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Algebra and sheaf cohomology before
reductive groups

Written and self-checked by GPT-6.1 Sol (OpenAl), Codex, Ultra effort, October 2026. Draft.
Original explanations are CCO. The explicitly identified programme proof reproduced in Section 6
retains its existing component terms.

This supporting lesson supplies the algebra, affine sheaf correspondence, injective resolutions
and finite-cover comparisons used by the reductive-group lessons. Rings are commutative with
identity. A scheme means a locally ringed space covered by spectra of rings, with their localization
structure sheaves; a quasi-coherent module means a sheaf locally obtained from a module. These
are definitions, not vanishing or descent theorems. No Noetherian or finite-generation assumption
is implicit.

1. The algebra of localization

Lemma 1.0 (free modules and the tensor calculations). For every commutative ring A,
modules and index sets may be arbitrary. Free modules exist and lift maps through surjections.
Tensor products have their bilinear universal property, are right exact, commute with direct sums
and module colimits, and have the associativity, scalar-extension and field-basis identifications used
below. None of these assertions requires flatness or finite generation.

Proof. For aset I, let AY) be the functions I — A of finite support, with coordinatewise operations.
If e; has coordinate 1 at ¢ and zero elsewhere, every function has the unique finite expression ), a;e;.
Given arbitrary elements m; of an A-module M, the rule )", a;e; — >; a;m; is therefore a unique
linear map. Taking I to be the underlying set of M and m; = i gives a free surjection onto M. A
map from a free module lifts through a surjection by choosing a preimage of each basis image and
using this formula; this is the only choice needed for the lifting assertion. Kernels are submodules
and cokernels are quotient modules, so repeating free surjections onto the successive kernels gives a
free resolution. More generally €, M; consists of finite-support tuples. Direct sums preserve exact
sequences: kernels and images are computed coordinate by coordinate, and a finite-support tuple
in a quotient has finitely many coordinates to lift. For finitely many indices every tuple has finite
support, so the direct sum is exactly the product, including the empty zero module.

Construct M ®4 N as the quotient of the free module on pairs (m,n) by the submodule generated
by
(m+m/,n) — (m,n) — (m’',n), (m,n+n")— (m,n)— (m,n’),

(am,n) —a(m,n), (m,an) — a(m,n).

Denote a pair’s class by m ® n. Every element is a finite sum of these classes. A map out of the
free module kills the displayed relations exactly when its values on pairs are additive and A-linear
in both variables. It thus descends uniquely exactly for an A-bilinear map M x N — P. This
proves the universal property and uniqueness of the tensor product: the maps between two such
objects fix every pure tensor and are inverse. Applying maps to the two entries defines the tensor



of module maps; compositions and sums are verified on pure tensors. The maps m @ n +— n® m
and a ® n — an have inverses obtained by swapping again and by n +— 1 ® n, respectively. Their
well-definedness is precisely the displayed relations.

Let K C M. InT = (M®aN)/(k®n: ke K,ne N), the formula (m + K,n) — [m ® n]
is independent of the representative and is bilinear. It gives (M/K) ®4 N — T. The quotient
map M — M/K gives the inverse. Both composites fix every pure-tensor class. Consequently
K®QsN - M@sN — (M/K)®4N — 0 is exact. For any right exact sequence L — M — @ — 0,
put K =im(L — M). Every generator k ® n has a preimage from L ® 4 N, proving right exactness
for that sequence. Swapping factors gives the same assertion in the other variable. In particular
M ®a A/I ~ M/IM: the maps are m ®a — am mod IM and m mod IM + m ® 1, and multiples
from I vanish by the tensor relations.

The map M ®4 @; Ni = @;(M ®4 N;) sends m ® (n;) to (m ® n;). Its values have finite support.
The inverse sends the ith pure tensor to m ® ¢;(n;) and sums the finitely many components. These
formulas respect addition and scalar moves and their composites fix all pure generators. Thus
they are inverse; swapping proves the first-variable version. Combining with A ®4 N = N gives
AD @4 N = NI The coordinate exactness already proved makes free modules flat and proves
tensor compatibility with finite products. For a small diagram of modules, its colimit is the quotient
of the direct sum of all its modules by the elements ¢;(m) — ¢;(f(m)) for every transition f:i — j.
A linear map out of this quotient is exactly a compatible family, which proves this construction’s
universal property. Tensoring its right exact presentation and using the direct-sum formula produces
the quotient by the elements ¢;(m ® n) — ¢;(f(m) ® n): these generate all images of transition
relations, since a general element of their submodule is a finite linear combination of those relations
and pure tensors generate each tensor product. The same elements impose exactly the transition
relations in the direct sum of the tensors. This is their colimit, proving that tensor commutes with
such colimits without an adjoint-functor theorem.

To rebracket three factors, fix p € P and extend (m,n) — m ® (n ® p) by the bilinear universal
property to M ® 4 N. These extensions are additive and A-linear in p, as is checked on the generating
m @ n. They therefore define (M ®4 N) ®4 P — M ®4 (N ®4 P). Reversing the construction
sends m ® (n ® p) to (m ®n) ® p. The composites fix every triple pure tensor, hence are identities.
For A — B, make B ® 4 M a B-module by multiplying its first factor. If N is a B-module, the
maps

N®p(B®aM)— N®as M, n® (b®m)r— bn®@m,

and n®@m — n®(1®m) are inverse. In the forward map the B-balance is (cn)®(b@m) = n®(cb®@m),
and the inner A-balance moves an A-scalar from b to m. The inverse respects A-balance by moving
that scalar first into 1 ®m and then across the outer B-tensor. These checks and additivity establish
well-definedness; the composites fix pure generators. This also proves transitivity of scalar extension.
An A-linear map f : M — N into a B-module corresponds to the B-linear map B ® 4 M — N,
b® m — bf(m); restriction to 1 ® m is its inverse. This is the scalar-extension tensor adjunction.
All the identifications above commute with module maps because their formulas agree on every
pure generator.

If P is flat, the right-exact quotient calculation together with preservation of injections makes
tensor with P exact. For a map u: M — N, tensor 0 — keru — M — imu — 0 and the injection
imu — N. The resulting kernel is (keru) ® 4 P and the resulting image is (imu) ®4 P. For a
complex, apply this to cycles and boundaries and then to 0 - B™ — Z" — H™ — 0. It proves
H™"(C*®4 P) = H"(C*®) ®4 P, including unbounded complexes; no sum over degrees is used. In
particular flat tensor preserves the finite kernels and products used in affine descent.

For commutative A-algebras B,C, the rule (b® ¢)(V/ ® ¢’) = bb’ ® ¢’ gives a ring structure on
their module tensor product. Multiplication by a pure tensor preserves each defining additive and
scalar relation, by distributivity and the commuting base actions, so it descends in both arguments.
Checking on pure triples proves associativity; swapping factors proves commutativity, and 1 ® 1 is



the unit. Two A-algebra maps B — D, C' — D extend uniquely by b®c — f(b)g(c), since this map
is balanced and multiplicative. Restriction to b® 1 and 1 ® c gives the inverse correspondence. Thus
tensor is the coproduct of commutative A-algebras. In particular B ® 4 A[X;]/I = B[X;]/(IB[X;]):
send b® f to bf, with coefficients mapped to B. Conversely map B and each X; to b ® 1 and
1 ® X;; every polynomial in I vanishes. These algebra maps are inverse on B and the variables.
Variable and relation sets may be infinite, since every expression is finite.

Finally every vector space V over a field F' has a basis. Order its linearly independent subsets by
inclusion. A chain has an independent union because a relation involves finitely many vectors, all
in one member of the chain. Zorn’s lemma supplies a maximal independent subset; if it failed to
span, adjoining a vector outside its span would still be independent. Its coordinate map identifies
V with (). Therefore for every F-algebra B the vectors 1 ® e; are a B-basis of B ®p V, by the
free-tensor formula. Tensoring any injection of F-vector spaces with B is injective: choose an
F-basis of B and tensoring is a direct sum of copies of that injection. If V, W have respective bases
(vi), (w;), the same two direct-sum formulas identify V @z W with FUX/) carrying v; ® w; to its
coordinate vector. This gives the finite dimension product and preservation of a finite basis under
field extension; it also proves that the tensor of two nonzero vector spaces, in particular two field
extensions, is nonzero. The argument includes zero modules and empty bases. [

For a multiplicative subset S of a ring A, define S™'M by pairs (m, s) with (m,s) = (n,t) when
u(tm — sn) = 0 for some u € S. Addition and scalar multiplication have the usual common-
denominator formulas. The map S~!A®4 M — S™'M, (a/s) ® m + am/s, has inverse m/s
(1/s) ® m; the defining equivalence makes both maps well defined.

Lemma 1.1. Localization is exact. Filtered colimits of modules are exact. A module is zero if all
its localizations at prime ideals are zero.

