extl(F,wp) = H" (P, F)V.

They extend the trace map, using its fixed trace.

Proof. For i > 0, consider the contravariant cohomological sequences
AYF) = Exth(F,wp),  B'(F)=H""P,F)".

Exactness of vector-space duality and vanishing above n make the second a contravariant delta
functor starting in degree zero, just as Ext is. Choose ¢ > 0 sufficiently large so that F(q) is
generated by its sections and all positive cohomology of wp(q) vanishes. There is an epimorphism

Q=0p(—)*" - F

with coherent kernel K. The vector-bundle identity above and projective Serre vanishing in Algebra
and sheaf cohomology before reductive groups, Theorem 8.4 give A7(Q) = 0 for every j > 0. The
twist calculation gives B’(Q) = 0 for every j > 0: if 0 < n — j < n, the corresponding cohomology
of a strictly negative twist vanishes, and if n — j < 0 it vanishes by convention. This also covers
n = 0, where every positive B is zero.
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Both long exact sequences consequently identify their degree-one value on F' with the cokernel of
their degree-zero map from @) to K. Ambient Lemma 6.A identifies these cokernels. For i > 2, the
sequences give

A(F) 2 ATYK),  BYF)~B"YK).

Induction gives the desired isomorphisms for every i > 0.

These isomorphisms are canonical. The epimorphisms just used efface all positive values of both delta
functors. The following comparison gives uniqueness: a morphism in degree zero determines the
cokernel map in degree one and then every dimension-shifted map. For two choices of epimorphism,
take their fiber product over F', which is coherent, and an epimorphism from sufficiently negative
twists onto that fiber product. The resulting maps of short exact sequences compare both choices.
The same construction over a morphism of coherent sheaves proves naturality, and compatibility
with connecting maps follows from the exact sequences. Thus the induction is the unique extension
of the trace map.

If ¢ < 0, the left side vanishes, and the right side is cohomology above dimension n, hence also zero.
This proves the displayed duality for all integers. [J

The following direct DVR argument supplies this local algebra before the degree calculations.

DVR Lemma 6.C. A one-dimensional Noetherian normal local domain is a discrete valuation
ring.

Proof. Let (R, m) be such a ring and choose 0 # a € m. Every prime containing a is m, since any
other nonzero prime would give a chain of length at least two. Thus the radical of (a) is m. Finite
generation of m gives m" C (a) for some n: choose a power of each generator lying in (a) and use
the pigeonhole principle on monomials. Choose the least n and b € m"*~1\ (a). Then ¢ = b/a ¢ R
and cm C R.

If em C m, apply the determinant trick to multiplication by ¢ on the finite module m. Its resulting
monic polynomial annihilates this module, hence is zero in Frac(R) because the domain has a
nonzero element in m. Normality would imply ¢ € R, a contradiction. Consequently cz is a unit
for some = € m. It follows that 7 = ¢! = z/(cz) € m and m = 7R.

The intersection N = ); 7R is zero. In fact N is a finite ideal, since R is Noetherian, and
cancellation of 7 # 0 shows N = 7N: if 2 = 7y lies in every 7/T!'R, then y lies in every 7/R.
Nakayama gives N = 0. Repeated division of a nonzero nonunit by 7= must therefore stop. Every
nonzero element is uniquely a unit times 7/, and every nonzero ideal is generated by the element of
smallest such exponent. This is the discrete valuation ring assertion. [

Lemma 6.1. A closed immersion i : C' — P{CV of a smooth pure one-dimensional projective curve
is locally cut out by a regular sequence of length ¢ = N — 1, and

0= I/I* = i"Qpn jp, — Qoyp — 0

is exact.

Proof. First extend k to an algebraic closure. At a closed point the two local rings are regular, of
dimensions N and one, by the proved smooth field criterion. AG-CA-14 Proposition 1.4 gives a
regular sequence of ¢ parameters generating the ideal. Their linear classes are precisely the kernel of
the surjection of tangent cotangent spaces. Thus their differentials are independent in the ambient
differential fibre. The conormal module is free on their classes: tensor the Koszul resolution with
the quotient, or use its degree-one relations, to see that all relations among the generators have
coefficients in the ideal. The conormal map therefore has rank ¢ on a neighbourhood of that closed
point. Its cokernel is {2¢ ;. by the proved differential conormal sequence. Since these finite type
neighbourhoods cover every closed point, they cover the curve; every nonempty closed complement
in a finite type scheme over a field has a closed point by the Nullstellensatz.

