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Lesson 5

Pinnings and the classification of split
reductive groups

Written by GPT-6.1 Sol (OpenAl) in Codex, Ultra setting, October 2026. Self-checked by the writing
Al GPT-6.1 Sol (OpenAl). Original contributions are dedicated to the public domain (CCO). The
collected lesson also carries the GNU Free Documentation License 1.2 for the explicitly attributed
Stacks proof below; see History.

The integral root datum remembers a reductive group up to isomorphism. A pinning removes the
conjugation ambiguity and makes this assertion functorial. The main work is to show that the
multiplication of root groups is forced by the datum, including over rings in which two or three
vanish. We first do those calculations and glue them across the open cell. We then construct groups
in characteristic zero and pass to an integral model.

Throughout, a split group has a specified split maximal torus, a constant identification of its
character lattice, and trivial root lines. All assertions about a base scheme allow nilpotents and
arbitrary characteristic. On a disconnected base, maps of constant data are locally constant; they
need not have one value on every component. The purely combinatorial Coxeter presentation and
length formula are the precise prerequisites from Root systems and their Weyl groups, identified at
the end.

1. What a pinning fixes

Let G/S be reductive, let T'= Dg(X) be a split maximal torus, and choose a positive system &
with simple roots A. A pinning consists of a frame FE, in every simple root line g,, a € A. The
canonical root parametrization from the preceding lesson gives

Tt Gg — Uy, zo(u) = exp,(uEy).

The perfect rank-one pairing gives a unique frame E_, with E,F_, = 1. Put

No = Ta(l)x_o(—1)za(1), to = a’(—1). (1.1)

The rank-one homomorphism SLs — G proves

n2 =tq, mnatng' =sq(t), Ad(ng)Eq = —FE_,. (1.2)

«

It also proves (nq,z(1))? = 1. These are identities of group schemes, including in characteristic
two.
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For example, the usual pinning of SLo uses the diagonal torus, the upper triangular Borel, and

Then a(diag(z, 271)) = 22, aV(z) = diag(z,271), and ny = (% }). The frame, rather than just its
line, is part of the pinning.

A based root datum includes X, XV, ®,®" and A. An isomorphism of based data induces the
corresponding torus isomorphism, and matches roots and coroots. We use this covariant formulation;
its map on character lattices runs in the opposite direction.

Integral Weyl representatives

The pinned representatives also determine the full arithmetic normalizer, including the signs from
the central torus.

Proposition 1.1 (the integral normalizer). Let G/Z be a pinned split reductive group, with
split maximal torus T' = Dyz(X), constant reduced root datum and Weyl group W. Put r = rank X
and N = Ng(T'). Then N/T ~ W, and

1 — Hom(X, {£1}) — N(Z) — W —> 1

is an exact sequence of finite groups. Thus |N(Z)| = 2"|W|. For every ring A, an integral element
n above w acts on T'(A) by

(nhn™")(x) = h(w™"x).

Moreover
N(A)/T(A) ~ W(A) = LC(Spec A, W).

The representatives of W need not form a subgroup of N(Z).

Proof. Choose the negative parameter linked to each pinned simple-root parameter. The rank-one
homomorphism SLy — G gives

No = Ta(1)x_o(—1)za(1), n? =a"(-1), Int(ng)|r = sa-

These identities are proved in AG-RG-03 Theorem 7.1 and AG-RG-05 (1.1)—(1.2). Since the simple
reflections generate the Weyl group, selecting one reflection word for each w and multiplying these
elements yields n,, € N(Z). This choice uses no word-independence assertion.

AG-RG-04 Theorem 4.2 makes Q = N/T finite étale. The chosen classes define a map
[Hwew SpecZ — Q. By AG-RG-04 Theorem 4.1, on every geometric fibre these classes are distinct
and exhaust its Weyl group. On coordinate rings the map is between finite free Z-modules of
equal rank, and its determinant is invertible modulo every prime; the determinant is therefore +1.
The map is an isomorphism. Its group laws agree on geometric fibres and hence on the constant
reduced source. This identifies () with W as a group scheme.

A section of N maps to the identity section of () exactly when it factors through the kernel T'. The
chosen representatives prove surjectivity on Z-points. Since

T(Z) = Hom(X, Z*) = Hom(X, {£1}),

the displayed extension and its order follow. Retain all these torus signs, including those arising
from the central torus; the subgroup generated by coroot signs can be smaller.

The convention wy = x o Int(n™!) gives x(nhn=!) = (w™'x)(h) after every base change. This
proves the stated action.



Finally a section of W over A is a locally constant map from Spec A to W. Its finitely many fibres
are clopen. On the fibre with value w, base change n,,; these sections glue to an element of N(A).
Thus the map N(A) — W(A) is surjective, with kernel T'(A). This proves the quotient formula
without a hypothesis on Pic(A). O

For SLo, T(Z) = {£I}, and both lifts of the nonidentity Weyl element square to —I. Hence this
extension is Cy — C9, and has no group-homomorphic section.

Lifting scope. For a general normalizer extension over a scheme, the fibre over a Weyl section is
a T-torsor. That section lifts precisely when this torsor has a global section, equivalently when its
class in Hflppf(A, T) is trivial. A sheaf quotient alone does not assert surjectivity on A-points. For
the pinned split model above, the explicit integral representatives trivialize every such fibre; the
obstruction is zero even when Pic(A) # 0. This is a torsor trivialization argument, not an assertion
that H'(A,T) vanishes.

2. Reducing comparisons to two simple roots

We need two facts about root systems. The first explains why rank-two calculations control
commutators even when the two roots under consideration are not simple.

Lemma 2.1. For independent roots «,~y, there is a base of the root system containing « and
another root 8 such that v = aa + b3, with a, b nonnegative integers.

Proof. In the plane £ = Ra + Ry, choose a positive system for & N E in which « is simple and
is positive. One can do this by taking a linear functional which is positive and sufficiently small
on «, and positive on . In the limit in which its value on « is zero, the only roots of E on that
wall are £«. Thus « is an extremal positive root; reducedness makes it simple. Let 8 be the other
simple root of this plane system. The positive-root expansion gives the asserted integers.

Extend this positive system to the whole root system as follows. Choose a functional ¢ vanishing
on F and nonzero on each root outside F, and add a sufficiently small extension of the functional
just chosen on E. Roots outside E keep the sign of q. A sum of positive roots involving any root
outside F has positive g-value and cannot equal o or §. Their indecomposability in the plane
therefore implies their indecomposability in the full positive system. They belong to its base. If £
is the full root space, the extension step is unnecessary. [

The next fact controls different choices for transporting a simple root to another root. Write

l(w) =#{yedT:wyec -oT}.

Lemma 2.2 (root transport). If wa = f for simple roots «, 3, then w is a product of elements
of standard rank-two Weyl groups, each carrying the current simple root to the next simple root.
A factor fixing that root belongs to a rank-two subgroup containing it.

Proof. Induct on ¢(w). Length zero means w = 1. Otherwise some simple root ¢ has wd < 0: if all
simple roots had positive images, all positive roots would. Here § # «a. Let E be their plane and set

A=w'®dtNE.

This is a positive system of ® N E. Choose v € W, 5 with vA = & N E, and put v’ = wv~!. An
element of this rank-two subgroup permutes the positive roots outside E': their positive coefficients
at the other simple roots are unchanged. Thus w’ has the same number of inversions outside E as
w, and no inversions inside E. At least § was an inversion of w, so f(w') < f(w).

The root « is simple for A, since wa = 3 is simple in the full positive system. Consequently v is
either o or . Apply induction to w’, which carries this simple root to 3, and prepend the factor v.
O



These arguments apply to the root space; central directions in a reductive datum are fixed by its
Weyl group.

3. The multiplication forced in rank two

Fix two distinct simple roots «, 5, taking « short in the unequal-length cases. In the formulas
below all parameters are sections over an arbitrary S-scheme. We choose frames for the remaining
positive roots by the indicated conjugations:

Type Positive roots besides «, 8 Chosen frames
As c=a+p E. = Ad(ng)E
By c=a+p,d=2a+p E.=Ad(ng)Es, Eq =
Ad(nq)Es
Go c=a+p, d=2a+p, e= E. = Ad(ng)Eq, Eq=
3a+ 6, f=3a+28 Ad(ny)E., E. =

— Ad(na)Eg, Ef = Ad(ng)Ee

Write x., x4, - . . for the corresponding root parametrizations. The complete noncommuting positive-
root relations are

Ay : xg(y)xa(x) = xa(x)$5(y)xc( )
By: x(y)za() = zo(x)zs(y)ze(zy)za(2?y),
xc(y)xa(x) = wa(x>$c(y)xd(2xy)7
Gy: xp(y)ra(r) = zo(x)zs(y)ze(@y)za(zy)ze (Py )z f(z3y?), (3.1)
Te(Y)a(r) = 2o (@) Te(y)wa(20y) e (32?y) 2 £ (321?),
xd(y)xa(x) = :ca(a:)xd(y)a:e@a:y)
ze(y)zp(7) = 28(7)Te(Y) 2 f (—2Y),
T4(y)re(r) = () T4(Yy)7 £ (3TY).

All other positive-root pairs commute. The powers in these formulas are forced by torus weights,
and the coefficient integers are independent of the base. In particular, the terms with coefficient
two or three disappear in the relevant characteristics; the proof never divides by them.

Here are the conjugation rules needed along with (3.1):

Type Ad(ng) Ad(ng)

As Eg — —E., E.— Ej E,—E. E.— —FE,

By Eg— Eq, Eqg— Eg, E.— Ea.—FE., E.— —FE,, E;j—
—E. Eq

Gy E.— Eq, Eg— —FE., Eg+ Ey— E., E.— —FE,, Ej—
—Ee, EBHEB, Efi—>Ef Ed, Eei—>Ef, Efi—>—Ee

In A; x Ay, the two rank-one groups commute. The normalizer relations are

tatlg, m = 2, Al X Al,
=3, A
(ang)ym =4 T (3:2)
ta, m = 4, Bs with « short,

1, m =6, Ga.



Deriving the coefficients

We give the calculations over an affine open of S, where all unknown coefficients lie in its ring
R. Since root-product coordinates are unique, identities with indeterminate parameters in R[z, y]
determine coefficients even when R has nilpotents.

If no root is a positive integral combination of two roots, their root groups commute, by the weight
calculation in the preceding lesson. A rank-one group therefore acts trivially on a root line g, when
neither v + a nor v — « is a root. The definition of the frames and n? = t, give every entry in the
conjugation table except the scalar on . in By and the scalar carrying Eg to E. in As.

For Ag, put an unknown A in the last parameter of the first formula of (3.1). Conjugating that
formula by ng gives

x—ﬁ(_y)l'c(l‘) = l‘c(l‘)l‘_ﬁ (—y)xa(—Aajy).

The identity ngzq (m)n/gl = z.(x), after cancelling commuting end factors, becomes

zp(Dza(r)rs(=1) = z_p(L)ze(r)z—5(=1).

Reordering its two sides gives respectively z4(x)z.(Ax) and zo(Ax)zc(r). Thus A = 1. If
Ad(ne)Eg = zE,, apply the same cancellation with «, 5 interchanged. It gives

z3(y)xe(—y) = xp(—2""y)zc(2y).

Hence z = —1. This proves both tables for As.

For Bs, use unknown coefficients A, B, C' in place of 1, 1, 2 in its two relations, and write Ad(ny)E. =
kE.. Conjugating the first relation by ng, and cancelling as above, gives

To(2)Te(Az)xq(Br?) = 20(A2)xo(2)24((AC — B)2?).
Thus A =1 and C = 2B. Conjugate the first relation by ng, and use nox5(y)ng* = z4(y). The
resulting cancellation gives
25(y)e(—Ay)za(By) = 25(By)rc(Aky)za(y)-

The three groups on each side commute. Therefore B=1, k= -1, C = 2.

For G4, put coefficients A, B, C, D in the four extra parameters of the first relation, F, F, G in the
second, H in the third, and J in the fourth. Conjugation by ng makes the coefficient in the fifth
relation also H. The frame choices and the square relations already give its full conjugation table.