Proof. A fraction m/s maps to zero precisely when some u € S kills the image of m. Replace
m/s by um/(us) to lift it from the kernel. An element of the localization of an injected module
maps to zero only when the same multiplier kills it in that module. Surjectivity is obtained by
lifting the numerator. This proves exactness. In a filtered colimit every element is represented at
one stage, and an equality between finitely many representatives holds at a common later stage.
Applying these two facts to kernels and surjections proves exactness of filtered colimits. If m # 0,
its annihilator is a proper ideal. It lies in a maximal ideal m, by Zorn’s lemma applied to proper
ideals; then m/1 # 0 in My, since an element outside m cannot annihilate m. This proves the last
assertion. [

A module is flat when tensoring with it preserves injections, and consequently short exact sequences
by the right-exactness calculation of Lemma 1.0. Exactness of localization proves that S~!A is flat.
The kernel, image and quotient calculations in Lemma 1.0 show that flat tensor commutes with the
cohomology of every complex and with the finite products used below.

Lemma 1.2 (Nakayama and local finite projectivity). If M is finitely generated and M = JM,
then some a € J satisfies (1 —a)M = 0. If J is contained in the Jacobson radical, M = 0. A finitely
presented flat module over a local ring is finite free; over any ring it is locally finite free.

Proof. If M = 0, choose a = 0; all assertions about this module are immediate. Otherwise choose
a finite generating list mq, ..., my, with n > 0. From M = JM write m; = 3_; a;ym;, with a;; € J,
and put B = I — (a;;). The matrix equation is Bm = 0. Here is the cofactor calculation over an
arbitrary commutative ring. Define the determinant by the finite signed permutation sum, and
define the adjugate as the transpose of the matrix of signed minors. Grouping that sum by the
chosen entry in a row or column gives its cofactor expansion. If two rows or two columns are equal,
pair each permutation with the permutation interchanging those positions: the two products are
equal and their signs are opposite, so their sum is zero in every characteristic. In the product of B
with its adjugate, a diagonal entry is the cofactor expansion of det B; an off-diagonal entry is the
expansion of a determinant with two equal rows or columns, hence is zero. The same argument in
the other order gives adj(B)B = Badj(B) = (det B)I. For a matrix of size one its minors have size



zero and determinant one. Every term in the expansion of det(/ — (a;;)) other than the constant
term 1 contains at least one a;;, and therefore belongs to the ideal J. Thus det B = 1 — a for some
a € J. Multiplying Bm = 0 by adj(B) gives (1 —a)m; = 0 for every generator, hence (1 —a)M = 0.
If J lies in every maximal ideal, 1 — a is a unit: a nonunit generates a proper ideal contained in
a maximal ideal, and that maximal ideal would then contain both a and 1 — a, hence one. The
existence of that maximal ideal is the Zorn argument of Lemma 1.1. Multiplication by the inverse
of 1 — a now gives M = 0. In particular this applies over every local ring with J contained in its
maximal ideal, without a Noetherian hypothesis.

First record the finite-kernel calculation for an arbitrary finite free surjection onto a finitely
presented module. Over any commutative ring A, let ) be finitely presented. Choose a finite
presentation A® — A® 5 Q — 0; its kernel L C AY is generated by the images of the finitely
many basis vectors of A% Given any finite free surjection p : A" — @ with kernel K, form
H = {(u,v) € A" ® A : p(u) = 7(v)}. Projection onto A" gives 0 — L — H — A" — 0, and
projection onto A? gives 0 — K — H — A’ — 0. Each projection is surjective because the other
presentation map is surjective, and each splits by the free-basis lifting calculation in Lemma 1.0.
Hence H ~ L @ A" is finitely generated, while K is a direct summand of H and is generated by
the projections of any finite generating list of H. Thus K is finite, including when one of the free
ranks is zero; no Noetherian assumption is used. Over a local ring (A, m) lift a basis of M/mM to
obtain a surjection A" — M by Nakayama. Its kernel K is finite, by finite presentation. Flatness
of M makes 0 - K ® A/m — (A/m)" — M/mM — 0 exact: tensor the presentation and use
preservation of kernels in a free presentation, equivalently resolve the last module by free modules
and use exact flat tensor. The last map is an isomorphism, so K/mK = 0. Nakayama gives K = 0.
For a prime p of a general ring, finite presentation localizes by applying localization to its finite
generators and relations. Flatness also localizes: the tensor identifications of Lemma 1.0 identify
tensoring an Ay-module with M, with tensoring it over A with M, so it preserves injections. The
local argument therefore makes M, finite free. Choose its basis. Each basis vector is m;/s; with
m; € M and s; ¢ p. Multiplying the basis vectors by these units still gives a basis. Sending the
basis of A" to the m; gives f : A" — M whose localization at p is an isomorphism. Its cokernel is
finitely generated, and each of its finitely many generators is zero after localization at p. By the
fraction-zero criterion of Lemma 1.1, a product g ¢ p annihilates all these generators. Thus f; is
surjective. Its kernel K is finite by the finite-kernel calculation just proved, because M, is finitely
presented. Exactness of localization gives (Kj), = 0. For each of its finitely many generators, the
same fraction-zero criterion supplies an element of A, outside pA, annihilating it; its numerator
lies outside p and also annihilates it. The product h ¢ p of these numerators kills all of K,. Hence
fon: A;h — My, is an isomorphism, proving freeness on a principal neighbourhood. For an empty
generating list use product 1, and the argument includes rank zero. This proves local finite freeness.
O

Here the elementary tensor-kernel assertion can be established without derived notation: if 0 —
K — F — M — 0 with F free and M flat, and N is presented as F; — Fy — N — 0 with the F;
free, lift a proposed kernel element to K ® Fy. Its image in F'® Fy comes from F'® Fi. Its image in
M ® Fy maps to zero in M ® Fp; flatness identifies this kernel with the image of M ® ker(F} — Fp).
Lift those elements to F', subtract them, and then lift the remaining element from K ® F;. The
proposed element was zero in K ® N.

Lemma 1.3 (the Noetherian inputs). A finitely generated algebra over a Noetherian ring is
Noetherian. Submodules of finite modules over a Noetherian ring are finite.

Proof. For an ideal I C A[z], the leading coefficients of elements of degree at most d form an
ascending sequence of ideals Ly of A. This sequence stabilizes, and every Ly before stabilization
is finitely generated. Choose polynomials of the corresponding degrees whose leading coefficients
generate these finitely many ideals. Given any polynomial in I, subtract suitable multiples of
these chosen polynomials to cancel its highest term; for degrees above stabilization multiply the
stabilized generators by powers of x. Induction on degree expresses it in the ideal of the finitely



many chosen polynomials. Thus A[z] is Noetherian. Iterate and take a quotient. For a submodule
of A", projection to the last coordinate has image an ideal, and its kernel is a submodule of A"
Induction and lifting ideal generators make the submodule finite. A finite module is a quotient of
some A"; apply the same statement to the inverse image of its submodule. [

Lemma 1.A (Tor for arbitrary modules). Let R be any commutative ring and M, N any
modules. Choose a free resolution P, — M by taking a free surjection onto the module and then
onto each successive kernel, and define Tor?(M, N) = H;(P, ®z N). This definition is independent
of the resolution, naturally symmetric in M, N, and has the natural long exact sequence of a short
exact sequence in either variable.

Proof.

For completeness, the resolution facts used here have the following algebraic proof. Given free
resolutions P, — M and P, — M’ and a map M — M’, lift it to Py — F}. If maps have been
chosen through degree i — 1, the image of d(F;) lies in the cycles of P/_;, which are the image of
P!; freeness of P; therefore supplies the next lift. Two such lifts are chain homotopic: after the
homotopy has been chosen below degree ¢, their degree-i difference minus the already prescribed
homotopy term maps to zero under the next differential, and freeness lifts it to P/ 11- The same
induction starts at degree zero because both lifts induce the same map on the augmentation.
Tensoring preserves the homotopy identity. Thus induced homology maps are independent of the
lifts, preserve compositions, and comparison maps between two resolutions of the same module are
inverse on homology.

Let Qe — N be another free resolution and form the first-quadrant double complex D), , = P,®r @)y,
with total differential dp ® 1 + (—1)’1 ® dg. Augmentation gives maps from its total complex to
P, ®r N and to M ®p Q.. Each is a homology isomorphism. Indeed, filter by the degree in the
unaugmented direction. In the other direction each augmented row or column is exact because its
fixed factor is free. To check the resulting homology assertion directly, start with the outermost
nonzero component of a cycle in the augmented kernel and use this exactness to subtract a total
boundary that removes that component; proceed to the next component. A chain in any fixed
total degree has only finitely many components, so this process terminates. The same process
applied to boundaries proves injectivity. The comparison maps just constructed make these two
augmentation isomorphisms natural. Interchanging the two resolutions, with the sign (—1)? on
P, ®r @, consequently gives
Torf (M, N) ~ TorF(N, M).