Here is the descent back to k. The finite module I/I? becomes locally free of rank c after this
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faithful field extension, so it is flat before extension: any kernel of a tensor injection vanishes after
the faithfully flat field extension, hence vanishes already. A finite presented flat module is projective
by the earlier module theorem. Locally choose a basis and lift it to ¢ generators of I. At each
ambient local ring, I = (f1,..., f.) + I?; Nakayama applied to the finite module I/(fi,..., f.),
with I in the maximal ideal, gives generation of I. The corresponding Koszul complex becomes
exact in positive degrees after the field extension, because any minimal c-generator list differs by an
invertible matrix from the parameter list already obtained. Its finite cohomology modules therefore
vanish before extension by faithful flatness. Equivalently the list is regular: the Koszul cone for the
last generator makes multiplication by that generator surjective on every positive homology module
of the preceding Koszul complex. Those modules are finite and the generator lies in the maximal
ideal, so Nakayama kills them. The same exact sequence gives injectivity of the last generator on
degree-zero homology. Induction proves regularity. Finally exactness of the conormal sequence
descends by faithful flatness as well. [J

This is the field-curve case actually needed from the more general free Stacks 067U regular
immersion theorem. It uses the existing regular quotient proof, rather than importing the full
syntomic arbitrary-base theorem.

Theorem 6.2. For such a curve and an invertible L, there is a natural isomorphism

HY(C,L)Y = H(C, Q0 @ L71).

Proof. The regular sequence Koszul resolution from Lemma 6.1, dualized into wpny = det Qpn /y,
has cohomology only in degree ¢, with that sheaf equal to

is (L' @ i*wpn @ det(I/1%)").

The determinant comes from the top exterior term of the dual Koszul complex, so the star and the
sign of the canonical twist are fixed. Taking determinants of the conormal exact sequence identifies
i*wpy ®@det(I/1%)* with Q¢ /i~ Here is the full consumed local-to-global comparison from AG-QC-14
Proposition 2.1, with its finite filtered-complex input supplied by Algebra and sheaf cohomology
before reductive groups, Section 4. Resolve wpn by injectives I*® and put E®* = Hom(i,L,I*). Each
term is flasque: on U C V, extension by zero gives a stalkwise injection ji((i+L)|v) < (i.L)|v,
and injectivity of 19|y extends every morphism from that submodule. Thus Hom sections restrict
surjectively. Form the double complex of sections of E? on the finite standard affine intersections
of projective space. Its rows have Cech cohomology only in degree zero, since the terms and all
their open restrictions are flasque and the earlier finite-cover comparison applies. One filtration
therefore identifies total cohomology with H*I'(E®) = Extpy (i+L, wpn ).

On any affine intersection, choose a resolution of i, L by finite free sheaves, allowing an infinite left
tail; Noetherianity makes its successive kernels finite. The first-quadrant Hom double complex with
I°® compares its Hom into w with E*®. In the resolution direction injectivity makes Hom exact. In
the other direction its finite free source reduces to finite sums of w, whose positive cohomology
on this affine is zero by affine vanishing. Hence the vertical cohomology of the section double
complex is the section module of the locally calculated sheaf Ext. Lemma 6.1 and the dual Koszul
calculation above show that it is zero except in degree c. The other filtration therefore has only
that row, the finite Cech complex of i, (L™t ® Q¢ /). Each total degree has finitely many terms, so
the finite filtration calculation gives convergence and no completion or infinite-product issue. In
total degree c it gives

Extpw (ix L, wpn) = HO(C, L™ @ Qcyp).

Ambient Theorem 6.B, the full trace and dimension-shifting proof of AG-QC-14 Theorem 5.1
reproduced above, identifies the same group with HY~¢(PV i,L)V = H'(C,L)". The Koszul
determinant, conormal determinant and trace are natural, giving the stated isomorphism. [J
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Lemma 6.3 (divisors, Euler characteristic and genus). Suppose now that k is algebraically
closed and C is connected. Put g = dimy H'(C, O¢). For every invertible L,

X(C,L)=degL+1—g, deg Q¢ = 29 — 2.

A line bundle of negative degree has no nonzero section.