The cancellation identity for nga:a(x)ngl = z.(x) gives the following two normal forms:

xa(x)xc(Aac):nd(sz)xe(CxS)xf((D — CJ)x?’),
To(A2)zo(2)24((AE — B)2?)2e((A*F 4+ CJ — D)2*)2 4 ((AG — C)2%).

Comparison gives
A=1, E=2B, C+D=F4+CJ  F=0. (3.3)
The identity nazs(y)ngt = xe(—y) similarly gives

25(y)xe(—Ay)z4(By)ze(—Cy)z s (—Dy?),
25(Cy)xe(—By)za(Ay)ze(—y)2 s (D — CJ — ABH)y?).

5



Consequently C =1, A= B, D —-CJ— ABH = —D. Together with (3.3) this says

A=B=C=1, E=2 F=G, D+1=F+J, 2D=H+.. (3.4)

The cancellation identity carrying E. to Ey under ng reduces to

Te(@)rf(—J2) = T (—J2)2T £ (2);

thus J = —1. Finally use noz.(y)ngt = x4(y). The left side, after cancelling its rank-one end

factors, has normal form

ze(y)za(—By)ze(Fy)z s (—Gy?).

The right side is 2_o(1)zq(y)ze(Hy)x_o(—1). Move z_, past these factors, using the conjugates
by n, of the already written relations. In this movement a d-factor can create a c-factor, and an
e-factor can create (3, ¢, d-factors; none creates an additional e-factor. The e-coordinate is therefore
Hy. This gives F' = H. Equations (3.4) now imply ' = D +2 and 2D = F —1,s0 D = 1 by
subtraction, and F' = G = H = 3. No cancellation by two or three has occurred. This proves (3.1).

Checking the normalizer powers

For a frame E., write n, for its rank-one representative. If n carries E, to zEs, direct substitution
in (1.1) gives

nnyn~t =8V (2)ns. (3.5)
For z = —1 this is ngl. In moving torus factors through representatives use nyt = sq(t)nq; in
particular

sa(tp) = tatl®P). (3.6)

These formulas give (3.2) without assuming that torus two-torsion is central. For clarity, here are
reductions of the alternating words. In Ao,

-1 -1
NaNNag = Ng Lo, NENQNENNE = Ty, -

In Bs,
NaNpna = Ngta,

ngnangnamng = Ngtats,

NaNENaNENNEN = nglta.
Here t,, is central in this rank-two group. In Gy the conjugation table and (3.5) give, successively,

-1
NaNgNag = Ng Lo,

nﬂ(nanﬁ)z = nfltom

na(nﬁna)3 = n;l,
ng(nang)' = netg,
na(ngnag)’ = ngl.



Multiplying the last word by ng proves the sixth-power relation. The commuting case follows at
once from n? = t, and n% = tg. This completes all the rank-two assertions.

4. From local multiplication to the entire group

We first record a translation argument that works over any base.

Lemma 4.1 (extension from the open cell). Let K/S be a smooth group with geometrically
connected fibres, let Q C K be a fibrewise dense open containing the identity, and let H/S be a
separated group scheme. A morphism f:Q — H with f(1) =1 and

f(zy) = f(x)f(y) whenever x,y,zy € Q (4.1)

extends uniquely to a homomorphism K — H.

Proof. This is the word-extension argument of AG-RG-03 Lemma 8.B. A geometrically connected
smooth algebraic group is geometrically irreducible: its regular irreducible components are disjoint
and open, and connectedness leaves one component. For a test scheme R — S and finitely many
sections g; € K(R), the open Qr N("; Qry; ! has a nonempty open in every geometric fibre of Kp.
Its morphism to R is smooth and surjective, so it supplies a section after an fppf cover. Apply
this also to the dense open Q}_zl. For any g € K(R) we can consequently choose ¢ locally with
c,c b cg € Qr. Thus g = ¢ !(cg) is a word in cell points. Assign to a word 7 - - - 24 in cell points
the product f(z1)--- f(z4). To compare two words with endpoint g, choose a so that a and every
translated partial product of either word belong to (2z. There are only finitely many such open
conditions, so the same smooth surjectivity argument permits this choice. Repeated use of (4.1)
shows that multiplying either assigned image word on the left by f(a) gives f(ag). Cancellation
proves independence of the word. In particular the image of an identity word is 1, and the assigned
values of words for g and g~! are inverse. The assignments are compatible with fppf pullback and
agree on overlaps, so the sheaf property of H descends them to a map K — H. Concatenating
words proves multiplicativity. Yoneda gives the scheme morphism. Every extension must have the
same values on these locally generating words, proving uniqueness. [

The open cell of a split reductive group is Q@ = U-TU™. To construct f there, maps on individual
root groups and T are enough, provided they respect the normalizer conjugations, the rank-one
multiplication and the positive rank-two relations.

Here is the gluing argument in detail. Torus-equivariance and Lemma 2.1 reduce any reordering of
positive root factors to (3.1) in a conjugate standard rank-two subgroup. Thus the product of their
images defines a homomorphism on U™, independent of the chosen root order. The same holds on
U~. The resulting cell map satisfies

flogu) = f()f(g)f(u) (ve€B™, ue BT, geQ). (4.2)

Indeed, write the three factors in U~TU™ coordinates, move torus factors using their character
actions, and multiply only within U~ or U™.

For a simple representative n, split off the a root factors in the cell. All remaining positive
roots stay positive under s, and all remaining negative roots stay negative. On the middle factor
U_oTU,, the conjugation identity is the rank-one identity. Equation (4.2) therefore proves

f(nagng®) = fn(na) f(9)fn(ne) ™" (4.3)

whenever both cell expressions exist. For a word in the representatives, first impose the finitely
many open conditions that all intermediate conjugates lie in the cell. This open contains the
identity and is fibrewise dense. Induction proves (4.3) there. AG-RG-S08 Lemma G.3.5 proves that
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this open is universally schematically dense in the full common domain: that domain is an open in
the smooth cell with geometrically irreducible fibres. Since the target is separated, the equalizer
ideal is zero on the whole domain. The identity consequently holds for every n € Nk (T, including
after nonreduced base changes.

Choose a representative ng of the longest Weyl element using an actual reduced word for wqg. It
interchanges U' and U~. For u € UT,v € U~ with uv € €, the product nouvngl is a negative-
positive product and always lies in Q. Its cell formula, followed by (4.3), gives f(uv) = f(u)f(v).
Finally, if z = vtu and 2’ = v't'v/, then

rz’ = vt(u' ).

Equation (4.2) reduces (4.1) to the case just treated. Lemma 4.1 completes the extension.

5. The isomorphism theorem

Theorem 5.1. For pinned split reductive groups over a scheme S, isomorphisms preserving the
pinnings correspond bijectively to isomorphisms of their based root data. The correspondence
commutes with every base change. Over a disconnected base, the datum isomorphism is allowed to
be locally constant.

Proof. A pinning-preserving group isomorphism gives the based-datum isomorphism by its action
on the torus, roots, coroots and frames. Conversely, given an isomorphism of based data, match
the tori by their character lattices and match each pinned simple root parameter. Match its
linked negative parameter by the perfect pairing. The rank-one formula then matches the simple
representatives ng, their squares o¥(—1), and their action on the torus.

Let NV be the sheaf of groups presented by the torus and these representatives, with the torus
conjugation rule, the square rule, and the rank-two power relations 3.2. Modulo the torus this
is the Coxeter presentation proved in AG-RG-04 Theorem 3.4, so N'/T = W. The natural map
N — Ng(T) is surjective as a sheaf: the representatives lift the simple reflections and every
remaining normalizer element differs from one of their products by a torus element. The torus
maps identically to the actual torus, hence has no collapse in the presentation. Any element in the
kernel is trivial modulo 7', since the quotient map is the Weyl-group identity, and is then trivial in
T. Therefore N~ Ng(T'). The same presentation holds for the target, giving an actual normalizer
isomorphism.

To define a parameter map at an arbitrary root, transport a pinned simple parameter by a
normalizer word. Two transports differ by a root transport that fixes a simple root or carries it to
another simple root. AG-RG-05 Lemma 2.2 decomposes this transport into the standard rank-two
operations. Each operation intertwines the root parameter maps by the displayed conjugation
table; the residual torus multiplies the parameter by the same root character in both groups. The
square rule gives the negative parameter. This proves independence of every transport choice.
In particular the resulting maps match all normalizer conjugations and all positive and negative
rank-two multiplication relations.

Use any ordered root-product coordinates to define the isomorphism of big cells. The reordering
formulas prove that the maps on U™ and U~ are homomorphisms and independent of the order.
Left multiplication by B~ and right multiplication by BT consequently intertwine the cell map.
For a simple n,, separate the two root factors Uy, from the remaining factors. The reflection
permutes the remaining positive roots amongst positive roots and the remaining negative roots
amongst negative roots. On U_,TU, the explicit Gauss formula proves equivariance. This proves
cell equivariance under each n, on its common domain.

For a word of simple representatives impose that all intermediate conjugates stay in the cell. This



open contains the identity section. Induction gives equivariance there. The following coordinate
argument extends the identity to the entire common domain and includes nilpotent bases.

Cell density lemma. Put A = R[q1,...,qn, 25, ..., 1], with section e given by ¢; = 0, zj = 1.
If d € A has d(e) € R*, then D(d) is universally schematically dense in Spec A, and in every open
subscheme of it. Consequently two maps from an open V' containing e to a separated scheme which

agree on a smaller open containing e agree throughout V', locally on Spec R.

Proof. Substitution z; = 1 + w; embeds A in R[q1,...,qn,w1,...,w,]]. To verify injectivity,
multiply a Laurent polynomial by a monomial in the z;’s. Its image then differs by an invertible
formal series from the image of an ordinary polynomial. The translation of variables z; = 1 4 w;
is an automorphism of the polynomial algebra, so that ordinary polynomial is zero only when it
was zero. The image of d is a unit in the formal power-series ring, since its constant term is d(e).
Multiplication by d is therefore injective on A. It remains injective after any localization, and the
same proof applies after every change of R. Hence A; — (A,)q is injective on every principal chart
D(q). This proves universal schematic density in every open.

If an open U C V contains the identity, choose for each point of the base a principal open D(d) C U
about that identity point. Shrinking the base to make d(e) invertible gives the preceding density
statement. The equalizer of the two maps to the separated target is closed in V. Its ideal vanishes
after restriction to D(d), and injectivity on each principal chart makes that ideal zero on V. The
maps are equal. [J

Apply the lemma to the root-product coordinates of Q = U~TU™. Both the full common domain
and the intermediate-conjugate domain are opens in this cell containing the identity. Thus the
equivariance identity extends to the full common domain without an external schematic-density
theorem.

Choose a genuine reduced word for the longest Weyl element, allowing repetitions. Its representative
interchanges U and U~. If u € U, v € U~ and wwv is in the cell, conjugation turns uv into
a negative-positive product, whose image is already a product of the images of its factors. The
equivariance just proved then gives f(uv) = f(u)f(v). For general cell points x = vtu, 2’ = v't'/,
use

xx’ = vt(uw' )t

and the left /right triangular equivariance to obtain partial multiplicativity. the preceding rank-one
lesson, Lemma 8.B extends the cell map to the entire group. Constructing the inverse from the
inverse datum and using that lemma’s uniqueness gives a group isomorphism. The same uniqueness
proves that no second pinning-preserving isomorphism induces the chosen datum map. Because
character maps, root parameters, scheme identities and fppf descent commute with base change,
the construction does too. On disconnected bases the datum map is locally constant, and the
construction is applied to its open-and-closed fibres. [J

The pinning is essential for uniqueness. Conjugation by an element of T" preserves the torus and
positive system and scales E, by a(t). It preserves every frame precisely when it belongs to the
centre.

6. Constructing the simply connected group in characteristic zero

The preceding lesson Lie proofs for the characteristic-zero group construction supplies the entire
Lie argument. Its Theorem 1.A proves the ordered-word basis and the relation-ideal assertion;
Theorem 6.2 constructs the rational split semisimple algebra by the Serre relations; Section 7 proves
the nonzero finite highest-weight presentation (7.6); and Section 8 proves the rational rank-one
integration and faithful action used here. These proofs precede this construction and do not assume
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a group existence theorem.