In particular Tor can be computed using a free resolution of either variable; a projective resolution
works as well, since projectives are summands of free modules and the same lifting and exactness
arguments apply.

For 0 - N’ — N — N” — 0, tensoring in each degree with the free module P; gives a short
exact sequence of complexes. If a cycle in the quotient complex is lifted to the middle complex,
its differential lies in the subcomplex and is a cycle there. Its homology class is independent of
the lift and of the cycle representative: changing either changes that differential by a boundary.
This defines the connecting map. The equations saying that a class maps to zero say precisely that
one can subtract a boundary and lift it to the preceding complex; they prove exactness at each
position. The construction commutes with maps of short exact sequences and gives

.o — Tor®(M,N') — Tor®(M, N) — Tor®(M,N") — Tor? |(M,N') — -- -,

ending in
Tor(M,N") — M g N' — M g N — M @ N — 0.

Balance gives the corresponding sequence in the first variable. These arguments require neither
Noetherianity nor finite generation. [



2. Modules on an affine scheme

Lemma 2.1 (the principal-cover calculation). If fi,..., f, generate the unit ideal in A, the
augmented alternating complex

0— M — [[ My — [[ My, — -
i i<j

is exact for every A-module M.

Proof. Localize at f,. Regard an ordered cochain as alternating, with repeated indices zero.
Inserting a as its first index defines a homotopy h lowering degree, including projection to My, in
degree zero. Every extra denominator f, is already a unit. Expanding the alternating differential
gives dh + hd = 1. The localized augmented complex is contractible. Localization commutes with
its finite products and its cohomology by Lemma 1.1. If an element of a cohomology module
vanishes at every f,, powers f;' all kill it. These powers generate one: an ideal they generate,
if proper, lies in a maximal ideal containing every f,, contradicting the unit-ideal hypothesis. A
linear combination equal to one kills the element. Thus the original cohomology is zero. [

The opens D(f) form a basis of Spec A. A collection of them covers precisely when its elements
generate one: a proper generated ideal lies in a maximal ideal, and otherwise a finite linear
combination already equals one. This also proves quasi-compactness and existence of finite principal
refinements of arbitrary open covers.

Define M on this basis by M(D(f)) = M. The first three terms of Lemma 2.1 give the sheaf
gluing axiom on every finite principal cover. An arbitrary cover has a finite principal refinement,
so these basis values extend to a sheaf, uniquely. Its stalk at p is M,. Exactness of localization
therefore makes M — M exact.

Proposition 2.2 (affine module-sheaf correspondence). Every quasi-coherent module on
Spec A is M for M = I'(Spec A, F). Maps between associated sheaves correspond bijectively to
module maps. In particular taking sections on the affine is exact on quasi-coherent modules.

Proof. Choose a finite principal cover D(f;) on which F is associated to an Ay,-module M;.
Restrictions on the overlaps identify (M;)y, with (M;), and satisfy the cocycle equations. Put

M =ker | [[ M; — [[(My)y, |
i i<j

where the arrow is the difference after these identifications. The sheaf axiom identifies M with
the global sections. Localize this finite kernel diagram at f,. Its cover now has a member equal
to the whole spectrum. Compatibility then says that every tuple is uniquely determined by its
a-th component, and every such component supplies the other components by restriction and the
overlap identifications. Thus My, ~ M,. The associated sheaf is therefore isomorphic to F on this
cover, compatibly on overlaps, and hence globally. A sheaf map gives a map of global sections; on
each D(f) its action is the localization of that map, since a fraction m/f™ must map to its image
divided by f™. Conversely localizing a module map defines a sheaf map. These operations are
inverse. Exactness of associated sheaves and the equivalence prove exactness on global sections. [J

Kernels, images and cokernels of maps between quasi-coherent modules are quasi-coherent: on
an affine they are the corresponding module operations by Proposition 2.2, and exactness can be
checked on stalks. Closure under extensions is proved after affine vanishing in Section 5. Localization

also identifies pullback along A — B with M ®4 B.

Proposition 2.3 (maps into an affine). For any locally ringed space X, maps X — Spec A
correspond bijectively to ring maps A — I'(X, Ox).



Proof. From a ring map ¢ send x to the inverse image of m, under A — Ox ,. This is prime.
The inverse image of D(a) is the open set where ¢(a) is a unit in the local ring; a local inverse
exists on a neighbourhood, so this set is open. On it the universal property of localization defines
Ay — T'(X4(a), Ox). The maps agree on intersections and define the sheaf map. The stalk maps
are local by the definition of the image prime. Conversely locality forces that image prime, and
localization forces each basis sheaf map; hence the construction is unique. It recovers ¢ on global
sections and is inverse to taking global sections. [J

3. Injectives, resolutions and extensible sections

An object is injective when a map to it extends across every injection. We supply the existence
assertions used to define cohomology.

Lemma 3.1. Module categories and sheaf-module categories have enough injectives. An injective
sheaf restricts to an injective on every open and is flasque, meaning that every restriction of sections
is surjective.

Proof. First give the integer relation calculation. For z € Z and d > 0, there are integers ¢, r
with z = gd 4+ r and 0 < r < d. For z > 0, choose the largest ¢ € {0, ..., z} satisfying ¢d < z. If
z —qd > d, then g + 1 also lies in that set and satisfies the inequality, a contradiction. For z < 0,
apply this calculation to —z = qgd 4+ 19; use ¢ = —qg,r =0 whenrg =0,and ¢ = —qg—1,r =d—1g
otherwise. If J C Z is a nonzero subgroup, choose its least positive member d. For z € J, the
remainder z — gd belongs to J and is smaller than d, so it is zero. Thus J = dZ; the zero subgroup
is 0Z. In particular every ideal of Z is principal.

Write D = Q/Z additively. It is divisible: for a class t + Z and d > 0, the class t/d + Z has d-fold
multiple t + Z. Let H C G be abelian groups and let x : H — D be a homomorphism. To extend
over a € G, set J ={k € Z: ka € H}. This is a subgroup of Z. If J =0, choose y = 0. If J = dZ
with d > 0, choose y € D satistying dy = x(da), using divisibility. Define

X' (h + ka) = x(h) + ky (he H, ke Z).

If h+ka=h +ka,then (k—k)a=h"—h. When J = 0, this forces k = k¥’ and h = h/. Otherwise
k—k =qd and ' — h = qda, so x(h' — h) = gqx(da) = qdy. The two displayed values therefore
agree. The formula is additive and restricts to y, so it defines a homomorphism on H + Za.

Order all extensions of x to subgroups between H and G by inclusion and restriction. The set is
nonempty, and a chain has an upper bound given by the union of its subgroups and the compatible
union of its maps. Zorn’s lemma supplies a maximal extension. If its domain omits an element
a, the preceding calculation extends it to the strictly larger subgroup obtained by adjoining a,
a contradiction. Its domain is therefore G. This proves that D is injective as an abelian group,
directly from the extension definition.

For 0 # x € G, apply the integer subgroup calculation to {k € Z : ka = 0}. If this is zero, define
a character on Zz by kxz — k/2 + Z. If it is dZ, then d > 2 and kx — k/d + Z is well defined:
changing k by a multiple of d changes k/d by an integer. In either case the image of x is nonzero.
Injectivity extends this character to G. Thus homomorphisms to D separate all nonzero elements.

For any ring R, the module £ = Homz(R, Q/Z) is injective, with (r\)(s) = A(rs): evaluation at
one identifies Hompg (N, E) with Homz (N, Q/Z). Map N into the product of copies of E indexed
by its additive characters, sending n in the character-\ component to r — A(rn). Separation makes
the map injective. Products of injectives are injective because extension can be made component
by component.

For a ringed space choose, for each point z, an injection F, — E, into an injective Ox ,-module.
The sheaf i, F, has sections E, on an open containing x, zero otherwise, and the induced ring
action. The adjunction



HOH]OX (g7 ZZ‘*EZ‘) - HomOX’x (gI7 EI)

and exactness of stalks make it injective. The natural map F — [], iz« E, is injective: projecting
its stalk at = to the z-component recovers the chosen injection. Thus sheaf modules have enough
injectives.