Proof. Smooth local rings are regular domains. Thus different irreducible components cannot meet,
and the finitely many components are open and closed. Connectedness makes C' integral. Projective
finiteness makes H°(C, O¢) a finite-dimensional domain over k. It is a field, since multiplication by
a nonzero element is an injective endomorphism of a finite-dimensional vector space and hence is
surjective. Algebraic closedness makes this field k.

There are two affine opens covering C. In a projective embedding choose a hyperplane not containing
C; its intersection with the curve is finite, since a proper closed subset of a Noetherian integral
curve has dimension zero and finitely many points. Choose another hyperplane avoiding those
finitely many points, possible because k is infinite and a finite union of proper linear subspaces does
not exhaust its coefficient space. The complements of these hyperplanes on C are affine and cover
C. Their intersection is affine by separatedness. The proved finite Cech computation consequently
gives H4(C, L) = 0 for ¢ > 1. All the remaining groups are finite by projective finiteness, so their
Euler characteristic is defined and additive in short exact sequences.

A nonzero rational section of L exists by choosing a generator at the generic point. Each closed-
point local ring is a DVR: a one-dimensional regular local ring has its maximal ideal generated
by a parameter, and the direct DVR characterization is Lemma 6.C above, the actual AG-CA-15
Theorem 1.2 argument. Relative to a local generator, the section has an integer valuation. There are
only finitely many nonzero valuations, since a finite trivializing affine cover represents it by rational
functions with finitely many zeros and poles. These valuations define a divisor D = )" n,x and
identify L with O¢(D): at x, the identification sends the local module 7;"*O¢ , to the section’s
generated fractional module. The descriptions agree at the generic point and hence on overlaps.

For every divisor and closed point there is an exact sequence

0 — Oc(D) — Oc(D +x) — ky — 0.

At 2 the quotient is 7~ "+~ R /7" R = k: elsewhere it is zero. The skyscraper k, has H® = k and
no higher cohomology (its restrictions are surjective, so the previously proved flasque acyclicity
applies). Additivity, successively adding or subtracting points, gives

X(Ca OC(D)) = an + X(Ov OC’)

This both proves that the integer deg L = > n, is independent of the rational section and gives the
first formula. Tensor product adds these divisors, so degrees add and inversion negates degree. A
nonzero regular section has only nonnegative valuations, which proves the negative-degree assertion.

Theorem 6.2 with L = O¢ gives hO(QC/k) = g. The same theorem with L = Q¢ gives hl(Qc/k) =
h%(O¢) = 1. Tts Euler characteristic is therefore g — 1. The first formula applied to Qoyy gives
g—1=degQc/ +1— g, as claimed. In particular T = Q(_J}k has degree 2 — 2g. [J

Lemma 6.4 (degree under a separable curve map). Let f : D — C be a nonconstant
map between smooth connected projective curves over algebraically closed k, and suppose the

function-field extension is separable of degree n. Then f is finite and locally free of rank n, and
deg f*L = ndeg L.

Proof. The extension is finite: both finitely generated function fields have transcendence degree
one, so the larger field is generated by finitely many algebraic elements over the smaller one. Write
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it as E//F. On an affine open Spec R C C, the ring R is a Noetherian normal domain. Its integral
closure S in F is finite. Here is the full finiteness argument used in AG-MO-13 Theorem 4.1. A
primitive element, proved in Lemma 4.2 above, has n distinct conjugates. The trace pairing on its
power basis has matrix VTV, for the Vandermonde matrix on these conjugates, so has nonzero
determinant. Scale a field basis b; by nonzero elements of R so it becomes integral: if an algebraic
element has equation 7™ + Zj <m ajTj, choose one common denominator d and the equation
for dT" has coefficients d™7a; € R. The map E — F", z — (Tr(b;z));, is an isomorphism. For
z € S all these traces lie in R: the conjugates of an integral element are integral, their symmetric
coefficients lie in F', and normality puts those coefficients, and hence their traces, in R. Thus .S is
an R-submodule of the free trace lattice, and is finite by Noetherianity.

These closures localize correctly. If z is integral over R,, multiply it by a sufficiently high power of
a in its monic equation to make that multiple integral over R. The two inclusions then give S, as
the integral closure of R,. They glue to a finite normal curve ¢’ — C with function field E. Its
one-dimensional local rings are DVRs by Lemma 6.C; dimension one follows from lying over and
incomparability for integral extensions, proved in AG-CA-05 Theorems 3.2-3.4.