Let ® be a reduced semisimple root system, () = Z® its root lattice and P its weight lattice.
Theorem 6.2 gives g/Q with exactly those roots. For a dominant integral A, Section 7 forms the

\

cyclic quotient with relations eju = 0, hjv = (A, af)v, and f;/\@j >+1v = 0. The ordered-word
basis proves that its top vector survives. Local nilpotence of the simple root operators gives
Weyl-invariant weights. Every occurring weight p satisfies both A — € Q" and pu — woX € Q™
hence it lies in a finite integral box, with finite-dimensional weight spaces. Only after this proves
finite dimension does Theorem 4.2 give complete reducibility and the cyclic, one-dimensional top
imply irreducibility. Exact base change of this rational presentation proves absolute irreducibility
over every characteristic-zero extension. Apply this to the fundamental weights and put V; = Lq(w;)
and V =@, V..

For every root vector e, its action on V is nilpotent. Define the polynomial matrix

Jed
u’el,

To(u) = exp(uey) = Z - (ue Gaq)

, 4!

J20

Lemma 6.1 (polynomial rank-one actions). The irreducible finite-dimensional complex slo-
modules are Sym™(C?), for n > 0, with weights n,n —2,..., —n; every finite-dimensional module is
their direct sum. Every finite-dimensional rational representation of sls integrates to a polynomial
representation of SLa q. On its summands of highest weight n, the upper and lower root groups
act by exp(xze) and exp(xf), and the diagonal torus acts on weight m by z™.

Proof. Begin with W,, = Sym"(Q?), written as the degree-n polynomials in the basis vectors u, v.
For every Q-algebra A, a matrix g = (24) € SLy(A) acts by

U — au + cv, v — bu + dv.

The coefficients on the monomial basis " Jv’ are polynomials in a,b,c,d. Acting successively
by h and g sends each basis vector to its image under gh; hence these substitutions define a
group-scheme representation. The identity acts identically, and the substitution for ¢! is its
inverse. Differentiating gives

e=u—, =v—
ov / u
An upper unipotent matrix fixes v and replaces v by v 4+ zu; the finite Taylor formula is exactly
exp(re). A lower unipotent matrix similarly gives exp(zf). The diagonal matrix diag(z,z"1)

multiplies u" 7o by 2"~%. These identities hold over every Q-algebra.

Here is the finite-dimensional weight argument. In an irreducible complex module, choose an
eigenvector of h. Applying e raises its eigenvalue by two; the finite set of eigenvalues makes this
process end at a nonzero w with ew = 0, hw = Aw. The commutator relations give, by induction,

hffw=\=2j)flw,  effw=jA—j+1)f " w.

The first identity follows from [h, f] = —2f. For the second, commute e past one more f: the
new coefficient is (A — 2j) + j(A —j + 1) = (j + 1)(A — j). There is a last nonzero vector f™w,
again because the eigenvalues are distinct and the module is finite. Applying the second identity at
j=mn+1gives (n+ 1)(A —n)f"w = 0, hence A = n. The string spans a nonzero submodule, so
is the entire irreducible module. Its operators agree with those on W,, by the map fiu" — flw.
Conversely W, is irreducible: its distinct one-dimensional h-weight spaces split every invariant
subspace, and repeated e carries any nonzero weight vector to u"™; repeated f then gives all of
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Wy. Weyl complete reducibility, proved in the preceding Lie lesson, Theorem 4.2, now gives the
assertion for every finite-dimensional complex module.

For a general rational module M, that argument after extension to C gives a direct sum of these
modules. The rational highest-vector spaces

K, =ker(e: M — M)Nker(h—n: M — M)

commute with field extension because they are kernels of rational linear maps. For w € K,,, send
fiu™ to fiw, for 0 < j < n. The identity efiw = j(n —j + 1)f7lw and hfiw = (n — 2j) flw
prove equivariance. The relation f"*1w = 0 follows over C from the weight theorem and therefore
over Q. These maps give

P W, ®q K — M.
n>0

Only finitely many summands occur. After extension to C, the highest-vector classification makes
this map an isomorphism; faithful flatness makes it an isomorphism over Q. Transport the displayed
polynomial actions through it. Their differentials and root and torus formulas are the prescribed
ones. [

Let T'= Dq(P) act on V,, through the character ;. The highest-weight vectors have characters w;;
these generate P, so this torus representation is faithful. Let G be the reduced algebraic closure
of the subgroup of GL(V') generated by 7" and all z,. It is an algebraic group: multiplication
and inversion preserve the closure, as can be checked first with one argument in the generating
subgroup and then by density with both arguments. It is connected because the generating torus
and additive groups are connected. Theorem G.3.4 of Supporting group-scheme proofs proves that
this finite-type characteristic-zero group is smooth.

We prove its Lie algebra is exactly g. The representation p : g — End(V) is faithful: its kernel is
an ideal, and each simple factor acts nontrivially in one of its fundamental modules. The torus and
root exponentials normalize p(g). Hence G lies in its linear normalizer, whose Lie algebra is

{A =4, p(g)] C p(g)}-

For such an A, commutation defines a derivation of g. The preceding Lie lesson, Proposition
3.1, proves nondegeneracy of the Killing form; Proposition 3.3 proves the needed inner-derivation
assertion. Its short calculation is repeated here. For a derivation D, nondegeneracy of the Killing
form k gives z with k(z,z) = tr(Dadx) for all z. Set E = D —ad z. Then tr(Fadz) =0, and

0 =tr(Fadlz,y]) = tr([F,adz]ad y) = k(Ez,y).

Nondegeneracy makes E' = 0. This proof applies directly over Q. Thus

A€ p(g) + Endy(V). (6.1)

After algebraic closure, the distinct irreducible V; have commutant consisting of one scalar on
each summand. On the other hand every generator of G has determinant one on each V;. For
exponentials this follows from nilpotence. For 7', the determinant character is the sum of the
weights with multiplicity; its differential is the trace of h on V;, which is zero because g = [g, g]. In
characteristic zero a character with zero differential is zero. Therefore

G C [[SL(V).
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In (6.1) a scalar on V; has trace (dim V;)¢;. The trace condition makes every ¢; = 0. It follows that
Lie(G) C p(g). The reverse inclusion follows from the torus and root-group tangent vectors, which
span g. We have equality.

We check reductivity and semisimplicity over an algebraic closure k of Q. Let N C Gj be any smooth
connected normal unipotent subgroup. In the unitriangular characterization of unipotent groups
used in AG-RG-01 Lemma 2.A; its Lie algebra embeds in the strictly upper triangular matrices
and is nilpotent: a bracket of j such matrices lies in the jth power of that strictly upper triangular
algebra, which is zero for large j. Normality makes Lie N an ideal in Lie G = g; this follows by
differentiating conjugation, as in Lie algebras and smoothness, Theorem 2.9. Semisimplicity of
gi gives Lie N = 0. Since N is smooth, its dimension is zero; over the algebraically closed field a
connected smooth zero-dimensional group is the identity. The geometric reductivity criterion of
AG-RG-01 Section 1 therefore makes GG reductive.

The closed centre is represented by the coefficient proof in Group schemes over a field, Proposition 5.3.
Its Lie algebra is contained in the centre of gi, by the centralizer tangent calculation in Theorem 2.9,
and is therefore zero. The characteristic-zero Cartier theorem, AG-RG-S08 Theorem G.3.4, makes
this finite-type closed subgroup smooth; hence it is zero-dimensional. A zero-dimensional affine
finite-type k-algebra is finite-dimensional by the written proof in AG-RG-S04 Lemma P0.9: it has
finitely many local Artinian factors, and the finite nilradical filtrations have finite-dimensional layers
over residue fields that are finite over k. Thus the centre of Gy is finite, and finite-dimensionality
descends over the field extension: independent vectors stay independent after tensoring with k. A
reductive group with finite centre has trivial radical, by the character-lattice definition in AG-RG-03
Section 1, so G is semisimple.

The torus T is geometrically maximal. Indeed, its Lie algebra is b, and the root decomposition
gives Cy, (h) = bi: each root is a nonzero linear functional in characteristic zero. A torus T D Ty,
would have its Lie algebra in this centralizer, so its dimension would equal that of T}. The closed
inclusion of these split tori corresponds to a surjection of free character lattices of that same rank,
hence an isomorphism. Thus 7" = T}. Its adjoint root spaces and their T-characters are exactly
the prescribed ®.

The Lie algebra for each simple root is an sly. On each finite-dimensional module its exponential
matrices and diagonal weight matrices give the usual algebraic SLo action, by Lemma 6.1. Its diago-
nal torus is the cocharacter of D(P) pairing with p by (i, ). The rank-one Gauss characterization
identifies it with the group coroot. Hence

R(G,T) = (P,®, P*,®"). (6.2)

This is the simply connected datum: its cocharacter lattice P* is the coroot lattice. The construction
is over Q, which will let us check integral polynomial identities in one characteristic-zero fibre.

7. Integral coordinates and a partial group law

Continue with the simply connected group of Section 6. Choose its simple-root pinning. Choose a
frame in every other root line by transporting a simple frame with a word in the n,, and use the
dual frame in the negative line. Such frames form a Chevalley system: a simple representative
carries each chosen root frame to the chosen frame of the reflected root, up to a sign.

Here is why the signs really are integral and independent of the field. Compare two transport words.
Lemma 2.2 reduces their comparison to the conjugation tables in Section 3 and torus factors arising
from (1.2) and (3.2). Those tables have coefficients 1 or —1. The torus factors lie in T[2]; the
representatives normalize T'[2], and every root has value 1 or —1 on it. Moving such factors through
a word changes only these signs. There is no assertion that 7'[2] centralizes the representatives.
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It follows that all root reordering polynomials have integer coefficients. Indeed, Lemma 2.1 moves
a pair into a standard rank-two system; the chosen frames there differ from those of Section 3 only
by signs. Its commutator formulas are (3.1). Repeatedly apply these formulas in an order refining
root height. A new factor has greater height than the factors it corrects, so reordering terminates.
For the negative roots use negative height. Thus the positive and negative unipotent groups extend
to groups UZ ,Uz , each an affine space in its ordered root coordinates. Their multiplication and
inverse are triangular integral polynomials. Associativity holds because it is a polynomial identity
true over Q.

Changing the root order still gives a polynomial isomorphism: reorder using the same relations,
and reorder back. Both compositions are the identity over Q, hence over Z. Let

Tz = Dz(P), X =U; xTz xUj. (7.1)
This smooth affine scheme has geometrically irreducible fibres. The torus acts on each root
coordinate through the prescribed character. We write e = (1,1,1).

We next give the partial conjugations on X. For a simple root «, reorder the coordinates as

H Ty (y) | T—a(v) t2a(u) H T (Uy)

yedt\{a} yePt\{a}

Put a = a(t) and D = 1+ auv. On the principal open D # 0, conjugation by n, has the integral
cell formula obtained by reflecting and changing signs in the outer root factors, and replacing the
middle three factors by

T (‘{)‘“) av(D)sa(t)xa(_gv). (7.2)

This is exactly the rank-one Gauss identity applied after conjugation. It fixes the identity, acts by
Sq on the torus, and is defined on each individual root group.

One can check the torus and denominator directly for SLo. Conjugating y(v)h(z)z(u) by (%)
gives an upper-left entry 271(1 + z%uv). Thus the torus factor is h(z~1(1 + z%uv)), as in (7.2).

Choose a reduced word for the longest Weyl element wg, and compose these partial conjugations
along that word. Call the resulting map i : V' — X. Reverse the word and use inverse representatives
to obtain A/ : V! — X. These are inverse rational maps, and

U, T, Ut cvnv, wU*)=UF, nT) =T (7.3)

To justify that the whole unipotent subgroups, and not just the separate root axes, are in the
domains, consider an intermediate conjugate of U™T. Its roots form a positive system. Reordering
its root factors into negative and positive order never uses opposite roots: every root created
by a commutator is still positive in that system. It therefore needs only the integral reordering
polynomials, with torus component one. In (7.2) at most one of the two opposite-root coordinates
is nonzero, so the denominator is one. The same argument applies to U~ and the inverse word.
This proves (7.3). Equality h’h = 1 on its common domain follows over Q and then over Z, because
that domain is flat.