For an open immersion j : U < X, extension by zero j is an exact left adjoint to restriction; its
stalks are unchanged on U and zero outside. Adjunction makes restriction preserve injectives. To
extend a section of an injective Z from U to V, use the injection 5Oy — Oy. Homomorphisms
from these two modules to Z|y are exactly sections on U and V. Injectivity gives the desired
extension. [J

Repeatedly embed a sheaf and its successive cokernels into injectives. This gives an exact resolution
0= F =12 T' — ... Define HY(U,F) as the cohomology of its section complex. A map
between sheaves extends to a chain map between resolutions: after degrees below n have been
treated, exactness makes the required degree-n map well defined on the image of the previous
differential, and target injectivity extends it. Two extensions are homotopic by the same induction,
applied to their difference. This proves independence of resolutions and naturality. For a short
exact sequence, choose injectives for the two end terms and extend into their direct sum; iterating
on cokernels produces a degreewise split short exact sequence of resolutions. Taking sections and
lifting cocycles then gives the long exact cohomology sequence, with its usual connecting map.
These constructions prove the properties of derived cohomology needed here.

Lemma 3.2 (flasque lifting and acyclicity). In0 - A — B — C — 0, if A is flasque, every
section of C lifts to B on every open. If B is also flasque, so is C. A flasque sheaf has zero positive
cohomology on every open.

Proof. Choose local lifts of a given section and well order their covering opens. At a successor
step the new lift and the already glued lift differ on their overlap by a section of A. Extend that
difference to the new open using flasqueness, correct its lift, and glue. At a limit step the compatible
previous lifts glue by the sheaf axiom. This constructs the lift on the whole open. To extend a
section of C from a smaller open, lift it to B, extend there by flasqueness, and project. Finally
embed a flasque sheaf into an injective. Its cokernel is flasque by the assertion just proved. Iterate.
Every successive short exact sequence is exact on sections by the lifting assertion, so the section
complex of this injective resolution is exact in positive degrees. [J

More generally a resolution by section-acyclic sheaves computes cohomology: writing its successive
kernels, their long exact sequences identify the cohomology of its section complex degree by degree
with the groups defined by an injective resolution. This dimension-shifting argument uses only
finitely many kernels in each degree. Direct image sends flasque sheaves to flasque sheaves because
its restriction maps are restrictions between inverse-image opens. Its higher direct images are the
sheafification of V +— H?(f~1V, F): both are obtained from the same section complexes, and passing
to a stalk commutes with kernels and cokernels by exactness of filtered colimits. Consequently
flasque sheaves are also direct-image-acyclic. Applying the acyclic-resolution comparison twice
proves

RL(Y, Rf.F) = RT(X, F)

for a sheaf in degree zero, with the actual scalar action induced by the ring map. The notation here
denotes the resolution complexes up to quasi-isomorphism; the equality follows from their common
section complex, not from a separate composition theorem:.



4. Finite covers and the spectral-sequence calculation

For a finite open cover Uy, ..., U, set Ur = (\;c; U; for increasing index tuples I, and let j; : Uy — X.
The augmented sheaf complex of finite products [[|;—p11(jr)«(G|u,) is exact. At x choose a with
x € U, and restrict to a neighbourhood contained in U,. Inserting a as the first index gives a
homotopy, exactly as in Lemma 2.1; it works on that neighbourhood even for a boundary stalk of a
direct image. This proves exactness on stalks.

Apply this complex to every term of an injective resolution. Restriction preserves injectives by
Lemma 3.1; direct image under an open immersion preserves them because it is right adjoint to
exact restriction. The augmented rows are finite exact rows of injectives. Their first injection splits;
its cokernel is an injective direct summand, so induction splits the row. Thus taking sections leaves
the rows exact. The section double complex

crt= [ 1%, 0<p<r, ¢>0,
|I|=p+1

with differential d¢ + (—1)Pd;, has total complex quasi-isomorphic to I'(X,Z*®) by the horizontal-row
calculation.

For precision we give the filtered-complex calculation used in both directions. Write K = Tot C'

and FPK" = @,>, C*"* For s > 1 put

7P = {5 € FPKPY : dz € FPHsgrtatly  pra — gpa)(zptlasl  gzp-stlats=2y

with Z§'? = FPKPT4. Both terms in the denominator lie in the numerator: their differentials lie in
FP*5 or are zero. The differential of a representative gives a well-defined map dg : EP? — EP+sa=s+1,
If its class is zero, write dz = a + db with a € ZPT5T1975 and b € ZP1 197! Replacing z by z — b
raises the filtration of its differential by one. Conversely every such raised cycle lies in the kernel.
Quotienting also by the image of ds adds the boundaries with preimages in filtration p — s. These
are precisely the numerator and denominator for Fsi1. Thus Esi1 = H(Es,ds). At the first page
this gives vertical cohomology, followed by the horizontal restriction differential.

The filtration has only r pieces. For large s its numerator consists of genuine cycles and its
denominator consists of the next filtration of cycles plus all boundaries lying in F?. Hence EB:?
is the corresponding successive quotient of the filtration on HPT4(K). No infinite convergence
assertion is being assumed. We have proved

EM = [ HYU,,F) = H'Y(X,F).
|I|=p+1

4.1. The general Leray comparison

Theorem 4.1 (Leray). For a morphism of ringed spaces f : X — Y and a sheaf of Ox-modules
F, there is a first-quadrant spectral sequence

HP(Y, RUf,F) = HPT9(X, F).

The Oy-action is induced by the given morphism of structure sheaves.

Proof. We give the double resolution used in this assertion. First, if0 4 A —- B - C —-0isa
short exact sequence of module sheaves and injective resolutions of A and C have been chosen, it
has a compatible injective resolution of B whose degree-p term is the direct sum of their degree-p
terms. At degree zero extend the map A — I to B — I by injectivity and combine it with



B—-C— Ig. This map B — I3 @ Ig is injective: a vector killed by its second component belongs
to A, where its first component is the chosen injection. Its cokernels form a short exact sequence
0— I9/A — (IY®I2)/B — I2/C — 0. For the middle kernel calculation, subtract a lift in
B of the element of C represented by the second coordinate; the remaining representative has
second coordinate zero, and its ambiguity is exactly A. Repeat the construction on these cokernels.
Composing each quotient with its next injection defines the differentials, and proves exactness and
compatibility in every degree. The resulting short exact sequence of resolutions is split in each
degree by its direct-sum description.

Now let K® be any complex of sheaves in nonnegative degrees. Put B¢ = imd9~!, Z¢ = ker d? and
HY = 7Z9/B%. Choose injective resolutions of the B4 and HY, taking B® = 0. Apply the preceding
construction to 0 — BY — Z9 — HY — 0 and then to 0 — Z¢ — K% — Bl — 0. This gives
resolutions J*? of K9, with degreewise split exact sequences for both rows. Define their vertical
differential by the composite

JPa >ng+1 I%qﬂ s JPatl

Here the first arrow is the second resolution’s quotient map and the other arrows are its compatible
inclusions. Its square is zero because the quotient in the next degree kills the included Z971.
These are maps of resolutions, so the vertical and horizontal differentials commute. At fixed p, the
vertical boundaries, cycles and cohomology are respectively 17, 19 and I7;?. All these sheaves are
injective, and their short exact sequences split. Taking sections therefore preserves this description.
Every term JP? is injective, and the horizontal complexes resolve K9.

Take an injective resolution Z*® of F on X and apply this construction to K® = f,Z°. Each K1 is
flasque, by Section 3, hence acyclic for sections on Y. The horizontal cohomology of I'(Y, J*1) is
consequently T'(Y, K9) in degree zero and zero in positive degrees. The corresponding filtration
of the section double complex identifies its total cohomology with that of I'(Y, K*) = I'(X,Z°*),
namely H*(X,F).

For the other filtration, the split boundary and cycle sequences just constructed identify vertical
cohomology with T'(Y, I;?). Its horizontal cohomology is H?(Y, H1(K*)), since I3;? resolves that
sheaf. By the definition of higher direct image, H?(K*®) = R?f.F. Use the same alternating-sign
total differential and filtered-complex calculation given above. In each total degree only finitely
many pairs p, ¢ > 0 occur, so the filtration is finite and converges to the stated total cohomology.
This proves the claimed spectral sequence, including its target, without presuming a composition
theorem. [

5. Affine vanishing without a cited replacement proof

Theorem 5.1. For every ring A, every A-module M and every ¢ > 0, H%(Spec A, M) =0.

Proof. Induct on ¢, simultaneously for all rings and modules. A positive-degree cohomology class
is locally zero: represent it by a cocycle in an injective resolution; exactness of the resolution as
sheaves makes this cocycle a boundary on a neighbourhood of each point. Choose a finite principal
cover on which the class is zero. Apply the spectral sequence of Section 4. Its intersections are
principal affines with the localized module. For ¢ = 1 the kernel of restriction to the E? 1 terms
is the first filtration piece; the only possible term there is the positive-degree cohomology of the
section complex in row zero, which is zero by Lemma 2.1. For general ¢, all rows 1,...,¢q— 1
vanish by induction on those affine intersections. The row-zero positive cohomology is again zero by
Lemma 2.1. A class restricting to zero on the covering members lies in filtration at least one, whose
total-degree-q successive quotients are therefore all zero. It is zero. This completes the induction.
d

Corollary 5.2 (extensions remain quasi-coherent). In an exact sequence of module sheaves
0 — F1 — Fo — F3 — 0, quasi-coherence of the two end terms implies quasi-coherence of the
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middle term.