The given map factors as D — C’: an integral element of S satisfies a monic equation in every local
ring of D above this open, so belongs to each such normal local ring. It is therefore regular locally
and defines the factorization; the fraction expression forces uniqueness and gluing. Conversely,
choose an affine neighbourhood of the generic point of D. Its finitely many algebra generators
become fractions in the function field of C’; clearing their finitely many denominators gives a
morphism on a nonempty affine open of C’, and hence a rational map C’ --» D. It extends over
every point directly using a projective embedding of D: at a DVR multiply the generic homogeneous
coordinates by the inverse of their least parameter power, making all coordinates regular and one
a unit. The finitely many defining homogeneous equations still vanish, so this is a map into D,
and the finitely many coordinates spread to a neighbourhood. The maps glue by the following
equalizer calculation. The equalizer of two maps to the separated D is closed, since it is a pullback
of its diagonal. If the maps agree on a dense open of the integral source, each local generator of its
defining ideal is zero in the function field and therefore zero in the local domain. The equalizer is
the whole source. Apply the same calculation to their composites, which agree with the identity on
a dense open. Thus those composites are the identity everywhere. Thus D = C’ and f is finite.

A finite torsion-free module over a DVR is free. For clarity, lift a residue-field basis of the module
and use Nakayama for generation. A relation among these lifts can be divided by the least parameter
power in its coefficients, using torsion-freeness; reduction would then give a nontrivial relation
in the residue-field basis. No such relation exists. Applying this to S over each O¢, gives rank
[E: F|=n.

The fibre over a closed point z has vector-space dimension n. Its finite-dimensional algebra splits
into its finitely many local factors: powers of the distinct maximal ideals are comaximal and kill
the algebra’s nilradical, so the Chinese remainder theorem gives the split. At a point y of this
fibre, the target parameter has valuation e, > 0; the local quotient of the source DVR has length
ey. Residue fields are k, so ) f(y)=z €y = . Pulling back the local equation for x gives the divisor
> eyy. Add the coefficients of an arbitrary divisor for L to obtain deg f*L = ndeg L. [

Proposition 6.5. A smooth connected projective curve over algebraically closed k dominated by
P,lC has genus zero. A genus-zero smooth connected projective curve over such k is isomorphic to
Pl

Proof. First suppose f : P! — C is separable of degree n. The differential map f*Qcq k= Qpiyg
is generically nonzero: the conormal differential sequence for the separable field extension has zero
relative differentials by AG-CA-17 Lemma 7.1, so the map of the one-dimensional spaces of absolute
differentials is an isomorphism. A generically nonzero map of line bundles on an integral smooth
curve is injective and has an effective zero divisor R. Its local matrix is a nonzero DVR element,
whose valuation is the coeflicient of that divisor. Thus
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Here the degree on P! is —2, either by the two-coordinate calculation dz = —t~2dt, or by Lemma
6.3 and H'(P!, O) = 0 from AG-QC-04. Since n > 0 and R is effective, g > 1 is impossible.

In characteristic p > 0, an inseparable dominant map also yields a separable dominant map from a
projective line. Regard k(C) as a subfield of k(t). Choose the largest e such that k(C) C k(t°).
Such an e is bounded: for one nonconstant rational function of k(C), containment in k(#*") makes
its coprime numerator and denominator powers of t*°, so p¢ is bounded by their maximum degree.
Put z = t*°. The kernel of d/dz on k(z) is exactly k(z?). Indeed the basis 1,z,...,2P~ over
k(zP) makes the derivative’s kernel its constant summand; independence follows by clearing the
polynomial denominators in a relation: the summands then have exponents in distinct congruence
classes modulo p, so every coefficient is zero. The same reduction writes every polynomial as such a
sum, and inverting a nonzero polynomial preserves this finite field extension, so these elements are
a field basis. Maximality supplies a € k(C) with derivative nonzero. If a = P(z)/Q(z) in coprime
form, the polynomial P(T) — aQ(T') has nonzero derivative at z; the minimal polynomial of z over
k(a) therefore has nonzero derivative and the extension is separable. The intermediate extension
k(z)/k(C) is separable as well, since an element separable over a smaller field remains separable
over an intermediate field. Its field embedding gives a rational map P! --» C, extended everywhere
by the homogeneous-coordinate DVR argument above. The separable calculation applies and gives
genus zero.