For x = (v,t,u) and 2’ = (v/, ¢, %), impose the open condition
(h(u),1,h(v)) € V.

Write A'(h(u), 1, h(v")) = (", t",u"). Define
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m(z,x’) = (v(t"t™h), t't, ¢, (7.4)

The condition and formula are integral; over Q they say precisely that uz’ = wv’ has been rewritten
in the cell before multiplying the outer factors. The domain contains e x X, X xe, B~ x X,
X x Bt and the pairs within U* or T. Here B~ = U~T and Bt = TU™. Partial inversion is
obtained on the open where the following expression exists:

(v, t,u) = B (h(u™t),h(t™Y), h(v™h)). (7.5)

This domain contains T, U, U*. Associativity on common domains, the identity rule, and the
inverse rule hold as integral identities: they hold in the characteristic-zero group, and the domains
in question are flat open subschemes of products of X.

For the next construction we need the partial translations to be open isomorphisms with dense
domains and images in every fibre. This can be arranged without a characteristic restriction. For
either universal translation map

(z,y) — (z,m(x,y)),  (z,y) — (m(2,9),y), (7.6)

the differential is an isomorphism along both identity axes. Here is a way to check the potentially
nontrivial differential. Factor an arbitrary x into its ordered negative root factors, its torus factor,
and its ordered positive root factors. Left translation by these successive factors is defined at the
successive suffixes of this factorization: a negative or torus factor uses B~ x X, and a positive
factor encounters a suffix in U'. Translation by its inverse is defined at the resulting point by the
same conditions. The inverse identity, checked over Q, makes these local maps mutually inverse
on neighborhoods. Their composition is left translation by x near e, so that translation is a local
isomorphism there. Ordered prefixes give the corresponding assertion for right translation. The
argument works with the universal coordinates and therefore after every base change.

Restrict (7.6) to the open on which both maps are étale. It contains both identity axes. Each map
is separated, quasi-finite and birational between integral normal Noetherian schemes smooth over Z,
so the preceding Zariski Main supporting lesson, Corollary D7.4, makes it an open immersion. Its
images, and the domain, are dense relative to both projections: each slice contains the corresponding
identity-axis point and is a nonempty open in an irreducible geometric fibre. The graph of this
restricted multiplication consequently has all three pair projections open, with dense slices. This is
a strict partial group law on X.

8. Completing a strict partial group law

We give the construction rather than assuming a group already exists. This is the translation
method of Weil and Artin; the algebraic-space quotient in the final step is the exact bootstrap
prerequisite identified below.

Lemma 8.1. Suppose X/S is smooth, separated and of finite presentation, with geometrically
irreducible nonempty fibres. Suppose X has a strict associative partial group law, an identity
section, and partial inversion, with the translation maps defined and invertible locally along both
identity axes. Then there is a unique smooth separated group algebraic space K/S of finite
presentation containing X as a fibrewise dense open and extending its partial group law. Formation
of K commutes with base change.

Proof. On each S-scheme R, consider germs of isomorphisms between fibrewise dense open
subschemes of Xpg; two representatives agree if they agree on such an open. Finite intersections
of dense opens remain dense, and composition and inversion make these germs a group. Apply
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AG-RG-508 Lemma G.3.5 on every common open domain. Its fibres are nonempty opens of the
geometrically irreducible smooth fibres of Xp, so they are geometrically irreducible. Consequently
two representatives equal as germs agree on their entire common domain, since Xg is separated.
Their domains and their inverse domains can therefore be united and their maps glued to a largest
representative isomorphism.

Here is effectiveness of fppf descent without assuming that this largest domain commutes with a
flat pullback. Let R" — R be an fppf cover, and let a descent datum of germs be represented by an
isomorphism A’ : D' =5 E' of fibrewise dense opens of X /. An fppf covering family is handled by the
disjoint union of its members and the same argument. Let O, P C X be the open images of D', F’
respectively; they are open by the arbitrary-base openness proof in Flat morphisms, Theorem 3.2:
flatness lifts generizations, the finite-presentation image is constructible by Quasi-finite morphisms
and Chevalley, Theorem 5.1, and constructibly compact specialization-stable complements are
closed. The maps D’ — O and E’ — P are faithfully flat covering maps. On D' xo D' = D' x x, D',
the two maps h' to Xg agree. Indeed this overlap is the intersection of the two pulled-back dense
domains inside X g/ ,r/; the cocycle says that the two germs agree there, and Lemma G.3.5 makes
their representatives equal on that entire intersection. Morphism descent from AG-RG-S04 Lemma
A1.5 descends b’ to a map h: O — Xg. It factors through P, because this can be checked on the
faithfully flat cover D’ — O. Descend (h')~! in the same way to P — O. Their composites are
the identities, as is checked on D’ and E’. Thus h : O = P is an isomorphism. Both O and P
are fibrewise dense: after a field extension supplied by a point of the covering base, their fibres
contain the images of the dense fibres of D’ and E’. The descended isomorphism represents the
required germ, and its pullback agrees with the initial germ on D’. Uniqueness follows from the
same common-domain equality and faithfully flat morphism descent. The germs therefore form an
fppf sheaf. Write Bir(X) for this sheaf.

For a € X(R), partial left translation defines a germ L,, and right translation defines a germ R,.
Strictness supplies their dense isomorphic domains and images. Associativity implies that the left
translations commute with all right translations, and L,L; = Ly, whenever the partial product
exists. Let K be the subgroup sheaf generated by the L,.

A germ g € K(R) that is defined at one section = and fixes it is the identity. Indeed, g fixes every
partial product xb where that product and g are defined, since it commutes with R;. These points
form a fibrewise dense open, by strictness. This proves the claim. Likewise a — L, is injective: if
L, = Ly, choose a section z in their common dense domains fppf locally. The two partial products
az = bz and the injectivity of partial right translation give a = b.

The injection X — K is an open immersion. To check it, take ¢ € K(R), let D, C X be a
representative domain, and retain points z for which the partial division of g(z) by z exists. This is
an open E' C Dg4, whose image O C R is open because Xr — R is smooth. On F, that division
gives a € X (F) with L, = g: their quotient fixes z, so the preceding claim applies. The injectivity
just proved makes these local a’s agree on E xo E, and they descend to a € X(O). Conversely, if
g = L, after a base change, the dense slice conditions provide such z locally. This is precisely the
universal property of R xx X = O.

Every germ g € K(R) can fppf locally be written

g=LyL;' (a,b€ X). (8.1)

Choose b in its representative dense domain and put a = g(b). The germs Ly, L, are invertible on
neighborhoods of e, taking e to b,a. Thus L; ‘gL, is defined at e and fixes it, so it is the identity.
The choices of b form a smooth surjective open of Xg.

More precisely, the fibre of
§: X x5 X — K, (a,b) — LoL; ! (8.2)
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over a germ ¢ is the graph a = g(b) on the intersection of the translated X-charts. This is an open
in Xg, and is fibrewise dense by the preceding construction. Hence ¢ is representable, smooth and
surjective. Its equivalence relation is a scheme explicitly: write a related pair as ((a,b), (c,d)). The
equality LaLb_1 = Lchl says that b belongs to the translated-chart domain of the universal germ
L.L;"', and that a = (L.L;")(b). Thus the relation is the graph of that evaluation, parametrized
by an open subscheme of X? with coordinates (c, d,b). The domain is open because representative
domains of the universal germ are open and their union is its maximal domain. Both projections
are smooth, being base changes of §. Theorem 8.2 of Flat quotient bootstrap applies to this explicit
relation: its endpoint map is a monomorphism on all test schemes, and its smooth projections
are flat and locally finitely presented. Its fppf quotient is therefore an algebraic space, with this
relation as its equality relation. The sheaf quotient is precisely K, by (8.1). Smoothness of K/S
follows from the representable smooth surjection (8.2), whose source X xg X is smooth over S. In
particular K/S is locally of finite presentation. Over each affine open of S, the source of (8.2) is
quasi-compact, so surjectivity makes K quasi-compact over that open. The separation argument in
the next paragraph makes K /S separated and hence quasi-separated. Thus K/S is locally of finite
presentation, quasi-compact and quasi-separated, which proves finite presentation. This argument
works over the given base and does not require the open relation in X2 to be quasi-compact in
advance. Fach geometric fibre of K is irreducible, since it is the surjective image of the irreducible
fibre of X xg X.

For completeness, separation can be checked on every scheme test R — K xg K. Write its two
sections as a,b € K(R) and consider the open

E=a'Xpnb'Xp C Kp.

Each geometric fibre of K is irreducible by (8.2), and each translate of X is a nonempty open in
that fibre. Their intersection is therefore nonempty, so £ — R is smooth and surjective. A scheme
atlas of E supplies an fppf scheme covering R; — R and sections t; € F(R;). Right multiplication
by t; puts both a and b in Xg,. The equalizer of a and b over R; is exactly the equalizer of at; and
bt;, by cancellation in the group sheaf. The latter is a closed subscheme because X/S is separated.
This is an equality of functors on every further test scheme, so the pullback of the diagonal of K /S
is a closed immersion after the fppf covering. Closed immersions descend by AG-RG-S04 Corollary
A3.2; thus the tested diagonal is a closed immersion over R. Since the test was arbitrary, the
diagonal of K/S is closed. This proves separation over the given base, including nonreduced bases.

In each geometric fibre, the open X and all its translates have dense pairwise intersections. They
cover K by (8.2), so X is dense and the fibre is irreducible. A second extension acts on X by the
same translation germs and, by (8.2), is generated by them. This gives the unique isomorphism
between two extensions. The construction uses sheaves, dense-slice conditions and open immersions,
all preserved by base change, proving the final assertion. [J

Apply this lemma to (7.1). We obtain a smooth separated group algebraic space Gz, containing
X, with generic fibre the characteristic-zero group already constructed. The torus and root
subgroups embed in it and have their prescribed multiplication. Conjugation identities between
their morphisms hold over Z, because their sources are flat and they hold over Q.

9. Why the completed integral group is affine and reductive

There are two separate issues: an algebraic space must be shown to be an affine scheme, and its
positive-characteristic fibres must be reductive.

First work over an algebraically closed field k. Every g € G(k) lifts through the smooth surjection
(8.2): its nonempty fibre is an open subscheme of X}, and hence has a k-point. Thus g = ab™! for
some a,b € Xj(k), and g lies in the right translate Xzb~!. These translates are open schemes. Let
O be their union. If its closed complement were nonempty, its inverse image under the surjection
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X X X = G would be a nonempty closed subscheme of a finite-type k-scheme. It would have a
k-point, whose image would be a rational point outside O, a contradiction. Therefore these scheme
opens cover every point of G, and the fibre is a smooth separated group scheme.

The conjugation action of T} on the identity cell has the decomposition

Lie(Gy,) = Lie(T},) ® P kE.. (9.1)
acd

The Gauss relation differentiated in the two root parameters gives

[Eo, E_o] = daV¥(1). (9.2)

For the simply connected datum the coroot is primitive in P*, so this vector is nonzero even in
characteristics two and three.

Consider the kernel Ji of the adjoint representation. Its Lie algebra is stable under 7. Equation
(9.2) rules out every root line, so its Lie algebra has only torus-weight zero. Its reduced identity
component J,? is smooth over the perfect field k. The fixed locus of T}, in a neighborhood of its
identity is smooth, with tangent space the invariant vectors: split equivariant formal coordinates, as
in the torus fixed-point argument of the earlier lessons. Thus the fixed locus has the full dimension
of J?, and connectedness makes T}, centralize J,g. The fixed locus of T} in the identity cell X} is
exactly Tj, by its distinct nonzero root characters. Consequently an open neighborhood of the
identity of J,? lies in T}, and hence J,g C Ty. Here Ty, is closed in G: a locally closed subgroup of
an algebraic group is closed, since its dense open in its closure and translations make it open and
closed in that closure.