Proof. Work on X = Spec A. Theorem 5.1 and the long exact sequence give an exact sequence
0 - My — My — M3 — 0 of their section modules. The same holds on every principal D(f).
Localize the first sequence and compare it with the latter. Proposition 2.2 identifies the two end
modules with their localizations, so an elementary kernel-and-lift argument identifies My  with
I'(D(f), F2): lift an element through the right term and correct its difference in the left term; the
same diagram detects a zero element. These identifications commute with restriction, and therefore
give Mg ~ F5. This is local on X and proves the assertion. [

For a separated scheme over an affine base, finite intersections of affine opens are affine: the
closed diagonal pulls their affine product back to that intersection. Thus the row-zero section
complex computes quasi-coherent cohomology by Section 4 and Theorem 5.1. For a quasi-compact
quasi-separated scheme, intersections in a finite affine cover are quasi-compact separated opens of
one affine member. Keep their cohomology in the spectral sequence instead of treating them as
affine.

6. Flat base change and localization of quasi-coherent cohomology

Statement. Let X be a quasi-compact quasi-separated scheme over Spec A, let F be quasi-coherent,
and let B be any flat A-algebra. Write g : Xp — X for the projection and Fg = ¢g*F. For every
q > 0, the canonical map is an isomorphism

HYX,F)®a B — HYXp,FB).

Theorem 5.1 above proves affine vanishing: for every ring R and every R-module M,
HY(Spec R, M ) =0 for ¢ > 0. Proposition 2.2 above proves the affine module-sheaf correspondence,
and Sections 3-4 construct the injective and filtered-cover comparisons used in the proof. No finite
generation, Noetherianity or finite presentation is assumed for A, B or F.

The separated case and the ordered cover construction.

First suppose that X is separated over the affine base. Choose a finite affine open cover Uy, ..., U,.
For a strictly increasing tuple I = (ig < --- < ip) put Uy = U;, N---NU;,, and let j; : Uy — X.
Empty intersections contribute zero. Every Uy is affine: the intersection of two affine opens is the
inverse image of their affine product under the closed diagonal, and induction gives the assertion
for finite intersections.

We construct the cohomological comparison rather than assume that a section complex computes
it. For any sheaf of modules G, form the augmented alternating sheaf complex

0—G—CG) — - —C NG —0, G = [I (GnGlv)

i< <ip

The differential is the alternating sum of restriction maps. This complex is exact on stalks. Indeed,
near a point x choose a with « € U, and restrict to a neighbourhood V' C U,. Regard an ordered
cochain as alternating in all its indices, with repeated-index components zero. The map lowering
the degree is

(h)ig...ip—1 = Caig...ip1-

It is well defined because V N Ur NU, = V NU;. In degree zero it takes ¢, to a section on
V, the augmented term. Expanding the alternating differential cancels all terms except ¢, so
dh + hd = 1, including the augmented degree. This proves exactness even when a direct-image
stalk at a boundary point is nonzero.

11



Take an injective resolution F — Z°® in sheaves of Ox-modules. Restriction to an open preserves
injectives: its left adjoint, extension by zero, is exact, as one checks on stalks. Direct image under
an open immersion also preserves injectives because it is right adjoint to exact restriction. Thus
each term of the augmented sheaf complex for Z7 is injective. Its first injection splits, and successive
cokernels are injective direct summands; inductively the whole finite exact row splits. Applying
global sections therefore leaves it exact.

Consequently the augmentation from I'(X,Z®) to the total complex of

P4 = H F(UI’Iq‘UI)’ O§p<r, QZO,
10 <+ <ip

is a quasi-isomorphism. Here the total differential is deover + (—1)Pdresolution. Exactness of the
augmented horizontal rows proves the assertion by the row filtration. Each total degree contains
finitely many terms.

The column filtration FP Tot™ = @, C*"~* gives the ordered-cover spectral sequence

azp

EYY= 1] HYU; Fly,) = H'Y(X,F),

i<+ <ip

with d; the alternating restriction differential. Explicitly, for s > 1 set

A
p+1l,q—1 p—s+1,q+s—-27
Zs—l + dZs—l

7ZP4 = {7 € FPTotP™ : dz € FPT* TotPTat1Y, EP1 =

where ZJ'! = FP TotP*?. The total differential induces ds : EP4 — EPT$475T1 and taking its
cohomology gives the next page. Extend the filtration by FP = Tot for p < 0 and F?P = 0 for
p > r. For sufficiently large s, the cycle condition is dz = 0 and the denominator accounts for
the next filtration piece and all boundaries lying in FP. Thus the stable terms are the associated
graded pieces of cohomology. There are only r columns, so each abutment has a finite filtration
and convergence involves no infinite-product or completion issue. This construction works for any
finite open cover, including covers with non-affine intersections.

For our separated affine cover, affine vanishing makes every row with ¢ > 0 on F; zero. The
augmentation therefore canonically identifies cohomology with that of the finite section complex

U, Fy= [ rw.F).

i9<-<ip

If Ur = Spec R and Fly, = M, its base change has sections

M ®r(R®4B) =M ®4 B.

These identifications commute with restriction. Tensor also commutes with the finite products, so
the section complex on Xpg is the section complex on X tensored with B. Flat tensor preserves
kernels and images and hence cohomology. This proves the claimed isomorphism in the separated
case.

Canonical comparison and nonseparated intersections.

To identify the preceding calculation with the canonical map and compare the general cover spectral
sequences, choose an injective resolution Fp — J* on Xp. The projection g is flat, so ¢g*Z* is a
resolution of Fp. Target injectivity extends its identity on Fp degree by degree to a chain map
g*I* — J°. The same extension argument makes any two choices chain homotopic. Pulling back
sections and multiplying by elements of B gives a map of augmented double complexes
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CPUX,T)®4 B — CPY(Xp, J).

Its augmentation is the usual cohomology base-change map; its column maps are the canonical
comparisons on the intersections. It is independent of the resolution choices and compatible with
restriction and successive base changes. Since B is flat, the source total complex has cohomology
H"(X,F)®a B. Flat tensor also commutes with the cycles, boundaries and finite sums defining
every spectral-sequence page.

Now let X be merely quasi-compact and quasi-separated. Choose a finite affine cover as before.
Each Uy is quasi-compact, by quasi-separatedness and finite intersection, and is separated over
Spec A, since it is an open subscheme of the affine U;,. It need not be affine. Apply the separated
result to each Uj. It shows that every term of the comparison on E; is an isomorphism, for all
q > 0. Therefore every subsequent page and every associated graded piece of the abutment is
an isomorphism. Induction through the finite filtrations gives an isomorphism of the abutments
themselves. This proves the statement for every flat A-algebra B.

Localization and higher direct images.

Taking B = S~!A for any multiplicative set gives, canonically,

ST HI(X, F) = HY(X x4 SpecS 1A, Fg-1y4).

This includes A — A, and A — A,.

For completeness, let f : X — Y be a quasi-compact quasi-separated morphism and let F be
quasi-coherent. The sheaf R?f,F is the sheafification of V +— HI(f~'V, F). Indeed, use an injective
resolution on X, restrict it to f~'V, and take stalks of f,Z*; filtered colimits of modules are
exact, so taking cohomology commutes with that stalk limit. On an affine V' = Spec A, put
M = HI(f~'V,F). The localization result identifies the presheaf on every distinguished D(a) C V
with M, compatibly with restriction. Its sheafification is therefore M. This proves quasi-coherence
of R1f,F and supplies the canonical identification of its sections on V with M.

If h: Y’ — Y is flat, cover Y’ by affines W = Spec B mapping into affines V = Spec A of Y. Here
B is flat over A. For the Cartesian base change f’ : X xy Y’ — Y’  the theorem identifies the
modules describing both sides of

WRIf.F —s RIf Fy.

Naturality makes these identifications agree on overlaps, so this is an isomorphism of sheaves. In
particular, at y € V' corresponding to p,

(R F)y = HY(f~'V x4 Spec Ay, Fa,).

This is the flat-localization identity needed for the stalk calculation in AG-RG-05, §9. [J

7. Projective space by its affine charts

Define projective space by gluing the affine charts with coordinates T;/T; using their ratio transitions.
The twists are glued rank-one modules with the corresponding degree transitions. Thus the displayed
section modules below follow from this construction; no Proj existence theorem is an additional
proof input.

Projective space is separated over A, by a direct diagonal calculation. On the product of charts
Ui xaUj put o; = T;/T; and y; = S5;/S;, with z; = 1 and y; = 1. Its diagonal has equations
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zjy; = 1 and x; = x;y; for every I. The quotient of the product-chart coordinate ring by these
equations is A[z; (I # 1), x;l], the coordinate ring of U; N Uj. If i = j the equations simply identify
x; = y;. Hence the diagonal is a closed immersion on every product chart. These charts cover the

product, so the diagonal is a closed immersion and the asserted separatedness follows.