Conversely let g = 0 and fix ¢ € C(k). For m > 0, Lemma 6.3 and duality give

h(Oc(mg)) =m +1,

because Q¢ (—mg) has degree =2 —m < 0. Choose 2 complementing the constants in H(O¢(q)).
It is a rational function with its only pole at q, of exact order one. The functions 1,x,..., 2™ have
different pole orders and hence are linearly independent; their number is m + 1, so they form the
displayed space’s basis.

Every rational function h lies in k(x). To see this without a degree-one-map assertion, list its
finitely many poles outside q. At each such a, the function x — z(a) is nonzero and has positive
valuation. Multiply h by sufficiently large powers of all these functions to cancel its poles there.
The product then lies in some H°(O¢(mq)), and therefore is a polynomial in x. Dividing by the
multiplying polynomial proves the claim. Thus k(C') = k(x). Inverse rational maps between C' and
P! extend at every DVR by their projective homogeneous coordinates and agree globally by the
equalizer argument. They are inverse isomorphisms. [

These proofs must be placed before AG-RG-01. In particular, for a nonempty finite boundary
divisor D on a smooth completion, deg Te:(—D) =2 — 29 — deg D < 0 when g > 1, and Lemma 6.3
gives H(C,Tc(—D)) = 0. This is the exact degree-and-genus input used by the one-dimensional
unipotent classification; none of it is deferred to a later group lesson.

7. Applying the proof route in the group lessons

The normalizer construction in AG-RG-03 uses Theorem 4.5 to choose smooth affine group and
subgroup models with geometrically connected fibres; its finite group equations and closed immersion
descend in the same finite list. The projective homogeneous quotient proof uses Theorem 2.3 on its
actual projective closure and Corollary 2.4 for the formal idempotent. Lemma 1.3 supplies faithful
flatness of local completion, the actual argument of AG-CA-19 Theorem 3.2. Section 5 supplies the
line bundle cohomology statement over arbitrary, including nonreduced, bases used in AG-RG-03
and AG-RG-06. Section 6 supplies the smooth curve duality, divisor degrees, genus calculation and
domination by a projective line used in AG-RG-01 and AG-RG-03; it must precede AG-RG-01.
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For AG-RG-06’s use of sufficiently large powers of an ample line bundle, the exact earlier embedding
proofs are AG-RG-S01, Lemma 8.1 and Lemma 8.3: finitely many nonvanishing sections with
affine domains, denominator clearing for their coordinate generators, and an immersion from
those generators. AG-RG-S01, Corollary 7.B turns that immersion into a closed immersion when
the source is proper. AG-RG-S01, Theorem 8.5 treats every sufficiently large power by applying
its projective finiteness and vanishing argument to all finitely many residue classes modulo the
embedding exponent.

Freely readable sources and history

Mathematical source material for this adapted lesson is the freely readable Stacks Project, especially
the exact tags linked next to the proved statements. The cached editable chapters are pinned at
commit a04446e57ec1fbc252a871afcec7752fb2807b14; the cache includes their original license.
The proof differences were written on 5 October 2026. The formal functions argument retains
the previously written finite Rees and kernel argument in programme AG-QC-10, specialized to
projective schemes to use the full earlier AG-QC-05 proof. The finite complex and curve arguments
retain the previously written programme bridges, with the formerly external smooth model and
curve immersion steps supplied here. No paid book supplies an argument or a public citation in
this lesson.

History

Source: The Stacks Project, the Stacks Project authors, copyright (C) 2005-2025 Johan de Jong,
published openly by the Stacks Project under the GNU Free Documentation License, version 1.2 or
later. Exact freely readable source tags are identified in this lesson.

Modified edition: Projective cohomology and smooth affine models, 5 October 2026. Author
and publisher of the modified edition: GPT-6.1 Sol (OpenAl), Codex, Ultra setting, for Open
mathematics courses. Formal functions, affine smooth models, universal cohomology complexes
and the curve arguments; missing intermediate proof steps supplied. Self-checked by the writing
Al Original contributions retain their separate CCO dedication, and adapted Stacks expression
retains its GNU FDL terms.

22


AG-RG-S01.html#projective-properness
https://stacks.math.columbia.edu/

GNU Free Documentation License,
Version 1.2

GNU Free Documentation License
Version 1.2, November 2002

Copyright (C) 2000,2001,2002 Free Software Foundation, Inc.

51 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA
Everyone is permitted to copy and distribute verbatim copies
of this license document, but changing it is not allowed.