The adjoint kernel on T} is Di(P/Q), which is finite. Therefore Jj, is zero-dimensional. It follows
that the adjoint homomorphism of the group algebraic space over Z,

Ad : Gz — GL(Lie(Gz)), (9.3)

is quasi-finite and separated. The algebraic-space normalization lemma, with its complete proof in
Roots and reductive groups of rank one, Section 5, makes it representable and quasi-affine. Thus
Gz is a scheme.

We can already prove affineness of each geometric fibre. Apply the earlier Group schemes over
a field, Proposition 5.8, to its adjoint homomorphism. Here the source has just been proved to
be a smooth finite-type scheme, so the map is quasi-compact and its source is reduced. The
proposition constructs the closed schematic image I C GL(Lie Gi) and proves that ¢ : Gy — I is
faithfully flat. Concretely its defining ideal is the kernel of the structure-sheaf map into ¢.Og, ;
flat base change makes ¢ x ¢ schematically dominant, so multiplication and inversion preserve that
ideal. Reducedness of the source makes the ideal radical. The complete closed-image and flatness
arguments are the preceding provider’s Propositions 5.6 and 5.8. The group [ is affine because it is
closed in the general linear group. The scheme-theoretic kernel of ¢ is the zero-dimensional finite
group Ji computed above, and multiplication gives an isomorphism

Gr ¥k Jg — G x1 Gy, (9,7) — (9,97)-

Its inverse is (g, ¢’) — (9,9~ 'g’). Thus q is an fppf Jy-torsor. After the faithfully flat base change
G — I it is finite, since the displayed projection is the base change of the finite J, — Speck.
Finiteness descends by the earlier affine and finite-module descent proofs in AG-RG-S04, Lemmas
A1.2-A1.3 and Corollary A3.2. Consequently ¢ is finite and its source is affine. This proves
affineness of G, before its reductivity is used.

Now let N = R, (Gj). Lemma 2.A of lesson one proves that a subgroup scheme of a unitriangular
group has no nontrivial characters, including nonreduced subgroup schemes. A multiplicative-type
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subgroup has a representation decomposed into characters; applying that lemma to its faithful
unitriangular representation makes it trivial. Thus a unipotent group meets a torus trivially as a
group scheme. Hence Lie(N) N Lie(Ty) = 0. If N # 1, its torus-stable Lie algebra contains one of
the one-dimensional root lines, say kEq,. Let T, = (kera)? ;. Its centralizer in N is smooth, and
the positive limit subgroup for ¥ in that centralizer is smooth with tangent line kE,. In G}, the
corresponding limit subgroup is U,, since the only nonzero weights trivial on 7, are £«. Inclusion
and equality of dimension force U, C N. Normality and conjugation by n, then give U_, C N.
Their Gauss relation in AG-RG-03 Theorem 7.1 forces oV (G,,) C N: for any unit d, put u=d —1
and v =1, so 1 +uv = d, and solve that relation for the coroot factor. All the other factors belong
to the two opposite root groups. This is a nontrivial torus, a contradiction. Thus N = 1. The
centre has character group P/@, which is finite, so the reductive fibre is semisimple.

To finish, we prove affineness over Z, rather than just in its fibres. We need the following small
geometric fact, included with its complete openly licensed proof.

Flat base change and localization of quasi-coherent cohomology

Statement. Let X be a quasi-compact quasi-separated scheme over Spec A, let F be quasi-coherent,
and let B be any flat A-algebra. Write g : Xp — X for the projection and Fp = ¢g*F. For every
q > 0, the canonical map is an isomorphism

Hq(X,JT) ®A B — Hq(XB,fB).

The declared geometric input is affine vanishing, AG-QC-03, Theorem 2.2: for every ring R and every
R-module M, H4(Spec R, M) = 0 for ¢ > 0. We also use the affine module-sheaf correspondence
and the derived-functor definition of sheaf cohomology. No finite generation, Noetherianity or finite
presentation is assumed for A, B or F.

The separated case and the ordered cover construction.

First suppose that X is separated over the affine base. Choose a finite affine open cover Uy, ..., U,.
For a strictly increasing tuple I = (ig < --- < ip) put Uy = U, N---N U, and let jr : Uy — X.
Empty intersections contribute zero. Every Uy is affine: the intersection of two affine opens is the
inverse image of their affine product under the closed diagonal, and induction gives the assertion
for finite intersections.

We construct the cohomological comparison rather than assume that a section complex computes
it. For any sheaf of modules G, form the augmented alternating sheaf complex

0—G—CG) — - —C G —0, G = [I (nGlv)

o< <ip

The differential is the alternating sum of restriction maps. This complex is exact on stalks. Indeed,
near a point z choose a with x € U, and restrict to a neighbourhood V' C U,. Regard an ordered
cochain as alternating in all its indices, with repeated-index components zero. The map lowering
the degree is

(h€)ig...ip—1 = Caig...ip_1-

It is well defined because V N U;NU, = V NU;. In degree zero it takes ¢, to a section on
V, the augmented term. Expanding the alternating differential cancels all terms except ¢, so
dh + hd = 1, including the augmented degree. This proves exactness even when a direct-image
stalk at a boundary point is nonzero.

Take an injective resolution F — Z* in sheaves of Ox-modules. Restriction to an open preserves
injectives: its left adjoint, extension by zero, is exact, as one checks on stalks. Direct image under

18


https://kokunoyumeto.github.io/open-math-courses/courses/AG-LTF/support/AG-QC--affine-cohomology-and-serres-criterion.html

an open immersion also preserves injectives because it is right adjoint to exact restriction. Thus
each term of the augmented sheaf complex for Z7 is injective. Its first injection splits, and successive
cokernels are injective direct summands; inductively the whole finite exact row splits. Applying
global sections therefore leaves it exact.

Consequently the augmentation from I'(X,Z®) to the total complex of

crt= T] TWUnLI,), O0<p<r, q>0,
i0<-+<ip

is a quasi-isomorphism. Here the total differential is deover + (—1)Pdresolution- Exactness of the
augmented horizontal rows proves the assertion by the row filtration. Each total degree contains
finitely many terms.

The column filtration FP Tot™ = @, C»" ™% gives the ordered-cover spectral sequence

azp

EP? = H HY U, Fly,) = HPYY(X,F),

i0<-<ip

with d; the alternating restriction differential. Explicitly, for s > 1 set

A
4 — . 1 q
ZP9 = {z € FP Tot!™9 : dz € FP*5 TotPTat!} EP9 = e o - e
Zsfl + dZsfl

where Z'! = FP TotP*?. The total differential induces ds : EPY — EPT$475T1 and taking its
cohomology gives the next page. Extend the filtration by FP = Tot for p < 0 and F?P = 0 for
p > r. For sufficiently large s, the cycle condition is dz = 0 and the denominator accounts for
the next filtration piece and all boundaries lying in FP. Thus the stable terms are the associated
graded pieces of cohomology. There are only r columns, so each abutment has a finite filtration
and convergence involves no infinite-product or completion issue. This construction works for any
finite open cover, including covers with non-affine intersections.

For our separated affine cover, affine vanishing makes every row with ¢ > 0 on Fy zero. The
augmentation therefore canonically identifies cohomology with that of the finite section complex

cru,F)= [[ TU,F).

i< <tip

If Ur = Spec R and F|y, = M, its base change has sections

M ®r(R®4B)=M®4 B.

These identifications commute with restriction. Tensor also commutes with the finite products, so
the section complex on Xpg is the section complex on X tensored with B. Flat tensor preserves
kernels and images and hence cohomology. This proves the claimed isomorphism in the separated
case.

Canonical comparison and nonseparated intersections.

To identify the preceding calculation with the canonical map and compare the general cover spectral
sequences, choose an injective resolution Fp — J* on Xp. The projection g is flat, so ¢g*Z* is a
resolution of Fp. Target injectivity extends its identity on Fp degree by degree to a chain map
g*I* — J°. The same extension argument makes any two choices chain homotopic. Pulling back
sections and multiplying by elements of B gives a map of augmented double complexes

CPUX,I) @4 B — CP4(Xp,J).
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Its augmentation is the usual cohomology base-change map; its column maps are the canonical
comparisons on the intersections. It is independent of the resolution choices and compatible with
restriction and successive base changes. Since B is flat, the source total complex has cohomology
H"(X,F)®a B. Flat tensor also commutes with the cycles, boundaries and finite sums defining
every spectral-sequence page.

Now let X be merely quasi-compact and quasi-separated. Choose a finite affine cover as before.
Each Uy is quasi-compact, by quasi-separatedness and finite intersection, and is separated over
Spec A, since it is an open subscheme of the affine U;,. It need not be affine. Apply the separated
result to each Uj. It shows that every term of the comparison on E; is an isomorphism, for all
q > 0. Therefore every subsequent page and every associated graded piece of the abutment is
an isomorphism. Induction through the finite filtrations gives an isomorphism of the abutments
themselves. This proves the statement for every flat A-algebra B.

Localization and higher direct images.

Taking B = S~'A for any multiplicative set gives, canonically,

ST HI(X, F) = HY(X x4 SpecS A, Fg-1,4).

This includes A — A, and A — A,.

For completeness, let f : X — Y be a quasi-compact quasi-separated morphism and let F be
quasi-coherent. The sheaf R?f,F is the sheafification of V + HI(f~'V, F). Indeed, use an injective
resolution on X, restrict it to f~'V, and take stalks of f,Z°; filtered colimits of modules are
exact, so taking cohomology commutes with that stalk limit. On an affine V' = Spec A, put
M = HI(f~'V,F). The localization result identifies the presheaf on every distinguished D(a) C V
with M, compatibly with restriction. Its sheafification is therefore M. This proves quasi-coherence
of R1f,F and supplies the canonical identification of its sections on V with M.

If h: Y’ — Y is flat, cover Y’ by affines W = Spec B mapping into affines V = Spec A of Y. Here
B is flat over A. For the Cartesian base change f’ : X xy Y’ — Y’  the theorem identifies the
modules describing both sides of

W*RUf.F —s RUf Fy.

Naturality makes these identifications agree on overlaps, so this is an isomorphism of sheaves. In
particular, at y € V' corresponding to p,

(R F)y = HI(f~'V x4 Spec Ay, Fa,).

This is the flat-localization identity needed for the stalk calculation in AG-RG-05, §9. [J

One-dimensional affine-open lemma (Stacks, Tag 09N9). If Y is affine and all its local rings
are Noetherian of dimension at most one, then every quasi-compact open O C Y is affine.

Proof, with the Stacks statement retained and the cohomological steps written out.
Write Y = Spec A and let F be quasi-coherent on O. The open O is quasi-compact and separated.
The full flat-localization proof in the earlier supporting lesson Algebra and sheaf cohomology before
reductive groups, Section 6, gives, for every prime p C A,

Hi(O,]:)p = Hi(O Xy Spec Ay, Fa,).

An open in the spectrum of the Noetherian local ring A, either contains its closed point, and is
the whole spectrum, or contains only generic points. There are finitely many generic points: in a
Noetherian topological space every closed subset has finitely many irreducible components, by induc-
tion on closed subsets (a reducible counterexample splits into two strictly smaller counterexamples).

20



In dimension at most one no distinct nonclosed primes can specialize to one another. Thus the
latter open is a finite discrete space. Each of its singleton components has an affine neighbourhood
contained in that component, so it is affine; their finite disjoint union is the spectrum of the product
of their rings. Both possibilities are affine. The affine-vanishing proof of that supporting lesson,
Theorem 5.1, therefore makes the displayed localization zero for i > 0.

A module with zero prime localizations is zero: a nonzero element has a proper annihilator contained
in a maximal ideal, at which its localization remains nonzero. Consequently H*(O,F) = 0 for
every ¢ > 0 and every quasi-coherent F. The full ideal-sheaf affine criterion in the supporting
lesson, Theorem 9.2, now proves that O is affine. This argument uses no separate Leray or
higher-direct-image theorem. [J

Lemma 9.1. A quasi-finite separated homomorphism f : K — H of finite-type group schemes over
a Dedekind base is affine if K is smooth with geometrically connected fibres of constant dimension.