Lemma 7.A (projective-space properness). For every scheme S and integer n > 0, the
projection P — S is proper. Here proper means separated, of finite type and universally closed;
no Noetherian or reducedness hypothesis is imposed.

Proof. The diagonal calculation above proves separatedness over every ring. The n + 1 standard
charts are polynomial algebras in n variables over the base, so they give finite type. We prove
closedness after every base change directly.

Work over an arbitrary affine base Spec A and put P = A[Ty,...,T,], with each variable of degree
one. Every closed subset Z of P is V,.(I) for a homogeneous ideal I C P, possibly with infinitely
many generators. To see this from the chart construction, a principal open of the i¢th chart has an
equation g(7;/T;) # 0. Homogenize g to a homogeneous polynomial f; this open is D, (T;f), since
the extra factor restricts it to the ith chart. These opens form a basis. Express the complement
of Z as their union and let I be generated by their homogeneous equations. The corresponding
quotient B = P/I has exactly Z as its projective support: its ith chart is the quotient of A[T}/T;]
by the degree-zero localization of I.

Each degree module By is a finite A-module, since it is a quotient of the finite free module on the
degree-d monomials. For any finite A-module M,

{p: M ®4k(p) #0} =Supp M = V(Annyg M).

Indeed M, = 0 exactly when an element outside p kills all of a finite generating list: clear the
finitely many localization denominators. This is equivalent to Ann M ¢ p. The residue quotient is
zero exactly when M, = 0, by the determinant Nakayama proof of Lemma 1.2. Thus the displayed
set is closed even when M is not finitely presented.

The fibre of Z at p is the projective support of B® 4 k(p). This follows on each chart by quotient and
localization, which commute with scalar extension. Its fibre is empty exactly when some degree of
this graded algebra is zero. In fact an empty fibre makes every standard chart empty. Its degree-zero
localization ring is then zero, by the maximal-ideal argument of Lemma 1.1. Consequently a power
of each Tj is zero in the graded algebra. If these powers are T;*, every monomial of degree greater
than >",(e; — 1) has one of them as a factor, so that degree is zero. Conversely, if degree d is
zero, then each Tfl is zero (if d = 0, the whole algebra is zero), making every chart empty. All
larger degrees are zero too, since the algebra is generated in degree one. Right exactness of tensor
identifies its degree d with By ®4 (p).

It follows that
image(Z — Spec A) = ﬂ V(Anny By).
d>0

An arbitrary intersection of closed sets is closed. The argument works over every ring A and for
every closed subset, including ideals that are not finitely generated. Apply it on each affine open
after an arbitrary scheme base change. Closedness is local on the target: a subset is closed if its
intersections with a covering family of opens are closed there. Hence the projection is universally
closed. Together with its already proved separation and finite type this proves properness. [

Corollary 7.B (the properness consequences used below). Proper morphisms are preserved
by base change and composition. Closed immersions are proper. If X — S is proper and Y — S is
separated, every S-morphism X — Y is proper; when it is an immersion, it is a closed immersion.

Proof. Universally closed maps remain so under base change, since an iterated base change is a
base change, and under composition, since images of closed sets are closed at both steps. Finite type
remains so under base change by tensoring a finite algebra generating list, and under composition
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by joining finite generating lists on affine charts; the finite covers expressing quasi-compactness also
pull back and compose. Separatedness remains so under base change by the diagonal formula. For
X =Y — S, the diagonal X — X xg X factors through its closed relative diagonal X — X xy X
and the closed immersion X Xy X — X xg X obtained by pulling back Ay/g. This proves its
preservation under composition.

On affine charts a closed immersion is a quotient map A — A/J. It is of finite type with zero
algebra generators, even for an infinite ideal J. Its diagonal is an isomorphism, and its images of
closed sets are closed; quotients have the same properties after base change. Thus it is proper. For
a morphism g : X — Y as in the statement, the graph X — X XgY is closed, being the pullback
of Ay,g. Projection X xgY — Y is the base change of the proper map X — S. Their composite
g is therefore proper. If g is an immersion, it is a closed immersion on an open neighbourhood U of
its image by the definition of immersion. Properness makes that image closed in Y. On U the map
is closed, and on the open complement of its image it is the empty closed immersion. These opens
cover Y, and their quotient ideals glue, proving that g is a closed immersion. [J

The statements can be compared with the freely readable Stacks, Tag 01WC. The graded-module
and graph arguments above provide the programme proofs used here.

The monomial section complex

Fix a ring A, an integer n > 0, and the standard graded ring
S = AlTy,...,T,], degT; = 1.

Write P} = Proj S. The twist O(d) is the sheaf of the graded module S(d), with S(d)m, = Sgtm.
On a nonempty intersection of standard charts,

D(D4(Tig) M-+ N D(T;,), O(d) = ST, .. T Ha
The subscript means homogeneous degree d. Inverting the product of these variables is equivalent
to inverting each of them. These intersections are affine; for example, the chart indexed by i has
coordinates T} /T;. Thus the finite-cover comparison of Sections 4-5 above identifies cohomology
with the ordered Cech complex

crdy= € STt T

10<<1p

It stops in degree n. The differential is the alternating sum of restrictions, with increasing indices
and the sign of the deleted index’s position.

Each term is a free A-module on Laurent monomials. This remains true when A has torsion or
zero divisors: the monomials are formal basis vectors of the polynomial localization. A weight is an
integer vector e = (ey,...,e,), with total }_ e; = d. The monomial T occurs in the factor indexed
by a subset I exactly when

N(e)={i:e; <0} C I

The differential preserves weights. The whole complex is therefore a direct sum of complexes C*(e),
each having a copy of A for the nonempty subsets I containing N (e). Its differential uses only zero
maps and signed identity maps between these copies.

These are direct sums rather than products over the weights: every Laurent polynomial has finite
support, and only finitely many chart subsets occur in a fixed degree. Direct sums are exact, so
cohomology can be computed separately at each weight.
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Negative exponents determine cohomology

Lemma 7.1 (the three weight cases). For a weight e, the cohomology of C*(e) is:

Negative indices Surviving cohomology
None One copy of AT* in degree zero
All n + 1 indices One copy of AT® in degree n

A nonempty proper subset Zero in every degree

Proof. If every exponent is negative, only the subset I = {0,...,n} is allowed. Its copy of A is
the whole complex, in degree n.

If no exponent is negative, every nonempty subset is allowed. This is the ordinary simplex cochain
complex, with A as its degree-zero cohomology. More explicitly, augment it by a copy of A in
degree —1, whose map is the diagonal. Inserting a fixed index gives a contracting homotopy of this
augmented complex. Thus the original complex has the stated cohomology.

Now suppose N (e) is nonempty and proper. Choose j ¢ N(e). Regard an ordered cochain as an
alternating function of distinct indices, with value zero on any tuple whose set does not contain
N(e), and zero on repeated indices. Define

(h€)ig...ip—1 = Cjig..ip_1-

Insertion is followed by reordering with its sign. This map is well-defined: adjoining j does not
change whether a subset contains N(e). The identity dh + hd = 1 follows by pairing each deletion
other than the inserted j with its opposite-sign counterpart; deletion of j contributes the original
cochain. In degree zero the would-be augmented term is absent because N(e) # &, and the
same calculation still works: the value at the singleton {j} is zero. This is a contraction of the
unaugmented complex, so all its cohomology is zero. [J

For a concrete example with three variables, take N(e) = {0}. The weight complex is
A— A2 — A, a+— (—a,—a), (b,e)—>b—c.

The two middle entries correspond to {0,1} and {0,2}. The last map is surjective and its kernel

is the diagonal, exactly the preceding image. With N(e) = {0, 1}, the only terms are A L Ain
degrees one and two. With all three exponents negative, only the last A survives. These small
complexes illustrate the general cancellation without dividing by an integer.

Put r=n+1. Forn > 1, let
Li= & Ar-
e;<0 for all ¢

Z e;=d
It is zero unless d < —r. It can also be written as the homogeneous degree-d part of

1

— ATy T,
Ty---T), [To - ]

n

The expression is a module of reciprocal monomials, not a ring.

Theorem 7.2 (cohomology of every twist). If n > 1, then

de q:Oa d207
Hq( Z,O(d)) = Ld7 q=n, dS —7’L—1,

0, otherwise.
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All the nonzero modules are finite free over A. For n = 0, instead,

H°(PY%,0(d)) = A for every integer d, H?=0 (q>0).