0. PREAMBLE

The purpose of this License is to make a manual, textbook, or other
functional and useful document "free" in the sense of freedom: to
assure everyone the effective freedom to copy and redistribute it,
with or without modifying it, either commercially or noncommercially.
Secondarily, this License preserves for the author and publisher a way
to get credit for their work, while not being considered responsible
for modifications made by others.

This License is a kind of "copyleft", which means that derivative
works of the document must themselves be free in the same sense. It
complements the GNU General Public License, which is a copyleft
license designed for free software.

We have designed this License in order to use it for manuals for free
software, because free software needs free documentation: a free
program should come with manuals providing the same freedoms that the
software does. But this License is not limited to software manuals;
it can be used for any textual work, regardless of subject matter or
whether it is published as a printed book. We recommend this License
principally for works whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that
contains a notice placed by the copyright holder saying it can be
distributed under the terms of this License. Such a notice grants a
world-wide, royalty-free license, unlimited in duration, to use that
work under the conditions stated herein. The "Document", below,
refers to any such manual or work. Any member of the public is a
licensee, and is addressed as "you". You accept the license if you
copy, modify or distribute the work in a way requiring permission
under copyright law.

A "Modified Version" of the Document means any work containing the
Document or a portion of it, either copied verbatim, or with
modifications and/or translated into another language.

A "Secondary Section" is a named appendix or a front-matter section of
the Document that deals exclusively with the relationship of the
publishers or authors of the Document to the Document’s overall subject
(or to related matters) and contains nothing that could fall directly
within that overall subject. (Thus, if the Document is in part a
textbook of mathematics, a Secondary Section may not explain any
mathematics.) The relationship could be a matter of historical
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connection with the subject or with related matters, or of legal,
commercial, philosophical, ethical or political position regarding
them.

The "Invariant Sections" are certain Secondary Sections whose titles
are designated, as being those of Invariant Sections, in the notice
that says that the Document is released under this License. If a
section does not fit the above definition of Secondary then it is not
allowed to be designated as Invariant. The Document may contain zero
Invariant Sections. If the Document does not identify any Invariant
Sections then there are none.

The "Cover Texts" are certain short passages of text that are listed,
as Front-Cover Texts or Back-Cover Texts, in the notice that says that
the Document is released under this License. A Front-Cover Text may
be at most 5 words, and a Back-Cover Text may be at most 25 words.

A "Transparent" copy of the Document means a machine-readable copy,
represented in a format whose specification is available to the
general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of
pixels) generic paint programs or (for drawings) some widely available
drawing editor, and that is suitable for input to text formatters or
for automatic translation to a variety of formats suitable for input
to text formatters. A copy made in an otherwise Transparent file
format whose markup, or absence of markup, has been arranged to thwart
or discourage subsequent modification by readers is not Transparent.
An image format is not Transparent if used for any substantial amount
of text. A copy that is not "Transparent" is called "Opaque".

Examples of suitable formats for Transparent copies include plain
ASCII without markup, Texinfo input format, LaTeX input format, SGML
or XML using a publicly available DTD, and standard-conforming simple
HTML, PostScript or PDF designed for human modification. Examples of
transparent image formats include PNG, XCF and JPG. Opaque formats
include proprietary formats that can be read and edited only by
proprietary word processors, SGML or XML for which the DTD and/or
processing tools are not generally available, and the
machine-generated HTML, PostScript or PDF produced by some word
processors for output purposes only.

The "Title Page" means, for a printed book, the title page itself,
plus such following pages as are needed to hold, legibly, the material
this License requires to appear in the title page. For works in
formats which do not have any title page as such, "Title Page" means
the text near the most prominent appearance of the work’s title,
preceding the beginning of the body of the text.

A section "Entitled XYZ" means a named subunit of the Document whose
title either is precisely XYZ or contains XYZ in parentheses following
text that translates XYZ in another language. (Here XYZ stands for a
specific section name mentioned below, such as "Acknowledgements",
"Dedications", "Endorsements", or "History".) To "Preserve the Title"
of such a section when you modify the Document means that it remains a
section "Entitled XYZ" according to this definition.

The Document may include Warranty Disclaimers next to the notice which
states that this License applies to the Document. These Warranty
Disclaimers are considered to be included by reference in this
License, but only as regards disclaiming warranties: any other
implication that these Warranty Disclaimers may have is void and has
no effect on the meaning of this License.