Proof. Write d for the constant fibre dimension of K. We first justify the local base change, its
dimension assertion and the translating lifts. Affineness of a scheme morphism is local on its target
and descends faithfully flatly by AG-RG-S04 Corollary A3.2. Finite-presentation limit descent in
AG-MO-03 Theorem 4.2 then permits localization on the Dedekind base. The generic field case is
included below. At a closed point its local ring is a discrete valuation ring Ry, with uniformizer .

Use the actual strict-henselization construction of Henselian local rings and henselization, Theorem
5.1. Its residue field is the separable closure k of the residue field of Ry; we do not assume that k is
perfect. We record the needed discrete valuation property directly. The current henselization lesson
also proves general Noetherianity and dimension in Theorems 6.3-6.4; the following argument
uses only its actual strict-henselization construction and the earlier Krull-intersection proof. A
localized pointed etale neighborhood A of Ry is Noetherian and flat, has maximal ideal mA and
has field residue ring. The element 7 is regular. Krull intersection, AG-RG-S02 Section 1.1, shows
that every nonzero a € A is 7™u for a unique n > 0 and a unit u. Thus A is a discrete valuation
ring. Local transition maps preserve m and units and are injective; their colimit has the same
description of each nonzero element. Every nonzero ideal of that colimit is generated by the element
of smallest valuation, so this strict henselization is itself Noetherian and a discrete valuation ring.
Its faithfully flat completion R is a complete discrete valuation ring with the same residue field k,
by the written completion proof of AG-RG-S02 Lemma 1.3 and the same regular-uniformizer and
Krull-intersection argument. Consequently Ry — R is faithfully flat. All hypotheses on f and K
survive this change.

Let I,, be the closed schematic image of K, — H,. The actual image proof in Group schemes
over a field, Proposition 5.8, makes K, — I,, faithfully flat and makes formation of this reduced
image commute with field extension. After every algebraic closure of the generic field, smoothness
makes the local rings of K, regular domains, by the actual regularity proofs in AG-CA-18 Theorem
2.1 and AG-CA-14 Theorem 1.1. Distinct irreducible components therefore cannot meet: on an
affine chart at an intersection they would give distinct minimal primes in that local domain. There
are finitely many components since the scheme is of finite type over a field, so they are disjoint
open and closed subsets. Geometric connectedness leaves one component, and the local domains
make the scheme reduced: every nilpotent section has zero germ at every point. Thus K, is
geometrically integral. This is the local component argument of AG-RG-S02 Lemma 4.1 on affine
charts; it does not require the whole group to be affine. Thus I, is geometrically integral. Its
dimension is d: the image-dimension proof of Theorem 5.10 has zero-dimensional kernel here,
since f is quasi-finite. That kernel is a separated finite-type zero-dimensional scheme over a
field. It has finitely many points, by the Noetherian component argument, and each singleton is
open. Each singleton has an affine neighborhood contained in that open, so is the spectrum of a
zero-dimensional local Artinian finite-type field algebra. Lemma P0.9 of AG-RG-504 makes each
such algebra finite-dimensional, including its nilpotents. The finite disjoint union is affine with the
product of these finite-dimensional algebras, hence the kernel is finite even before any affineness of
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K, has been proved. The identity
Ky x ker f; = Ky X1, K

on all tests makes the faithfully flat map a torsor under this finite group. Finiteness descends from
its trivialization, by the finite module/algebra descent proof of AG-RG-S04 Lemmas A1.2-A1.3.
Hence the generic map is finite.

Replace H by the schematic closure of I,, in H. This is a finite-type closed subgroup. On an affine
chart its ring injects into its localization at m by the definition of schematic closure, so it is R-flat
by the valuation-domain flatness proof in Tor and flat modules, Theorem 4.1. These same injections
show that each nonempty affine chart is a domain, since its generic chart is an open of the integral
I,,. The subgroup equations hold on the closure: multiplication is checked on the flat product of
two copies of the closure, inversion on one copy, and the generic equations then hold everywhere by
injectivity into localization at w. The map from K factors through it for the same reason, since
K is flat. Proving affineness with this target suffices, as its inclusion into the original target is a
closed immersion. We now use H for the closure.

Here is the needed special-fibre dimension calculation. Over an algebraic closure of k, all components
of the finite-type group H have one common dimension r, by the actual homogeneous-dimension
proof in Lie algebras and smoothness, Lemma 3.1. Their reduced connected components are
translates of the identity component by the component proof in Group schemes over a field,
Proposition 2.4. Field-extension invariance of dimension is AG-RG-S08 Lemma G.1.2. Choose an
affine chart Spec A of H meeting the special fibre. Its nonzero special algebra A/mA has dimension
r. The actual Noether-normalization proof in Krull dimension and Noether normalization, Corollary
3.2, gives a finite inclusion

k[ti,... t,] — A/mA.

Lift the t; to A. The resulting map Rl[t1,...,t,] — A is injective: a nonzero polynomial relation
can be divided by the largest common power of 7 in its finitely many coeflicients; regularity of
7 then gives a primitive relation whose reduction contradicts that inclusion. The induced map
to affine r-space is quasi-finite at every point of this chart’s special fibre, because its special-fibre
map is finite. Its quasi-finite locus is open by the fully proved AG-RG-S04 Theorem C5.1. It is
nonempty and has a nonempty generic fibre, since every affine chart of the flat closure injects into
its generic chart. Its generic map is dominant, by the polynomial-ring injection, and quasi-finite.
The function-field dimension calculation in Krull dimension and Noether normalization, Theorem
4.2, therefore gives r = d. This proves the asserted dimension of every geometric special component
without a separate discrete-valuation dimension formula.

Let z; be the generic points of the finitely many special-fibre components. In a domain affine chart
of H their primes are minimal over (7). The principal-ideal height theorem in Dimension theory
of Noetherian local rings, Theorem 3.1, gives height at most one; regularity and nonvanishing of
7 give height at least one. Thus Oy ., has dimension one. Apply AG-RG-5S04 Theorem D7.1 to
the quasi-finite separated base change of K to this local spectrum. It is a quasi-compact open in
a finite scheme. Integral prime lifting and incomparability, AG-RG-S04 Lemma P0.4, make that
finite scheme’s local rings Noetherian of dimension at most one. The preceding affine-open lemma
proves that the open is affine. The actual eventual-affineness proof in AG-MO-03 Theorem 4.2,
using Lemma 2.3, spreads this affineness to an open neighborhood of z; in H.

Let V C H be the union of the opens on which f is affine. Affineness is local on the target, so f
is affine over V. The finite generic map gives H, C V, and the preceding paragraph puts every
z; in V. The closed reduced image of K; — Hg commutes with field extension by Proposition 5.8
and has dimension d by Theorem 5.10. Over an algebraic closure k, this image is connected and
reduced, so it equals (H. g)?edl it is a closed connected subgroup of that irreducible component with
the same dimension. Translation by it is transitive on the closed points of each component. Since
Vs meets each component, for every geometric closed point y of H, the set of elements of Kz whose
translation sends y into Vs is a nonempty open.
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We must choose a translator that lifts over R. The set K,(k) is dense in K. First, every nonempty
open in the smooth k-scheme K has a k-point: take a nonempty standard smooth chart with an
etale map to affine space. The map is open by Flat morphisms, Theorem 3.2. A nonempty open in
affine space over the infinite separably closed field k has a k-point by successive avoidance of the
finitely many polynomial zeros. Its nonempty etale fibre has a finite separable residue extension,
which equals k. Next, k /k is purely inseparable. A principal open over k uses only finitely many
coeflicients; in positive characteristic a sufficiently large p-power of its defining function belongs to
the original k-algebra and defines the same open after base change. In characteristic zero k = k.
Thus every nonempty geometric open contains a point of K4(k), proving the density assertion.

Every a € K,(k) lifts to K(R). Take a smooth affine chart of K containing a. The formally
smooth lifting property, written in Formally smooth, unramified and etale ring maps, Theorems
3.1 and 4.1, lifts its point compatibly through R/#™ for all n. A finite presentation of the chart
and completeness of R turn the compatible coordinate values into an R-point: its finitely many
polynomial equations vanish because they vanish modulo every n™, and its inverted coordinates
stay units. This supplies the required lift without any assumption that an arbitrary geometric
point is rational over the residue field.

Choose such a rational translator in the nonempty open associated to y and lift it to K (R). The
commuting translations by this lift on K and by its image on H preserve the property that f is
affine; hence they preserve V. They send y into V', so y already belongs to V. All geometric closed
points of Hy lie in V. A nonempty closed subset of a finite-type field scheme has a geometric closed
point, by the earlier Nullstellensatz proof. Therefore H, C V. Together with H, C V this gives
H =V. The map f is affine over R, and faithfully flat descent and the initial localization prove
the statement over the Dedekind base. [

Apply Lemma 9.1 to (9.3). Its target is affine, so Gy is affine. The torus factor T of its cell is now
a closed subgroup, by the closed-immersion result for multiplicative-type homomorphisms in the
first lesson. The zero-weight computation shows it is maximal in every fibre. Equations (9.1), (9.2)
and the Gauss formula identify its roots and coroots with the original simply connected datum. Its
root lines have the chosen integral frames. We have constructed the pinned split semisimple group
over Z for that datum.

10. The existence theorem for every reduced datum

Theorem 10.1. Every reduced root datum is the datum of a pinned split reductive group over
Z. For every nonempty scheme .S, pinned split groups of a specified constant datum over S are
obtained by base change from this integral group, up to a unique pinning-preserving isomorphism.

Proof. Let R = (X, ®, X*, ®V) be reduced. The reflection calculation in AG-RG-04 §1 gives

Xq=Val V=Qo C={z:(z,a”)=0(acd)}.

Let P C V be the weight lattice, 7, ¢ the two projections, and L = ¢(X). This image is finitely
generated and torsion-free, hence free. It has rank dim C, since X spans Xq. The map

j: X —P&L, x +— (m(x),c(x))

is well-defined because the coroot pairings of 7(x) are those of z, hence integral. It is injective
because its two coordinates recover x. Both lattices have the same rank and their rational spaces
coincide, so its cokernel is finite. Each root maps to («,0), and the dual map sends each (a",0) to
the prescribed coroot.

Once the simply connected integral group Gs. has actually been constructed, form Gg. x D(L). The
torus map D(P @ L) — D(X) has finite flat kernel H = D(coker j). Every root vanishes on H, so
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the already proved centre calculation makes H central. AG-RG-04 Theorem 7.1 constructs its fppf
quotient as an affine reductive group. Its torus has character lattice j(X), its root subgroups are
unchanged, and its coroots are their images under the quotient. The resulting datum is therefore
R; the simple frames give its pinning. The empty-root case is D(X) directly.

Base change preserves the group, datum and pinning. Theorem 5.1 gives the unique pinning-
preserving isomorphism to any other group with that constant datum. [

Without a pinning, two globally split groups with isomorphic constant data are still isomorphic:
choose their simple-root frames and apply Theorem 5.1. If the type varies on a disconnected base,
apply the result to each constant-type part. Such a family need not be the base change of one
integral group.

The derived group

Use the split presentation G = (Gsc X D(L))/H constructed in Theorem 10.1, and put Hy, =
H N (Gse x 1). The central quotient theorem gives a semisimple group

D = (Gee x 1)/ He. (10.2)

Its map to G is a closed normal immersion. Indeed its inverse image in the faithfully flat cover
Gsc X D(L) — G is (Gg x 1)H, the inverse image of the finite subgroup pr;(H) under the
projection to D(L); this is closed. The quotient of this inverse image by H is exactly (10.2), and
affine closed-subgroup descent identifies it with the indicated closed subgroup of G. Its quotient is
the torus

G/D = D(L)/ pr,(H).

The subgroup pr;(H) is a finite subgroup of multiplicative type; the diagonalizable quotient
calculation proves that this quotient is a torus over every base.

The simply connected group is perfect as an fppf sheaf. To see this directly, work over an arbitrary
test ring A. The algebra
B=Alt,t7', (#* - 1)

is smooth and faithfully flat over A: every fibre is the nonempty open of the affine line on which ¢
and 2 — 1 are invertible. In G.(B), the torus action gives

[0 (t), za(v)] = za((t* — 1)v).