Proof. For positive dimension, Lemma 7.1 and the weight direct sum identify degree-zero classes
with monomials having nonnegative exponents, and top-degree classes with monomials having
strictly negative exponents. All other weights are contractible. The sum condition gives the stated
ranges. For fixed d, there are only finitely many vectors of nonnegative exponents summing to d,
or of strictly negative exponents summing to d, proving finite freeness.

In dimension zero there is one chart, and its degree-d section module is AT for every integer d.
This is A; geometrically P% = Spec A, and the trivializing generator of the twist is Tgl, including
negative powers. There are no higher Cech terms. [J

The separate zero-dimensional clause prevents a false negative-twist vanishing statement when
degree zero is also top degree. For n > 1, all groups vanish in the entire interval —n < d < —1. The
calculation is [Stacks, Tag 01XT], with the two cohomological degrees kept distinct when necessary.

A pairing with no factorials

The top group of O(—r) is free of rank one. Fix its trace by

1
tr {] — 1.
Ty T

For m > 0, multiplication by global sections gives a bilinear pairing
S x HY (P, O(=m — 1)) — H"(P",0(—7r)) = A.

Theorem 7.3 (perfect monomial pairing). This pairing is perfect: each module is the A-linear
dual of the other.

Proof. Index the monomial basis of .S, by vectors «; > 0 with > «; = m. A corresponding basis
of the other group is
Uy = Ty LT om L

The product T?u, has exponent 8; — a; — 1. If 8 = a, it is the trace generator. If the vectors
differ but have the same total, at least one 3; > «;, so that product has a nonnegative exponent
and represents zero in top cohomology by Lemma 7.1. The pairing matrix is therefore the identity.
This proves perfection over every ring, including rings with positive characteristic or nilpotents. [J

The proof also applies to n = 0 using the generators of its one-chart section modules. There is no
appeal to integration and no normalization by a factorial. This will be the local calculation behind
Serre duality later in the course.

Proposition 7.4 (base change and polynomial multiplication). The preceding identifications
commute with every ring map A — B, including nonflat ones. If f € S,, multiplication by f on
top cohomology is the dual of

f
S s =S5 ar
where negative homogeneous pieces are zero and n > 1.

Proof. The section complex over B is obtained by replacing the coefficient ring in every monomial
factor by B. The weight contractions use only signed identities, so they remain contractions after
any coefficient change. The surviving bases also change by extension of scalars. The resulting
isomorphism

H(P’4,0(d)) ©4 B ~ H* (P, O(d))
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is the natural one induced by the chart section complexes. No general nonflat base-change theorem
is being assumed here.

For the multiplication statement, let u be a top class and g a homogeneous polynomial of degree
—d — s — r. Associativity of multiplication gives

tr(g(fu)) = tr((fg)u).

The perfect pairing identifies this equality with the claimed dual map. Products that leave the
negative-exponent range are zero classes, as already proved. [J

This functorial form agrees with [Stacks, Tag 01XV]. In particular, the finite free modules in the
calculation retain their ranks under every specialization of the base ring.

8. Projective finiteness, ample embeddings and vanishing

Clearing denominators in a line bundle

For a line bundle L and a section s € H(X, L), write X, for the open where the section generates
the line. Multiplication by s gives maps F ® L* — F ® Lo+,

Lemma 8.1 (extension after a power). If X is quasi-compact and quasi-separated, F is
quasi-coherent, and s is as above, the natural map

colim HY(X,F®L*) — H°(X,, F), t+—t/s?,
az

is an isomorphism. In particular every section on Xy extends after multiplying by a sufficiently
high power of s.

Proof. Choose a finite affine cover U; trivializing L. On U;, write s = f; in that frame and F = MZ
Then U; N Xy = D(f;), and sections there are elements of (M;)y,. Each is a fraction with a finite
denominator, so a section on X, has local lifts in F' ® L* for a common exponent a.

On each overlap the difference of two lifts becomes zero after inverting s. The overlap is quasi-
compact by quasi-separatedness. Cover it by finitely many affines trivializing L; on each, an element
that is zero in a localization is killed by a power of its local equation. A common power kills the
difference on the whole overlap. There are finitely many pairs, so one further power makes all lifts
agree. They glue to a global twisted section. This proves surjectivity. If a global twisted section
restricts to zero, the same localization argument on the finite cover kills it by a common power of
s; it is therefore zero in the colimit. This proves injectivity. [

The same argument works with a section of L?, using powers L%. It does not require s to be a
nonzerodivisor. The associated section-module recovery is [Stacks, Tag 0AG5]; here the denominator
argument also explains its compatibility with the usual maps from homogeneous elements.

Now let R be Noetherian, S = R[Ty,...,Txn], and P = P¥. The scheme P is Noetherian by
Lemma 1.3 above: each standard chart is a polynomial ring over R. A coherent sheaf on a locally
Noetherian scheme is a quasi-coherent sheaf with finite modules on affine opens. Kernels and
cokernels of maps between such sheaves are coherent, because submodules of finite modules over
Noetherian rings are finite.

Proposition 8.2 (finite generation by twists). For every coherent F' on P, there is a finite
surjection
Op(—a)®™ - F

for some a > 0. Moreover F'(d) is generated by finitely many global sections for every sufficiently
large d.

Proof. On D, (T;), choose finitely many module generators of F. Lemma 8.1 extends each
generator, after multiplication by a power of Tj, to a global section of some F(a;;). Choose a
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common a > 0 at least as large as every a;;, and multiply these sections by Tiafa”' . On the i-th
chart the multiplier is a unit in the chart’s twist frame, so the resulting global sections of F'(a) still
generate there. All charts together give a finite global generating family, which is equivalent to the
displayed surjection. For d > a, tensor it with O(d). The source is a sum of copies of O(d — a),
generated by its polynomial monomials; their images generate F'(d). This also treats N = 0, where
the scheme is affine and every twist is trivial. [J

Global generation means that the evaluation map from global sections tensored with Op is surjective.
It does not mean that every local generator is itself the restriction of an untwisted global section.
The power of the chart coordinate is what makes local information extend.

Lemma 8.3 (an ample power gives an immersion). Let X be quasi-compact and quasi-
separated and of finite type over an affine scheme Spec R. Let L be ample. There are b > 0 and an
immersion i : X — Pg with Lb = i*O(1). If X is proper over R, the immersion is closed.

Proof. We use the affine-section definition of ampleness: the affine opens X, for sections s of
positive tensor powers of L, form a basis. Quasi-compactness supplies a finite cover by such opens.
Taking powers of the finitely many sections replaces their degrees by a common positive multiple
m, without changing their nonvanishing opens. Denote the resulting sections by s; € H(X, L™)
and write X, = Spec B;. Each B; is a finite-type R-algebra, with the following explicit affine-chart
argument. Write W = X, = Spec B;. At a point of W, choose a finite-type affine chart V' of
X/R, then a principal open W, containing that point and contained in V', and finally a principal
open V}, containing the point and contained in W,. As W, C V, the restriction of h is a fraction
b/g? in (B;)g. Hence V) = Wy N'Vy, = (Wy), = Wyt it is a principal open of W, and its algebra
is finite type over R by localization of the chart algebra of V. Quasi-compactness gives finitely
many such opens Wj,. Choose finite generators for every (B;);, their finitely many numerators
in B;, and coeflicients e; € B; with }_,e;b; = 1. Let B’ be the R-subalgebra generated by these

numerators, all b; and all e;. Then Bl/>j = (Bi)p,- For b € B;, some power b;-vj b belongs to B’ for

each j. A sufficiently large power of 3, e;b; = 1 expresses 1 as a B'-linear combination of the bév"'.
Multiplying by b gives b € B’. Thus B; = B’ is finite type. Choose finitely many algebra generators
a;i; for each B;.

Apply Lemma 8.1 with the line bundle L™ and F' = Ox. For every a;;, it gives a global section whose
quotient by a power of s; is a;;. There are finitely many generators and charts, so multiplication
by additional powers gives a common exponent e > 0 and sections u;; € H 9(X, L™¢) such that
wij/s§ = a;; on Xg,. Set t; = s§. The t; alone generate L™¢, because their nonvanishing opens cover
X. The finite collection of all ¢;, u;; therefore defines a morphism ¢ : X — P% , by the quotient
convention, with i*O(1) = L™*.

On the target chart where the coordinate for ¢; is nonzero, the inverse image is exactly Xs,. The
coordinate ratios for w;; pull back to a;;; hence the homomorphism from that chart’s polynomial
coordinate ring to B; is surjective. The restriction of ¢ on this chart is a closed immersion. Let V'
be the union of these target charts. It contains the image, and the chartwise closed immersions
glue to a closed immersion X — V. Thus X — P% is an immersion, with b = me.