2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either
commercially or noncommercially, provided that this License, the
copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no other
conditions whatsoever to those of this License. You may not use
technical measures to obstruct or control the reading or further
copying of the copies you make or distribute. However, you may accept
compensation in exchange for copies. If you distribute a large enough
number of copies you must also follow the conditions in section 3.
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You may also lend copies, under the same conditions stated above, and
you may publicly display copies.

3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have
printed covers) of the Document, numbering more than 100, and the
Document’s license notice requires Cover Texts, you must enclose the
copies in covers that carry, clearly and legibly, all these Cover
Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on
the back cover. Both covers must also clearly and legibly identify
you as the publisher of these copies. The front cover must present
the full title with all words of the title equally prominent and
visible. You may add other material on the covers in addition.
Copying with changes limited to the covers, as long as they preserve
the title of the Document and satisfy these conditions, can be treated
as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit
legibly, you should put the first ones listed (as many as fit
reasonably) on the actual cover, and continue the rest onto adjacent

pages.

If you publish or distribute Opaque copies of the Document numbering
more than 100, you must either include a machine-readable Transparent
copy along with each Opaque copy, or state in or with each Opaque copy
a computer-network location from which the general network-using
public has access to download using public-standard network protocols
a complete Transparent copy of the Document, free of added material.
If you use the latter option, you must take reasonably prudent steps,
when you begin distribution of Opaque copies in quantity, to ensure
that this Transparent copy will remain thus accessible at the stated
location until at least one year after the last time you distribute an
Opaque copy (directly or through your agents or retailers) of that
edition to the public.

It is requested, but not required, that you contact the authors of the
Document well before redistributing any large number of copies, to give
them a chance to provide you with an updated version of the Document.

4. MODIFICATIONS

You may copy and distribute a Modified Version of the Document under
the conditions of sections 2 and 3 above, provided that you release
the Modified Version under precisely this License, with the Modified
Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy
of it. 1In addition, you must do these things in the Modified Version:

A. Use in the Title Page (and on the covers, if any) a title distinct
from that of the Document, and from those of previous versions
(which should, if there were any, be listed in the History section
of the Document). You may use the same title as a previous version
if the original publisher of that version gives permission.

B. List on the Title Page, as authors, one or more persons or entities
responsible for authorship of the modifications in the Modified
Version, together with at least five of the principal authors of the
Document (all of its principal authors, if it has fewer than five),
unless they release you from this requirement.

C. State on the Title page the name of the publisher of the
Modified Version, as the publisher.

D. Preserve all the copyright notices of the Document.

E. Add an appropriate copyright notice for your modifications
adjacent to the other copyright notices.

F. Include, immediately after the copyright notices, a license notice
giving the public permission to use the Modified Version under the
terms of this License, in the form shown in the Addendum below.

G. Preserve in that license notice the full lists of Invariant Sections
and required Cover Texts given in the Document’s license notice.

H. Include an unaltered copy of this License.

I. Preserve the section Entitled "History", Preserve its Title, and add
to it an item stating at least the title, year, new authors, and
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publisher of the Modified Version as given on the Title Page. If

there is no section Entitled "History" in the Document, create one
stating the title, year, authors, and publisher of the Document as
given on its Title Page, then add an item describing the Modified

Version as stated in the previous sentence.

J. Preserve the network location, if any, given in the Document for
public access to a Transparent copy of the Document, and likewise
the network locations given in the Document for previous versions
it was based on. These may be placed in the "History" section.
You may omit a network location for a work that was published at
least four years before the Document itself, or if the original
publisher of the version it refers to gives permission.

K. For any section Entitled "Acknowledgements" or "Dedicatioms",
Preserve the Title of the section, and preserve in the section all
the substance and tone of each of the contributor acknowledgements
and/or dedications given therein.

L. Preserve all the Invariant Sections of the Document,
unaltered in their text and in their titles. Section numbers
or the equivalent are not considered part of the section titles.

M. Delete any section Entitled "Endorsements". Such a section
may not be included in the Modified Version.

N. Do not retitle any existing section to be Entitled "Endorsements"
or to conflict in title with any Invariant Section.

0. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or
appendices that qualify as Secondary Sections and contain no material
copied from the Document, you may at your option designate some or all
of these sections as invariant. To do this, add their titles to the
list of Invariant Sections in the Modified Version’s license notice.
These titles must be distinct from any other section titles.