Thus any z,(u) becomes a commutator on this fppf cover, by taking v = u/(t?> — 1). The same
argument applies to every root. The rank-one Gauss relation expresses a¥(d) as a product in U,
and U_, for any unit d, using u = d — 1,v = 1. The simple coroots form a basis of the simply
connected cocharacter lattice, so the root groups generate the whole torus and hence the big cell.
The word-generation argument of Lemma 4.1 proves that the big cell generates the group fppf
locally. Therefore the fppf subgroup generated by commutators is the whole Ggc.

A faithfully flat quotient of a perfect sheaf is perfect: lift a section locally, write its lift locally as
a product of commutators, and take the images. Thus D is perfect. Since G/D is commutative,
every commutator of G lies in D. Conversely, perfection of D expresses each of its sections locally
as a product of commutators of its own sections, and these are commutators in G. Hence D is
exactly the fppf derived subgroup of G.

Here is the maximal central torus and its isogeny without an implicit lattice assertion. Put
Q =129, QRsat = X N Q2.

The centre calculation in AG-RG-03 Section 1 gives Z(G) = Dg(X/Q). The torsion subgroup of

X/Q is Qsat/Q, s0
7 = DS(X/Qsat) — Z(G)
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is a torus. Any homomorphism from a torus to Dg(X/Q) kills the torsion of X/@) on character
groups, because the character lattice of a torus is torsion-free. It therefore factors through Z; thus
Z is the maximal central torus. This argument is a statement about diagonalizable sheaves, so it
includes nonreduced centres and arbitrary base change.

Let m : X — Q® be the root-space projection of Theorem 10.1. Restriction to the torus of
D identifies its character lattice with 7(X). One can verify the latter equality directly in the
presentation: the exact sequence for the projection of the finite diagonalizable H onto D(L)
shows that a character p € P trivial on Hy. becomes trivial on H after adding a suitable | € L;
equivalently (p,l) € j(X). These are precisely p € n(X). The torus part of multiplication
Z x D — G consequently has character map

X — (X/Qs) ®7(X), x> ([z],7(x)).

This map is injective: its kernel is contained in both the root span and its complementary central
span. Its source and target have equal rank, so its cokernel is finite. The diagonalizable calculation
makes the corresponding torus map a finite faithfully flat isogeny. Multiplication is the identity
on each root subgroup. Its image therefore contains the big cell fppf locally and, by Lemma 4.1’s
word-generation argument, every section of G fppf locally. Its kernel lies in Z x Z(D): a kernel
pair has its D-coordinate equal to the inverse of a central element. The centre of the semisimple
group D is finite of multiplicative type, and the same torus character map identifies this kernel
with its finite diagonalizable kernel. Hence multiplication Z x D — G is a central isogeny.

For an arbitrary reductive G /S, perform these constructions on the étale local splittings of AG-RG-
04 Section 8. The derived subgroup is intrinsically the fppf subgroup generated by commutators,
and the central torus is intrinsically the maximal torus in the centre. These characterizations
identify the local constructions on overlaps and satisfy the triple cocycle. Effective affine and
closed-subgroup descent glues them to a smooth closed semisimple subgroup D and a closed central
torus Z. The same local formulas identify their pullbacks with the corresponding constructions
after every base change. The central isogenies also descend. Thus the earlier assertions about the
derived group and the central torus hold over all bases, including nonreduced ones. The radical is
this central torus: its geometric fibres are the maximal connected solvable normal subgroups of the
reductive fibres, and the local split central-torus construction supplies their smooth relative model.

11. The dual group

Interchanging roots with coroots gives

RY = (XV,®Y, X, ®).

It is again a reduced root datum. Its integral group from Theorem 10.1, base changed to C, is the
dual group. A dual base determines its pinning up to the unique isomorphism of Theorem 5.1.
The construction reverses simply connected and adjoint semisimple data.

For SL,, X = Z"/Z(1,...,1) and XV = {(a;) : 3_a; = 0}, with roots e; — e; and the matching
coroots. For PGL,,, those two lattices are interchanged. Their complex groups are therefore dual.

For type C,,, the simply connected symplectic group has character lattice Z", roots +e; & e;, +-2¢;,
and coroots e; = ej, :e;. Its dual datum is the adjoint datum of type B, the split odd orthogonal
group. In characteristic two this notation means the smooth split reductive group of that datum; a
naive odd-dimensional bilinear-form stabilizer need not be the correct smooth group scheme. Both
assertions about dual groups concern their characteristic-zero complex groups.
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12. Exercises and solutions

Exercise 1 (easy). Write the pinning, coroot and simple Weyl representative of SLo, and check
its square.

Solution. Take 7' = {diag(z,27')}, the upper triangular Borel, and E, = Ej5. Its paired
negative frame is Fq, its coroot is z — diag(z,271), and (1.1) gives n, = (% §). The square is
—I = aV¥(—1). The same matrix identity holds over any ring.

Exercise 2 (medium). Verify that the data of SL,, and PGL,, are dual.

Solution. A character of the determinant-one diagonal torus is a monomial modulo the relation
[1t; =1, giving Xg, = Z"/Z(1,...,1). A cocharacter must have }_ a; = 0. In the scalar quotient
torus, a character is a monomial trivial on scalars, so has exponent sum zero, and its cocharacter
lattice is the quotient by the scalar vector. The roots and coroots in both descriptions are the
differences of the corresponding basis vectors. Exchanging the two lattices therefore exchanges the
full data, not just their common A,,_; root system.

Exercise 3 (medium). Verify the duality between the symplectic and adjoint odd orthogonal
data, and explain which root becomes long.

Solution. The symplectic torus is diag(t1,. .., ¢y, tl_l, ..., t; 1), with character lattice Z". Its long
root 2e; has coroot e;, while e; & e; has the same-coordinate coroot e; & e;. The dual roots are
therefore the B,, roots e;, e; £ e;. Its coroot corresponding to e; is 2e;. The lattice is the root lattice
of B, so the dual group is adjoint. A long C,, root becomes a short B, root; duality reverses
the length ratio. The rank-two roots-and-coroots figure in the preceding lesson shows this metric
reversal explicitly.

Exercise 4 (hard). Deduce that two globally split reductive groups of the same constant root
datum over a nonempty scheme are isomorphic. Is the isomorphism canonical without pinnings?

Solution. Choose positive systems corresponding under the datum isomorphism, and choose frames
in their globally trivial simple root lines. Theorem 5.1 gives a unique isomorphism preserving these
pinnings. Forgetting the chosen frames gives an isomorphism of the original groups. It need not be
unique: conjugation by an element of the adjoint torus can scale the frames while preserving the
datum. For example SLs admits nontrivial diagonal conjugations.

Exercise 5 (medium). In SL3, show that a product using each simple reflection once need not
be the longest element, and that 7'[2] need not commute with a simple representative.

Solution. The Weyl group is S3, with s; = (12), s2 = (23). The product s;sg is a three-cycle and
has length two, whereas wg = s15281 reverses the three positions and has length three. Over a field
of characteristic different from two, take t = diag(—1, —1,1). It belongs to T'[2]. Conjugation by the
representative swapping positions two and three sends it to diag(—1, 1, —1), which is different. The
representative does normalize T[2], since it acts on the torus by the corresponding permutation.

The course prerequisite guide records the exact supporting statements and their exact statements
and full proof routes.
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e Michel Demazure, Schémas en groupes, freely accessible Gille-Polo re-edition of 13 October
2024: Exposé XXI, §§3.5 and 5; Exposé XXIII, §§1-3; Exposé XXV. These editions provide
comparison material for the root transport, rank-two relations and base classification proved
here.

e Brian Conrad, Reductive group schemes, §§6.2—-6.3 and Appendix D. The argument here gives
the rank-two calculations and uses a direct matrix construction in characteristic zero.

o Bas Edixhoven and Matthieu Romagny, Group schemes out of birational group laws, Néron
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models, §3, for the translation-sheaf construction behind Section 8. The construction and
proof are written out here.

e The Stacks authors, Varieties, Tag 09N9, read in the Al Integrated Stacks Project English
source edition, for the one-dimensional affine-open lemma and its proof.

o Milne’s freely accessible Algebraic Groups, version 2.00 (2015). This exact free author edition
provides comparison material; its citations do not replace the programme proofs.

The complete Lie proof route is the preceding Lie lesson: Theorem 1.A (ordered words), Section 5
(root geometry), Theorem 6.2 (rational Serre construction), Section 7 (finite absolutely irreducible
highest-weight presentations), Theorem 4.2 (complete reducibility), and Proposition 3.3 (inner
derivations). Lemma 6.1 above also gives the polynomial rank-one actions explicitly. The Weyl-
group presentation for Sections 2 and 5 is proved in the preceding root-data lesson, Section 3. The
group isomorphism theorem is proved in this lesson.

The geometric prerequisites are likewise exact supporting lessons: Flat quotient bootstrap, Theo-
rem 8.2, proving the algebraic-space quotient of an arbitrary-base flat locally finitely presented
equivalence relation; Zariski’s Main Theorem, the open-into-finite factorization and the normal
birational open-immersion consequence, proved in Affine descent, Zariski Main and recognition
of spaces, Theorem D7.1 and Corollary D7.4; Limits of schemes and Noetherian approximation,
spreading finite-presentation constructions and their affineness; Cohomology of sheaves on ringed
spaces, the Leray spectral sequence; and Cohomology of affine schemes and Serre’s criterion, affine
vanishing and its converse. The algebraic-space normalization proof used in Section 9 is present in
the preceding rank-one lesson. These are supporting results, not substitutes for the integral group
construction in Sections 7-10.

History

This lesson’s new exposition, group constructions, calculations, examples and solutions were written
by GPT-6.1 Sol (OpenAl), Ultra setting, in October 2026, and are dedicated to the public domain
under CCO.

The one-dimensional affine-open lemma and its full proof are adapted from the Stacks authors,
The Stacks Project, Varieties, Tag 09N9, through the AI Integrated Stacks Project English source
edition read on 1 October 2026. The Stacks authors retain copyright in that material. The source
is the versioned transparent source. Its proof is included and explained for use in the integral
affineness argument.

This collected lesson, Pinnings and the classification of split reductive groups (2026), is published by
Open Mathematics Courses. The Stacks authors are the authors of its imported proof; GPT-6.1 Sol
(OpenAl) is responsible for the new contributions and adaptation. Permission is granted to copy,
distribute and modify this collected lesson under the GNU Free Documentation License, Version
1.2, with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. An unaltered
copy of the licence is supplied as GNU Free Documentation License 1.2. This additional licence for
the collected lesson does not withdraw the CCO dedication of its original contributions.
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GNU Free Documentation License,
Version 1.2

GNU Free Documentation License
Version 1.2, November 2002

Copyright (C) 2000,2001,2002 Free Software Foundation, Inc.

51 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA
Everyone is permitted to copy and distribute verbatim copies
of this license document, but changing it is not allowed.

0. PREAMBLE

The purpose of this License is to make a manual, textbook, or other
functional and useful document "free" in the sense of freedom: to
assure everyone the effective freedom to copy and redistribute it,
with or without modifying it, either commercially or noncommercially.
Secondarily, this License preserves for the author and publisher a way
to get credit for their work, while not being considered responsible
for modifications made by others.

This License is a kind of "copyleft", which means that derivative
works of the document must themselves be free in the same sense. It
complements the GNU General Public License, which is a copyleft
license designed for free software.

We have designed this License in order to use it for manuals for free
software, because free software needs free documentation: a free
program should come with manuals providing the same freedoms that the
software does. But this License is not limited to software manuals;
it can be used for any textual work, regardless of subject matter or
whether it is published as a printed book. We recommend this License
principally for works whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that
contains a notice placed by the copyright holder saying it can be
distributed under the terms of this License. Such a notice grants a
world-wide, royalty-free license, unlimited in duration, to use that
work under the conditions stated herein. The "Document", below,
refers to any such manual or work. Any member of the public is a
licensee, and is addressed as "you". You accept the license if you
copy, modify or distribute the work in a way requiring permission
under copyright law.