If X is proper over R, its graph in X xpg P% is closed: the graph is the inverse image of the
diagonal of the separated scheme Pg. Projection from this product to Pg is the base change of
the proper map X — Spec R. The graph followed by this projection shows that i is proper. Its
image is therefore closed in Pg. On the open V it is already a closed immersion, and on the open
complement of its closed image it is the empty closed immersion. These opens cover the target, so
1 is a closed immersion. [
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Descending induction proves Serre’s theorems

Theorem 8.4 (finiteness and vanishing on projective space). For a coherent F' on Pg , with
R Noetherian:

HiY(P,F) =0 for ¢ > N.

Every HY(P, F) is a finite R-module.

There exists do(F') such that H4(P, F(d)) = 0 for every ¢ > 0 and every d > do(F).
F(d) is globally generated for every sufficiently large d.

Proof. The N + 1 standard charts and all their intersections are affine. Their ordered Cech
complex computes quasi-coherent cohomology and has no terms above degree N. This proves the
first assertion, even without coherence.

Prove finiteness and eventual vanishing simultaneously, by descending induction on ¢, for all
coherent sheaves. The assertions hold in degrees greater than IN. Choose a finite quotient by twists,
with coherent kernel:

0—K-—E—F-—0, E=0O(b).
J

The exact cohomology segment
HYP,E) — HYP,F) — H""(P,K)

has finite modules at both ends: the left one by Theorem 7.2, the right one by induction. Its middle
term is an extension of a quotient of the left module by a submodule of the right module. The
latter submodule is finite because R is Noetherian. Hence the middle term is finite. This includes
q=0.

For ¢ > 0, twist the short exact sequence by O(d), which is an exact operation because this sheaf is
invertible. In the corresponding segment, H?(E(d)) is zero for sufficiently large d by Theorem 7.2;
HITY(K(d)) is zero for sufficiently large d by induction. Thus H94(F(d)) = 0 eventually. Only the
finitely many degrees 1,..., N can occur, so their thresholds have a maximum. Proposition 8.2
proves the last assertion. [

This is [Stacks, Tag 01YS]. The proof uses as many coherent kernels as the induction needs, rather
than asserting that every coherent sheaf has a finite resolution by line bundles. Such a resolution
would require further hypotheses and is unnecessary here.

For a closed immersion ¢ : X < P, pushforward identifies coherent sheaves on X with coherent
sheaves on P annihilated by the defining ideal. Affine-locally this is just restriction of scalars along
a quotient of Noetherian rings. Pushforward is exact, and

HY(X,F) = HYP,i,F), i.(F®i*0(d)) = (i.F)(d).

The cohomology equality follows from the common affine-cover complex of Sections 4-5: restriction
of the standard affine charts to the closed subscheme gives affine charts, and extension of its sheaf
along the closed immersion has exactly the same section modules on their intersections. The tensor
equality can be checked in a local line-bundle frame. Theorem 8.4 therefore applies to every closed
projective subscheme with its hyperplane bundle.

Theorem 8.5 (proper schemes with an ample line bundle). Let X — Spec R be proper,
with R Noetherian, and let L be ample. For coherent F', all HY(X, F') are finite over R; the groups
HY(X,F ® L%, g > 0, vanish for all sufficiently large d; and F @ L% is globally generated for all
sufficiently large d.

Proof. Lemma 8.3 gives a closed immersion i : X < P¥ and an integer b > 0 with L® = i*O(1). Its
quasi-compactness and quasi-separatedness hypotheses hold because X is proper. Apply Theorem
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8.4 to each of the finitely many coherent sheaves i, (F ® L), 0 < j < b. If d = bm + j, its twist by
O(m) is i,(F @ L%). The theorem gives vanishing and global generation for all sufficiently large m
in each residue class. Taking their finitely many thresholds proves the assertion for every large d.
Finiteness follows already from ¢, F. [J

This residue-class step is essential: an embedding given by LP initially controls only multiples of b.
The result is [Stacks, Tag 0B5T].

9. Serre’s affine criterion

For a global function f € I'(X, Ox), let X be its invertibility locus. It is open; on an affine chart
it is the usual distinguished open of the restricted function.

We will use two elementary facts. Every closed subset Z of a scheme has a reduced closed subscheme
structure, hence a quasi-coherent radical ideal. On an affine chart Spec B, take the radical ideal
cutting out Z there. Localization of radical ideals agrees on smaller distinguished charts, so these
ideals glue. Also every nonempty quasi-compact closed subset of a scheme has a closed point. For
completeness, among its nonempty closed subsets, every descending chain has nonempty intersection
by quasi-compactness. Zorn’s lemma gives a minimal nonempty closed subset C. For each z € C,
its closure is C' by minimality. A scheme is Tp, so two different points cannot have the same closure;
thus C' is a singleton. The point is closed in the original scheme when the original subset is closed.

Lemma 9.1 (an affine principal cover detects affineness). Suppose finitely many global
functions f; generate the unit ideal in R = I'(X, Ox), and the opens Xy, are affine and cover X.
Then X is affine.

Proof. The finite affine cover makes X quasi-compact. Its intersections are affine: Xy, N Xy, is the
distinguished open defined by f; in the affine Xy,. Hence X is quasi-separated. The degree-zero
case of Section 6 gives
Ry, = D(Xf,, Ox).

The canonical morphism X — Spec R restricts on Xy, to the isomorphism with D(f;) given by
this ring identification. The D(f;) cover Spec R, since the f; generate one. These isomorphisms
agree on overlaps as restrictions of the canonical morphism, and give an isomorphism of the whole
schemes. [

Theorem 9.2 (Serre’s criterion). For a quasi-compact scheme X, the following are equivalent:

1. X is affine.
2. HP(X,F) =0 for every quasi-coherent F and every p > 0.
3. HY(X,T) = 0 for every quasi-coherent ideal Z C Ox.

No quasi-separatedness hypothesis is required in this statement.

Proof. Theorem 5.1 proves the first implication, and the second plainly implies the third. Assume
the third condition.

Let x be a closed point and choose an affine neighbourhood U = Spec B. Let Z = X \ U, and let 7
and Z' be the reduced ideals of Z and Z U {x}, respectively. There is an exact sequence

07 -7 —-Z/T —0.

On U, the quotient is the module sheaf of B/m,; away from =z it is zero. It is the skyscraper with
value k(x). This can also be checked by gluing its descriptions on U and X \ {x}, whose overlap
has zero quotient.

Vanishing of H'(X,Z') lifts the section 1 € x(z) to a global f € I'(X,Z). The function is invertible
at x and has zero residue at every point of Z. Consequently

reXyCU,
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and Xy is a distinguished affine open of U.

The union of all affine opens of this form contains every closed point. Its complement is a quasi-
compact closed subset, and if nonempty would have a closed point by the fact proved above. Thus
the union is all of X. Choose finitely many such fi,..., f, whose invertibility loci cover X.

We must still show that these functions generate one in the ring of global sections. The map

Og’?’r‘ (fl:"wf”‘)

Ox

is surjective on stalks, since one f; is invertible at each point. Its kernel K is quasi-coherent. Put
K: =Kn (’)??l, using the first ¢ summands. Projection onto the i-th summand embeds /C; /IC;—1 as
a quasi-coherent ideal of Ox. These quotients therefore have zero first cohomology. Starting with
Ko = 0, their long exact sequences inductively give H'(X, K;) = 0, and in particular H!(X,K) = 0.

The global-section sequence is now surjective onto I'(X, Ox). There are global a; with Y, a;f; = 1.
Lemma 9.1 proves affineness. The quasi-separatedness used in that lemma has been obtained from
the principal cover, rather than assumed at the start. [

This is the ideal-sheaf form of [Stacks, Tag 01XF]. It explains why degree one is enough: it first
constructs affine neighbourhoods from functions and then lifts the unit through the relation module.

Free source and proof record

The scheme correspondence, affine-target construction, affine vanishing and filtered-cover statements
can be compared with the freely accessible Stacks Project, Tags 01IA, 0111, 01XB, 01ES, 01EW,
012M and 012W. The proofs actually consumed above are written in this lesson. The construction
of injectives is given here rather than assigned to a general categorical prerequisite. No paid work
is a source or citation.

The detailed Laurent-monomial, denominator-extension and descending-induction arguments in
Sections 7-9 reuse the actual independently authored CCO programme proofs Cohomology of
projective space, Coherent sheaves on projective schemes: Serre’s theorems, and Cohomology of
affine schemes and Serre’s criterion. Their exact consumed proof excerpts are reproduced here
with their hypotheses; unrelated reference lists and unconsumed results are not imported. The
original authorship and self-check are GPT-6.1 Sol (OpenAlI), Codex, Ultra. The present lesson
supplies their earlier affine and homological inputs. Free comparison sources are Stacks Tags 01XT,
01YS, 01VT and 01XF.
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https://stacks.math.columbia.edu/tag/01IA
https://stacks.math.columbia.edu/tag/01I1
https://stacks.math.columbia.edu/tag/01XB
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