You may add a section Entitled "Endorsements", provided it contains
nothing but endorsements of your Modified Version by various
parties--for example, statements of peer review or that the text has
been approved by an organization as the authoritative definition of a
standard.

You may add a passage of up to five words as a Front-Cover Text, and a
passage of up to 25 words as a Back-Cover Text, to the end of the list
of Cover Texts in the Modified Version. Only one passage of
Front-Cover Text and one of Back-Cover Text may be added by (or
through arrangements made by) any one entity. If the Document already
includes a cover text for the same cover, previously added by you or
by arrangement made by the same entity you are acting on behalf of,
you may not add another; but you may replace the old one, on explicit
permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License
give permission to use their names for publicity for or to assert or
imply endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this
License, under the terms defined in section 4 above for modified
versions, provided that you include in the combination all of the
Invariant Sections of all of the original documents, unmodified, and
list them all as Invariant Sections of your combined work in its
license notice, and that you preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and
multiple identical Invariant Sections may be replaced with a single
copy. If there are multiple Invariant Sections with the same name but
different contents, make the title of each such section unique by
adding at the end of it, in parentheses, the name of the original
author or publisher of that section if known, or else a unique number.
Make the same adjustment to the section titles in the list of
Invariant Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled "History"
in the various original documents, forming one section Entitled
"History"; likewise combine any sections Entitled "Acknowledgements",
and any sections Entitled "Dedications". You must delete all sections
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Entitled "Endorsements".

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents
released under this License, and replace the individual copies of this
License in the various documents with a single copy that is included in
the collection, provided that you follow the rules of this License for
verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute
it individually under this License, provided you insert a copy of this
License into the extracted document, and follow this License in all
other respects regarding verbatim copying of that document.

7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate
and independent documents or works, in or on a volume of a storage or
distribution medium, is called an "aggregate" if the copyright
resulting from the compilation is not used to limit the legal rights
of the compilation’s users beyond what the individual works permit.
When the Document is included in an aggregate, this License does not
apply to the other works in the aggregate which are not themselves
derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these
copies of the Document, then if the Document is less than one half of
the entire aggregate, the Document’s Cover Texts may be placed on
covers that bracket the Document within the aggregate, or the
electronic equivalent of covers if the Document is in electronic form.
Otherwise they must appear on printed covers that bracket the whole
aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may
distribute translations of the Document under the terms of section 4.
Replacing Invariant Sections with translations requires special
permission from their copyright holders, but you may include
translations of some or all Invariant Sections in addition to the
original versions of these Invariant Sections. You may include a
translation of this License, and all the license notices in the
Document, and any Warranty Disclaimers, provided that you also include
the original English version of this License and the original versions
of those notices and disclaimers. In case of a disagreement between
the translation and the original version of this License or a notice
or disclaimer, the original version will prevail.

If a section in the Document is Entitled "Acknowledgements",
"Dedications", or "History", the requirement (section 4) to Preserve
its Title (section 1) will typically require changing the actual
title.

9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except
as expressly provided for under this License. Any other attempt to
copy, modify, sublicense or distribute the Document is void, and will
automatically terminate your rights under this License. However,
parties who have received copies, or rights, from you under this
License will not have their licenses terminated so long as such
parties remain in full compliance.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions

of the GNU Free Documentation License from time to time. Such new
versions will be similar in spirit to the present version, but may
differ in detail to address new problems or concerns. See
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https://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number.
If the Document specifies that a particular numbered version of this
License "or any later version" applies to it, you have the option of
following the terms and conditions either of that specified version or
of any later version that has been published (not as a draft) by the
Free Software Foundation. If the Document does not specify a version
number of this License, you may choose any version ever published (not
as a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of
the License in the document and put the following copyright and
license notices just after the title page:

Copyright (c) YEAR YOUR NAME.

Permission is granted to copy, distribute and/or modify this document
under the terms of the GNU Free Documentation License, Version 1.2

or any later version published by the Free Software Foundation;

with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts.
A copy of the license is included in the section entitled "GNU

Free Documentation License".

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts,
replace the "with...Texts." line with this:

with the Invariant Sections being LIST THEIR TITLES, with the
Front-Cover Texts being LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other
combination of the three, merge those two alternatives to suit the
situation.

If your document contains nontrivial examples of program code, we
recommend releasing these examples in parallel under your choice of
free software license, such as the GNU General Public License,

to permit their use in free software.
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