A "Modified Version" of the Document means any work containing the
Document or a portion of it, either copied verbatim, or with
modifications and/or translated into another language.

A "Secondary Section" is a named appendix or a front-matter section of
the Document that deals exclusively with the relationship of the
publishers or authors of the Document to the Document’s overall subject
(or to related matters) and contains nothing that could fall directly
within that overall subject. (Thus, if the Document is in part a
textbook of mathematics, a Secondary Section may not explain any
mathematics.) The relationship could be a matter of historical
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connection with the subject or with related matters, or of legal,
commercial, philosophical, ethical or political position regarding
them.

The "Invariant Sections" are certain Secondary Sections whose titles
are designated, as being those of Invariant Sections, in the notice
that says that the Document is released under this License. If a
section does not fit the above definition of Secondary then it is not
allowed to be designated as Invariant. The Document may contain zero
Invariant Sections. If the Document does not identify any Invariant
Sections then there are none.

The "Cover Texts" are certain short passages of text that are listed,
as Front-Cover Texts or Back-Cover Texts, in the notice that says that
the Document is released under this License. A Front-Cover Text may
be at most 5 words, and a Back-Cover Text may be at most 25 words.

A "Transparent" copy of the Document means a machine-readable copy,
represented in a format whose specification is available to the
general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of
pixels) generic paint programs or (for drawings) some widely available
drawing editor, and that is suitable for input to text formatters or
for automatic translation to a variety of formats suitable for input
to text formatters. A copy made in an otherwise Transparent file
format whose markup, or absence of markup, has been arranged to thwart
or discourage subsequent modification by readers is not Transparent.
An image format is not Transparent if used for any substantial amount
of text. A copy that is not "Transparent" is called "Opaque".

Examples of suitable formats for Transparent copies include plain
ASCII without markup, Texinfo input format, LaTeX input format, SGML
or XML using a publicly available DTD, and standard-conforming simple
HTML, PostScript or PDF designed for human modification. Examples of
transparent image formats include PNG, XCF and JPG. Opaque formats
include proprietary formats that can be read and edited only by
proprietary word processors, SGML or XML for which the DTD and/or
processing tools are not generally available, and the
machine-generated HTML, PostScript or PDF produced by some word
processors for output purposes only.

The "Title Page" means, for a printed book, the title page itself,
plus such following pages as are needed to hold, legibly, the material
this License requires to appear in the title page. For works in
formats which do not have any title page as such, "Title Page" means
the text near the most prominent appearance of the work’s title,
preceding the beginning of the body of the text.

A section "Entitled XYZ" means a named subunit of the Document whose
title either is precisely XYZ or contains XYZ in parentheses following
text that translates XYZ in another language. (Here XYZ stands for a
specific section name mentioned below, such as "Acknowledgements",
"Dedications", "Endorsements", or "History".) To "Preserve the Title"
of such a section when you modify the Document means that it remains a
section "Entitled XYZ" according to this definition.

The Document may include Warranty Disclaimers next to the notice which
states that this License applies to the Document. These Warranty
Disclaimers are considered to be included by reference in this
License, but only as regards disclaiming warranties: any other
implication that these Warranty Disclaimers may have is void and has
no effect on the meaning of this License.

2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either
commercially or noncommercially, provided that this License, the
copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no other
conditions whatsoever to those of this License. You may not use
technical measures to obstruct or control the reading or further
copying of the copies you make or distribute. However, you may accept
compensation in exchange for copies. If you distribute a large enough
number of copies you must also follow the conditions in section 3.
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You may also lend copies, under the same conditions stated above, and
you may publicly display copies.

3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have
printed covers) of the Document, numbering more than 100, and the
Document’s license notice requires Cover Texts, you must enclose the
copies in covers that carry, clearly and legibly, all these Cover
Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on
the back cover. Both covers must also clearly and legibly identify
you as the publisher of these copies. The front cover must present
the full title with all words of the title equally prominent and
visible. You may add other material on the covers in addition.
Copying with changes limited to the covers, as long as they preserve
the title of the Document and satisfy these conditions, can be treated
as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit
legibly, you should put the first ones listed (as many as fit
reasonably) on the actual cover, and continue the rest onto adjacent

pages.

If you publish or distribute Opaque copies of the Document numbering
more than 100, you must either include a machine-readable Transparent
copy along with each Opaque copy, or state in or with each Opaque copy
a computer-network location from which the general network-using
public has access to download using public-standard network protocols
a complete Transparent copy of the Document, free of added material.
If you use the latter option, you must take reasonably prudent steps,
when you begin distribution of Opaque copies in quantity, to ensure
that this Transparent copy will remain thus accessible at the stated
location until at least one year after the last time you distribute an
Opaque copy (directly or through your agents or retailers) of that
edition to the public.

It is requested, but not required, that you contact the authors of the
Document well before redistributing any large number of copies, to give
them a chance to provide you with an updated version of the Document.

4. MODIFICATIONS

You may copy and distribute a Modified Version of the Document under
the conditions of sections 2 and 3 above, provided that you release
the Modified Version under precisely this License, with the Modified
Version filling the role of the Document, thus licensing distribution
and modification of the Modified Version to whoever possesses a copy
of it. 1In addition, you must do these things in the Modified Version:

A. Use in the Title Page (and on the covers, if any) a title distinct
from that of the Document, and from those of previous versions
(which should, if there were any, be listed in the History section
of the Document). You may use the same title as a previous version
if the original publisher of that version gives permission.

B. List on the Title Page, as authors, one or more persons or entities
responsible for authorship of the modifications in the Modified
Version, together with at least five of the principal authors of the
Document (all of its principal authors, if it has fewer than five),
unless they release you from this requirement.

C. State on the Title page the name of the publisher of the
Modified Version, as the publisher.

D. Preserve all the copyright notices of the Document.

E. Add an appropriate copyright notice for your modifications
adjacent to the other copyright notices.

F. Include, immediately after the copyright notices, a license notice
giving the public permission to use the Modified Version under the
terms of this License, in the form shown in the Addendum below.

G. Preserve in that license notice the full lists of Invariant Sections
and required Cover Texts given in the Document’s license notice.

H. Include an unaltered copy of this License.

I. Preserve the section Entitled "History", Preserve its Title, and add
to it an item stating at least the title, year, new authors, and

30



publisher of the Modified Version as given on the Title Page. If

there is no section Entitled "History" in the Document, create one
stating the title, year, authors, and publisher of the Document as
given on its Title Page, then add an item describing the Modified

Version as stated in the previous sentence.

J. Preserve the network location, if any, given in the Document for
public access to a Transparent copy of the Document, and likewise
the network locations given in the Document for previous versions
it was based on. These may be placed in the "History" section.
You may omit a network location for a work that was published at
least four years before the Document itself, or if the original
publisher of the version it refers to gives permission.

K. For any section Entitled "Acknowledgements" or "Dedicatioms",
Preserve the Title of the section, and preserve in the section all
the substance and tone of each of the contributor acknowledgements
and/or dedications given therein.

L. Preserve all the Invariant Sections of the Document,
unaltered in their text and in their titles. Section numbers
or the equivalent are not considered part of the section titles.

M. Delete any section Entitled "Endorsements". Such a section
may not be included in the Modified Version.

N. Do not retitle any existing section to be Entitled "Endorsements"
or to conflict in title with any Invariant Section.

0. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or
appendices that qualify as Secondary Sections and contain no material
copied from the Document, you may at your option designate some or all
of these sections as invariant. To do this, add their titles to the
list of Invariant Sections in the Modified Version’s license notice.
These titles must be distinct from any other section titles.

You may add a section Entitled "Endorsements", provided it contains
nothing but endorsements of your Modified Version by various
parties--for example, statements of peer review or that the text has
been approved by an organization as the authoritative definition of a
standard.

You may add a passage of up to five words as a Front-Cover Text, and a
passage of up to 25 words as a Back-Cover Text, to the end of the list
of Cover Texts in the Modified Version. Only one passage of
Front-Cover Text and one of Back-Cover Text may be added by (or
through arrangements made by) any one entity. If the Document already
includes a cover text for the same cover, previously added by you or
by arrangement made by the same entity you are acting on behalf of,
you may not add another; but you may replace the old one, on explicit
permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License
give permission to use their names for publicity for or to assert or
imply endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this
License, under the terms defined in section 4 above for modified
versions, provided that you include in the combination all of the
Invariant Sections of all of the original documents, unmodified, and
list them all as Invariant Sections of your combined work in its
license notice, and that you preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and
multiple identical Invariant Sections may be replaced with a single
copy. If there are multiple Invariant Sections with the same name but
different contents, make the title of each such section unique by
adding at the end of it, in parentheses, the name of the original
author or publisher of that section if known, or else a unique number.
Make the same adjustment to the section titles in the list of
Invariant Sections in the license notice of the combined work.

In the combination, you must combine any sections Entitled "History"
in the various original documents, forming one section Entitled
"History"; likewise combine any sections Entitled "Acknowledgements",
and any sections Entitled "Dedications". You must delete all sections
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Entitled "Endorsements".

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents
released under this License, and replace the individual copies of this
License in the various documents with a single copy that is included in
the collection, provided that you follow the rules of this License for
verbatim copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute
it individually under this License, provided you insert a copy of this
License into the extracted document, and follow this License in all
other respects regarding verbatim copying of that document.

7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate
and independent documents or works, in or on a volume of a storage or
distribution medium, is called an "aggregate" if the copyright
resulting from the compilation is not used to limit the legal rights
of the compilation’s users beyond what the individual works permit.
When the Document is included in an aggregate, this License does not
apply to the other works in the aggregate which are not themselves
derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these
copies of the Document, then if the Document is less than one half of
the entire aggregate, the Document’s Cover Texts may be placed on
covers that bracket the Document within the aggregate, or the
electronic equivalent of covers if the Document is in electronic form.
Otherwise they must appear on printed covers that bracket the whole
aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may
distribute translations of the Document under the terms of section 4.
Replacing Invariant Sections with translations requires special
permission from their copyright holders, but you may include
translations of some or all Invariant Sections in addition to the
original versions of these Invariant Sections. You may include a
translation of this License, and all the license notices in the
Document, and any Warranty Disclaimers, provided that you also include
the original English version of this License and the original versions
of those notices and disclaimers. In case of a disagreement between
the translation and the original version of this License or a notice
or disclaimer, the original version will prevail.

If a section in the Document is Entitled "Acknowledgements",
"Dedications", or "History", the requirement (section 4) to Preserve
its Title (section 1) will typically require changing the actual
title.

9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except
as expressly provided for under this License. Any other attempt to
copy, modify, sublicense or distribute the Document is void, and will
automatically terminate your rights under this License. However,
parties who have received copies, or rights, from you under this
License will not have their licenses terminated so long as such
parties remain in full compliance.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions

of the GNU Free Documentation License from time to time. Such new
versions will be similar in spirit to the present version, but may
differ in detail to address new problems or concerns. See
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https://www.gnu.org/copyleft/.

Each version of the License is given a distinguishing version number.
If the Document specifies that a particular numbered version of this
License "or any later version" applies to it, you have the option of
following the terms and conditions either of that specified version or
of any later version that has been published (not as a draft) by the
Free Software Foundation. If the Document does not specify a version
number of this License, you may choose any version ever published (not
as a draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of
the License in the document and put the following copyright and
license notices just after the title page:

Copyright (c) YEAR YOUR NAME.

Permission is granted to copy, distribute and/or modify this document
under the terms of the GNU Free Documentation License, Version 1.2

or any later version published by the Free Software Foundation;

with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts.
A copy of the license is included in the section entitled "GNU

Free Documentation License".

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts,
replace the "with...Texts." line with this:

with the Invariant Sections being LIST THEIR TITLES, with the
Front-Cover Texts being LIST, and with the Back-Cover Texts being LIST.

If you have Invariant Sections without Cover Texts, or some other
combination of the three, merge those two alternatives to suit the
situation.

If your document contains nontrivial examples of program code, we
recommend releasing these examples in parallel under your choice of
free software license, such as the GNU General Public License,

to permit their use in free software.
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